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Dr. Regivan Hugo Nunes Santiago, Dr. Fagner Lemos de Santana, Dr. Jorge
Petrucio Viana and Dr. Wilson Rosa de Oliveira Junior.

I am thankful to Flaulles, Adriano, João Daniel, Evelyn and Sanderson for
being my classmate colleges.

I am also thankful to Marcos Tindo for his friendship and appropriate help
in critical moments.

I am also thankful to my college workers in the Federal University Rural do
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Abstract

Topologically the set of total computable functions has been studied only as
a subspace of a Baire space. Where the topology of this Baire space is the
induced topology of a Scott topology for the partial functions (not necessarily
computable). In this thesis a novel topology on the index set of the set of total
computable functions is built and proved that it is not homeomorphic to the
aforementioned subspace of the presented Baire space. There is an important
undecidable subset of the set of total computable functions called the set of
regular computable functions that receives particular attention in this thesis.
In order to make a topological study of this set a whole theoretical apparatus
is constructed. After presenting the state of the art of generalised domain
theory, a novel generalisation of algebraic domains coined as algebraic quasi-
domains is introduced. With a suited partial-order an algebraic quasi-domain
is built for the set of total computable functions. Through the Scott topology
associated with this algebraic quasi-domain a necessary condition for the regular
computable functions is obtained. It is proved that this later topology is not
homeomorphic to the previously mentioned subspace of the presented Baire
space. As a byproduct a Scott topology for the set of total functions (not
necessarily computable) is introduced. It is proved that this later topology is
not homeomorphic to the presented Baire space.

It is also proved that the Scott topologies in the set of total functions and
in the subset of total computable functions have the set of total functions with
finite support as a common dense set. Analogously it is proved that the topology
in the index set of the set of total computable functions has as a dense set the
indexes corresponding to a computable enumeration without repetition of the
set of total functions with finite support.





Resumo

O conjunto de funções totais computáveis somente tem sido estudado topo-
logicamente como um subespaço de um espaço de Baire. Onde a topologia
deste espaço de Baire é a topologia induzida de uma topologia de Scott para
as funções parciais (não necessariamente computáveis). Nesta tese constrói-se
uma topologia original no conjunto de ı́ndices das funções totais computáveis e
demonstra-se que ela não é homeomorfa com o subespaço do espaço de Baire
que foi mencionado.

Há um subconjunto indećıdivel importante no conjunto de funções totais
computáveis chamado “o conjunto de funções computáveis regulares”, que re-
cebe atenção especial nesta tese. Com a finalidade de fazer um estudo topológico
deste conjunto constrói-se todo um aparato teórico. Após apresentar o estado
da arte da teoria dos domı́nios generalizada introduz-se uma generalização orig-
inal dos domı́nios algébricos nomeados como “quase-domı́nios algébricos”. Com
uma ordem parcial adequada, constrói-se um quase-domı́nio algébrico para o
conjunto de funções computáveis totais. Por meio da topologia de Scott asso-
ciada a esse quase-domı́nio algébrico, obtém-se uma condição necessária para
as funções computáveis regulares. Fica provado que esta última topologia não
é homeomorfa com o subespaço previamente mencionado do espaço de Baire
apresentado. Como subproduto, introduz-se uma topologia de Scott para o con-
junto de funções totais (não necessariamente computáveis). Fica provado que
esta última topologia não é homeomorfa com o espaço de Baire apresentado.

Fica também provado que as topologias de Scott no conjunto de funções to-
tais e no subconjunto de funções totais computáveis têm o conjunto de funções
totais com suporte finito como conjunto denso comum. Analogamente, fica
provado que a topologia no conjunto ı́ndice do conjunto de funções totais com-
putáveis tem como conjunto denso os ı́ndices correspondentes a uma enumeração
computável sem repetição do conjunto de funções totais com suporte infinito.
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Chapter 1

Introduction

In computability theory, the natural numbers, denoted by ω, play a double role,
they are inputs and outputs of partial computable functions and they also code
partial computable functions, in the sense that every definition of a function
can be effectively coded by a number.

In this thesis the approach to computability is by means of recursion theory,
which provides an inductive definition for both the set of partial computable
functions Pc and the set of total computable functions ωωc by means of some
basic functions and a few constructs. A function is partial computable if there
exists a derivation for it, the same is true for a total computable function. With
this approach an “algorithm” is a derivation which can be considered as serving
as a name for a function, and a function can be considered as a named object
(see [31, p. 10]). Each name can be effectively coded by a number that will
be used as an index for a computable function. The set of all indexes of total
computable functions is called the index set of ωωc and is denoted by Iωωc .

The set of partial computable functions Pc is decidable but the set of total
computable functions ωωc is neither semi-decidable nor co-semi-decidable, that
is, provided a derivation (or index) of a partial computable function no general
effective method exists that could answer if that derivation corresponds or not
to a total computable function. This limitation is not particular to the recursion
theoretical approach to computability, it actually pervades any theoretical ap-
proach to computability. The peculiarity of the recursion theoretical approach
is that the undecidability of the total computable functions is captured by a
subset of them, called the set of regular computable functions.

The objective of this thesis is to study the set of total computable func-
tions ωωc . This will be made by means of topology and domain theory.

This thesis besides being concerned with computability theory, as it was
aforementioned it is also concerned with topology and domain theory. Therefore,
in order to make this document self-contained in Chapter 2 a background to
these areas is provided, that is, there three sections are included, namely 2.1,
2.2 and 2.3, which give respectively a background on computability theory,
topology and domain theory.
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4 CHAPTER 1. INTRODUCTION

The Chapter 3 is divided in two sections. In the first one the state of the art of
the topological and domain theoretical approaches to ωωc will be presented. Since
this set is a subset of the set of total functions ωω (not necessarily computable)
and this later set is a subset of the set of partial functions P, the selected path
of presentation will be starting with P and then going the whole way down until
presenting the current state of the art of the topological approach to ωωc (this
set currently lacks of a domain theoretical study). Since ωωc is also a subset
of Pc the existing topological study of Pc will be also presented (it is worth
mentioning that this set also lacks of a domain theoretical approach). In the
second section of Chapter 3 the current state of the art of generalised domain
theory will be presented. The reason for this will be made clear in Chapter 5.

In Chapter 4 a topology on the index set Iωωc is constructed trough several
stages. First, infinitely many equivalence relations on Iωωc are built, each one
yielding a quotient set with a topology induced by a metric, thus producing
infinitely many metric spaces. These metric spaces are bound together by a
product space. A particular subspace of this product space is obtained, which
is an inverse limit space. Since in this inverse limit space the points are sequences
of equivalent classes an initial topology construct is used in order to give Iωωc a
topology.

In Chapter 5 the study of the regular computable functions will drive the
creation of a novel generalisation of algebraic domains, which will be coined
as algebraic quasi-domains. This new domain theoretical structure will prove
useful for giving a necessary condition for the regular computable functions,
this condition will be stated in a purely topological manner by means of the
Scott topology associated to the algebraic quasi-domain given to ωωc . Some
topological properties of this Scott topology will be studied and the relation of
this topology with the ones that already exist in the literature for ωωc and for Pc
will be analysed.

In Chapter 6 a list of the main contributions of this thesis are given and
some future works are proposed.

The main contributions of this thesis are the construction of a topology
in the index set Iωωc , the introduction of the algebraic quasi-domains and its
application in the study of the total computable functions.

The secondary contributions of this thesis are the establishment of the afore-
mentioned necessary condition for the regular computable functions and the
dense sets encountered in the new topologies. It is also worth mentioning that
even though Section 2.1 deals with giving a background on computability theory,
a new result concerning a special type of set called productive set is provided.
This new result gives a deeper knowledge of Iωωc since it establishes that it con-
tains infinitely many mutually disjoint infinite computably enumerable subsets.

Even though at first glance it may seem that the work on the index set
of ωωc is related to numbering theory it is worth explaining why the relation
is not profound. Numbering theory is concerned with the study of arbitrary
sets S for which it exist a total or partial function from ω onto S, these sets
are called numbered sets and the surjective functions are called numberings. A
well-known example of a numbered set is Pc. This theory can be used to build
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topologies on the numbered sets in the context of total and partial numberings.
For instance in the context of total numberings in [16] Yuri L. Ershov provides
an special topology for an arbitrary numbered set S, in this topology the basic
open sets (of a particular basis) are called e-subsets. In the context of partial
numberings Dieter Spreen in [34, 35] studies some computable topologies on the
numbered sets. Even though numbering theory works on index sets (domain of
numberings) the topologies that it studies are in the numbered sets, as opposed
of what is done in Chapter 4 of this thesis where the topology is constructed on
the index set Iωωc itself and not on the numbered set ωωc .

There is a huge literature (see for instance [21, 22, 23, 37]) that studies the
topological spaces that can be modelled in the set of maximal elements (or total
elements in the sense of [18]) of a domain theoretical structure (this is known
as the model problem), that is to say, it characterises the topological spaces for
which exists an homeomorphism to the set of maximal elements (with the topol-
ogy induced by the Scott topology) of an arbitrary domain theoretical structure.
Even though the set of total functions ωω (not necessarily computable) is the
set of maximal elements of the well-known algebraic domain of the set of par-
tial functions P and in the application of the theory of algebraic quasi-domains
given in Chapter 5 this particular set of maximal elements ωω was provided with
a partial-order with which it was given an algebraic quasi-domain structure, no
general method was created that could provide to the set of maximal elements
of an arbitrary algebraic domain with a partial-order that would turn the set of
maximal elements of the algebraic domain into an algebraic quasi-domain. For
that reason the contributions of Chapter 5 are not related to the study of the
model problem.
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Chapter 2

Background

The definitions and results stated in this chapter are included in order to estab-
lish the notation used in this thesis and to provide reference for further results.
An expert reader can skip this whole chapter without compromising the under-
standing of the successive chapters.

2.1 A Background on Computability

2.1.1 Basics of computability theory

Definition 2.1 (extended equality, [30, p. 127]). Let P be the set of partial
functions in ω. Define on P the following relation: for all ϕ,ψ ∈ P and for
all x ∈ ω, ϕ ' ψ if the following conditions are satisfied:

(i) x ∈ dom(ϕ) iff x ∈ dom(ψ);

(ii) if x ∈ dom(ϕ) and x ∈ dom(ψ) then ϕ(x) = ψ(x).

This relation ' is called the extended equality on P.

Given ϕ,ψ ∈ P and a particular k ∈ ω. The restriction of the extended
equality to k will be denoted by ϕ(k) ' ψ(k), that is, ϕ(k) ' ψ(k) means that
conditions (i) and (ii) of Definition 2.1 hold in the particular input k.

A function is called a basic function [10, p. 25] if it is one of the following:

(i) Zero function: 0(x) ' 0 for every x ∈ ω,

(ii) Successor function: S(x) ' x+ 1 for all x ∈ ω,

(iii) Projection functions: Ini (x1, . . . , xn) ' xi for all x1, . . . , xn ∈ ω, with
n, i ∈ ω such that 1 ≤ i ≤ n.

Note that there are infinitely many projection functions.

7



8 CHAPTER 2. BACKGROUND

An n-ary function ϕ is defined by substitution [10, p. 29] if there are n-ary
functions γ1, . . . , γm and an m-ary function ψ, such that

ϕ(x1, . . . , xn) ' ψ(γ1(x1, . . . , xn), . . . , γm(x1, . . . , xn))

for all x1, . . . , xn ∈ ω.
An (n + 1)-ary function ϕ is defined by recursion [10, p. 32] if there is an

n-ary function ψ and an (n+ 2)-ary function γ such that

ϕ(x1, . . . , xn, 0) ' ψ(x1, . . . , xn)

ϕ(x1, . . . , xn, y + 1) ' γ(x1, . . . , xn, y, ϕ(x1, . . . , xn, y))

for all x1, . . . , xn, y ∈ ω.
An (n + 1)-ary function ϕ is defined by bounded minimalisation [10, p. 39]

if there is an (n + 1)-ary function ψ such that (s.t.) ϕ(x1, . . . , xn, y) ' µz <
y(ψ(x1, . . . , xn, z) ' 0), with

µz < y(ψ(x1, . . . , xn, z) ' 0) =

 the least z < y s.t.
ψ(x1, . . . , xn, z) ' 0 if such a z exists,
y otherwise.

The bound of the search can be given by a function, i.e., an (n+1)-ary func-
tion ϕ can be defined by bounded minimalisation from (n+ 1)-ary functions ψ
and γ such that ϕ(x1, . . . , xn, y) ' µz < γ(x1, . . . , xn, y)(ψ(x1, . . . , xn, z) ' 0).

An n-ary function ϕ is defined by minimalisation [10, p. 43] if there is an
(n+ 1)-ary function ψ such that ϕ(x1, . . . , xn) ' µy(ψ(x1, . . . , xn, y) ' 0), with

µy(ψ(x1, . . . , xn, y) ' 0) =


the least y s.t.
ψ(x1, . . . , xn, z)↓
for every z ≤ y
and ψ(x1, . . . , xn, y) ' 0 if such a y exists,
undefined otherwise.

It is important to note that minimalisation is the only construct between
the ones seen so far that can define a not total function from a total function.
This is why there exists a restricted version of it that will be presented after the
following concept.

Definition 2.2 (regular, [7, p. 71]). An (n + 1)-ary total function g is called
regular if for each n-ary sequence there exists y ∈ ω such that g(x1, . . . , xn, y) =
0.

An n-ary function f is defined by restricted minimalisation [30, p. 20] if it
is defined by minimalisation of an (n+ 1)-ary regular function g.

The set of primitive recursive functions [30, p. 22 ] is the smallest set
of functions containing the basic functions and closed under substitution and
recursion.

A predicate with a primitive recursive characteristic function is called a
primitive recursive predicate.
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Example 2.1 ([10, pp. 36-40]). The following functions and predicates are
primitive recursive:

(i) x+ y

(ii) xy

(iii) xy (with 00 = 1 as a convention)

(iv) x .− y =

{
x− y if x ≥ y,
0 otherwise.

(v) sg(x) =

{
0 if x = 0,
1 otherwise.

(vi) sg(x) =

{
1 if x = 0,
0 otherwise.

(vii) |x− y|

(viii) max(x, y) =

{
x if x ≥ y,
y otherwise.

(ix) px is the xth prime number (with p0=0 as a convention, thus p1=2, p2=3
and so on)

(x) (x)y =

{
the power of py in the prime factorisation of x if x, y > 0,
0 otherwise.

for all x, y, z ∈ ω.

Example 2.2 ([10, pp. 41,73]). The following are some primitive recursive
coding functions that code finite sequences:

(i) 〈x1, . . . , xn〉 '
∏
z<n p

xz+1+1
z+1 ' px1+1

1 · · · pxn+1
n ,

(ii) `(b) ' µz<b((b)z+1 ' 0) where b is the code of a sequence, hence ` provides
the length of a given coded sequence,

(iii) xi ' (b)i
.− 1 where b is the code of a sequence and 1 ≤ i ≤ `(b)

(iv) S(b)=‘b codifies a sequence’ having cs(b) ' sg(|
∏
z<`(b) p

(b)z+1

z+1 − b|) as its
characteristic function,

(v) ζ(x, y) ' 2x(2y + 1) .− 1,

(vi) ζ1(c) ' (c+ 1)1 where c is in the range of ζ,

(vii) ζ2(c) '
(

(c+1)

2ζ1(c)
.−1
)

2 where c is in the range of ζ,

(viii) ζ−1(c) = (ζ1(c), ζ2(c))
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for all x1, . . . , xn, x, y ∈ ω and for every n ∈ ω.

The bijection of Example 2.2.v comes from the fact that every positive nat-
ural number can be represented as a product of a even (2x) and an odd (2y+1).

Definition 2.3 (total computable functions, [30, p. 22 ]). The set of total
computable functions, denoted by ωωc , is the smallest set of functions contain-
ing the basic functions and closed under substitution, recursion and restricted
minimalisation.

The definition of total computable functions has an undecidable component.
Let g be an (n+1)-ary total computable function, it is not possible to effectively
verify if for every x1, . . . , xn ∈ ω there exists a y ∈ ω such that g(x1, . . . , xn, y) =
0, i.e. the regularity of g is undecidable.

There are infinitely many total computable functions that are not primitive
recursive, this will be understood by the padding lemma (Proposition 2.1). For
now it is pointed that the Ackermann function (see [10, p.46]) is a well known
total computable function that is not primitive recursive.

The set of partial computable functions [30, pp. 127-128], symbolised by Pc,
is the smallest set of functions containing the basic functions and closed under
substitution, recursion and minimalisation.

An equivalent definition of the total computable functions is that they are
the partial computable functions that are total, see [30, p. 129]. This alternative
definition also has an undecidable component, for there is no general effective
method to detect if a partial computable function always halts.

Theorem 2.1 (Kleene’s Normal Form, [30, p. 129]). There is a primitive
recursive function U and for every positive n ∈ ω there is a primitive recursive
predicate Tn such that for all n-ary partial computable functions ϕ there is a
number e called index for ϕ such that:

(i) ϕ(x1, . . . , xn)↓ iff ∃zTn(e, x1, . . . , xn, z)

(ii) ϕ(x1, . . . , xn) ' U(µzTn(e, x1, . . . , xn, z))

The last argument of each Tn codes a computation, it can be seen as a
codification of a tree representing all intermediate steps and intermediate results
necessary to compute an output from a particular input. Obviously the last
intermediate result is actually the output of the computation, the function U
decodes this value from the coded computation, hence it delivers the output of
a computation. Note that the value of a coded computation is always bigger
than its output.

Theorem 2.2 (Enumeration, [30, p. 130]). For a fix n ∈ ω the sequence
(ϕne )e∈ω is a total computable enumeration of the partial computable functions
of n variables in the sense that:

(i) for every e ∈ ω, ϕne is an n-ary partial computable function
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(ii) if ψ is an n-ary partial computable function then there exists an index e
such that ψ ' ϕne

(iii) there is a partial computable function ϕ of n+ 1 variables such that

ϕ(e, x1, . . . , xn) ' ϕne (x1, . . . , xn)

for every n-ary partial computable function.

Note that by the first point of the enumeration theorem (2.2.i) an index e
codes infinite partial computable functions, one for each arity.

In the literature, e.g. [10, p. 86], it is common to call the (n + 1)-ary func-
tion ϕ of Theorem 2.2.iii an universal function for n-ary computable functions,
but in this document the concept of universal function will be reserved for a
more general function.

Proposition 2.1 (padding lemma, [30, p. 131]). Let e ∈ ω be an index for
a partial computable function ϕ. It can be effectively generated infinitely many
others indices for the same function ϕ.

Theorem 2.3 (s-m-n, [30, p. 131]). For fix m,n ∈ ω there is an (n + 1)-ary
primitive recursive injective function smn such that

ϕsmn (e,x1,...,xn)(y1, . . . , ym) ' ϕe(x1, . . . , xn, y1, . . . , ym).

In order to improve the readability of proofs there is a simplified version
of the s-m-n theorem obtained by fixing the first argument of the primitive
recursive function smn given by Theorem 2.3, i.e., by restricting the smn function
to an specific index.

Corollary 2.1 (simplified s-m-n, [30, p. 81]). For fix m,n ∈ ω there is an
n-ary primitive recursive injective function smn such that

ϕsmn (x1,...,xn)(y1, . . . , ym) ' ϕe(x1, . . . , xn, y1, . . . , ym).

A binary partial computable function is called an universal partial func-
tion [30, pp. 132-133] if it generates every partial computable function of any
arity. It will be denoted by ϕu, where u is one of its indices.

For each arity n there is a computable function that codes all sequences of
that arity, i.e. sequences y ∈ ωn, see Example 2.2.i. All these coding func-
tions are uniformly computable, therefore all of them are denoted by the same
symbols 〈·〉. From any number that codes a finite sequence it is possible to
compute the length of the sequence it codes, see Example 2.2.ii. These advan-
tages are used in the following Proposition, where the universal partial function
computes the length of the coded sequence, say n, and mimics the n-ary partial
computable function coded by the index given as input.

Proposition 2.2 (Universal partial function, [30, pp. 132-133]). There is a
universal partial function ϕu such that

ϕu(e, 〈x1, . . . , xn〉) ' ϕne (x1, . . . , xn)

for all partial computable function ϕne .
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By Proposition 2.2 there exists a universal partial function, hence it has an
index. For the remainder of this document the name u will be reserved to denote
this index.

Proposition 2.3. Let n ∈ ω. Any function computed by an n-ary partial
computable function can be computed by an unary partial computable function.

Proof. Suppose ϕne is an n-ary partial computable function. By Proposition 2.2
and the s-m-n theorem (2.3) it holds that

ϕne (x1, . . . , xn) ' ϕu(e, 〈x1, . . . , xn〉) ' ϕs(u,e)(〈x1, . . . , xn〉)

for every x1, . . . , xn ∈ ω.

The binary primitive recursive injective function s in the proof of Propo-
sition 2.3 induces a unary primitive recursive injective function η obtained by
fixing the first argument of s, this would have been direct if in the proof of
Proposition-2.3 the simplified s-m-n theorem were to be used. For a fix d ∈ ω the
domain of the partial computable function ϕη(d) is defined by x ∈ Dom(ϕη(d))

iff x codes a sequences, say x = 〈x1, . . . , xk〉, and x1, . . . , xk ∈ Dom(ϕkd). Now
suppose e ∈ ω codes an n-ary total computable function, then η(e) codes a not
total computable function for two possible reasons: first not all x ∈ ω codes a
sequence and second there may be an m-ary partial computable function coded
by e that diverges with at least one input, say x1, . . . , xm ∈ ω, then ϕη(e) will
diverge with input 〈x1, . . . , xm〉.

2.1.2 Some types of sets and many-one reducibility

A set A is computable [10, p. 121] if its characteristic function is a total com-
putable function. These sets used to be called recursive sets.

Example 2.3 ([10, p. 122]). Every finite set is computable.

A predicate will be said that it is decidable if the set of all elements that
satisfy it is computable.

Theorem 2.4 (Rice, [31, p. 34]). Let B ⊆ Pc and let B = {x : ϕx ∈ B} be its
index set. The index set B is computable iff B = ∅ or B = Pc.

Hence a subset of Pc is decidable only when it is trivial.

Corollary 2.2 ([30, p. 151]). The index set {x : ϕx ∈ ωωc } of the unary total
computable functions and the index set {x : ϕx ∈ Pc\ωωc } of the not total unary
computable functions are both not computable.

A set A is computably enumerable [10, p. 123] (in short c.e.) if the function f
defined by

f(x) =

{
1 if x ∈ A
undefined otherwise

is partial computable. This function is called partial characteristic function. In
the past literature this term was known as recursively enumerable (abbreviated
as r.e.).
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Proposition 2.4 ([10, pp. 124-125]). Let A be a set. The following statements
are equivalent:

(i) A is c.e.,

(ii) A = Dom(ϕ), with ϕ a unary partial computable function,

(iii) A = ∅ or A = Range(f), where f is a unary total computable function,

(iv) A = Range(ψ) where ψ is an n-ary partial computable function,

(v) there is a decidable predicate R(x, y) such that x ∈ A iff ∃yR(x, y).

The characterisations of Proposition 2.4 can be extended to predicates in
the sense that every predicate can be seen extensionally as a set.

Let A be a subset of a set X. In order to state the following result it is
necessary to establish, as a matter of notation, that A denotes the complement
of A relative to X. In the context of computability theory (on the natural
numbers) the complement of a set will only be relative to ω.

Proposition 2.5 ([10, p. 124]). A set A is computable iff A and A are c.e.

A predicate will be said that it is semi-decidable(resp. co-semi-decidable) if
the set of all elements that satisfy it is c.e. (resp. has a c.e. complement). Hence
every semi-decidable and co-semi-decidable predicate is decidable (the converse
also holds). The semi-decidability of the halting problem can be obtained as a
consequence of Theorem 2.1.i and Proposition 2.4 (i if v).

Following the notation used in the literature the domain and range of a unary
partial computable function ϕx will be denoted by Wx and Ex respectively.

Proposition 2.6 ([10, p. 129]). Suppose A and B are c.e. sets. Then A ∩ B
and A ∪B are c.e.

Corollary 2.3. The set of c.e. sets is closed under finite intersection and finite
union.

The following theorem is useful for proving that a set is not c.e.

Theorem 2.5 (Rice-Shapiro, [10, p. 130]). Let A be a set of unary computable
functions. If its index set A = {x : ϕx ∈ A} is c.e. then for every unary
computable function ϕ, ϕ ∈ A iff there exists a finite function θ such that θ ⊆ ϕ
and θ ∈ A.

Corollary 2.4 ([10, pp. 130-131]). The index set {x : ϕx ∈ ωωc } of the unary
total computable functions and the index set {x : ϕx ∈ Pc\ωωc } of the not total
unary computable functions are both not c.e.

A set A is productive [10, p. 134] if there exists a total computable function f
such that f(x) ∈ A\Wx whenever Wx ⊆ A. The function f is called a productive
function for A.
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Example 2.4 ([10, p. 134]). The set K = {x : ϕx(x)↑ with ϕx ∈ Pc} is
productive with the identity as its productive function.

A set A is completely productive [31, p. 93] if there exists a total computable
function f such that for every x ∈ ω either f(x) ∈ A\Wx or f(x) ∈ Wx\A.
The function f is called a completely productive function for A. Clearly any
completely productive set is productive, but the converse is not so immediate.

Proposition 2.7 ([31, pp. 93, 183]). A set is productive iff it is completely
productive.

A completely productive function for a productive set A effectively proves
that A is different than all c.e. sets, hence A is not c.e.. Thus for the partial
functions that have a productive domain it can be effectively proved that they
are not partial computable functions (see [19]).

Proposition 2.8 ([13]). Let A be a productive set. There exists an infinite c.e.
subset of A.

Theorem 2.6 ([13]). A set A is productive iff there exists a unary partial com-
putable function ψ such that for every x ∈ ω if Wx ⊆ A then ψ(x)↓ and Wψ(x)

is an infinite set such that Wψ(x) ⊆ A\Wx.

Corollary 2.5. Every productive set has infinitely many mutually disjoint in-
finite c.e. subsets.

Proof. Let A be a productive set and ψ the function defined in Theorem 2.6.
Proposition 2.8 shows that there is one c.e. infinite subset of A. Suppose
there are k ∈ ω many mutually disjoint infinite c.e. subsets of A. Hence the
union of this c.e. sets is c.e. by Corollary 2.3, thus it has an index, say x,
by Proposition 2.4.ii and the second point of the enumeration theorem. Hence
Theorem 2.6 provides an infinite c.e. set Wψ(x) disjoint with Wx, hence disjoint
with the sets of the inductive hypotheses. Therefore A has infinitely many
mutually disjoint infinite c.e. subsets.

A set A is creative [10, p. 136] if it is c.e. and its complement A is productive.

Example 2.5 ([10, p. 136]). The set K = {x : ϕx(x)↓ with ϕx ∈ Pc} is
creative.

The creative sets are the c.e. sets for which it can be effectively proved that
they are not computable.

A set A is many-one reducible [10, p. 158] (in short m-reducible) to a set B
if there exists a total computable function f such that x ∈ A iff f(x) ∈ B. As
a matter of notation this can be written as f : A ≤m B or simply A ≤m B.
It may be interesting to mention that this concept has been generalised in the
theory of numberings (see for instance [16]).

Proposition 2.9 ([10, p. 158]). Let A and B be sets. A ≤m B iff A ≤m B.
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Proposition 2.10 ([10, p. 160]). A set A is c.e. iff A ≤m K.

Proposition 2.11 ([30, p. 310]). A set A is productive iff K ≤m A.

Proposition 2.12 ([10, p. 135]). Let A be a set of unary partial computable
functions. If the nowhere define function ϕ∅ is contained in A and A 6= Pc then
the index set A = {x : ϕx ∈ A} is productive.

Corollary 2.6 ([10, p. 136]). The index set {x : ϕx ∈ Pc\ωωc } of the not total
unary computable functions is productive.

A proof of the following result is given since it is enunciated as an exercise
in [10, p. 139].

Proposition 2.13 ([10, p. 139]). Let A be a set of unary partial computable
functions. If there exists ϕ ∈ A such that θ 6∈ A for every finite θ ⊆ ϕ then the
index set A = {x : ϕx ∈ A} is productive.

Proof. Let ϕ ∈ A, such that θ 6∈ A for every finite θ ⊆ ϕ. Let ϕe be a
computable function such that ϕe(x)↓ iff x ∈ K. Define a binary function f by

f(x, z) =

{
ϕ(z) if ∀y ≤ z,¬T1(e, x, y),
undefined otherwise.

Clearly by the Kleene’s normal form theorem f is computable, hence by the
enumeration theorem (2.2.ii) it has an index, say d. Thus the simplified s-m-n
theorem provides a total computable function s such that ϕd(x, z) ' ϕs(x)(z).

Therefore if x ∈ K then ϕs(x) = ϕ and if x ∈ K then ϕs(x) is finite and is

a subset of ϕ. Hence by the hypotheses x ∈ K iff s(x) ∈ A, i.e. K ≤m A.
Therefore by Proposition 2.11 A is productive.

Corollary 2.7 ([10, p. 139]). The index set {x : ϕx ∈ ωωc } of the unary total
computable functions is productive.

The following theorem follows immediately from propositions 2.10, 2.9 and
2.11.

Theorem 2.7 ([30, p. 307]). A set A is creative iff A ≤m K and K ≤m A.

In the context of the subject of this thesis the results of this section can be
summarised as follows. The total computable functions are a very particular
set of functions, its index set is not only not computable (see Corollary 2.2)
but it is also not c.e. (see Corollary 2.4). Moreover, it is a productive set (see
Corollary 2.7) which means that it contains infinitely many mutually disjoint
infinite c.e. subsets (see Corollary 2.5). It is not even the complement of a
creative set, since the index set of the not total computable functions fails to
be c.e. (see Corollary 2.4). Actually the index set of the not total computable
functions is also productive (see Corollary 2.6).

Note that the primitive recursive functions have an index set that is produc-
tive (this can be proved directly from Proposition 2.13) but there is a computable
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enumeration that gives at least one index of each primitive recursive function.
But this is not possible for the total computable functions, since by the Cantor’s
diagonalisation it would entail a contradiction.

The undecidability of the total computable functions is a consequence of
the undecidability of the regular computable functions, that is to say, if it were
possible to decide whether a function is regular computable it would be possible
to decide if a function is total computable.

2.2 A Background on Topology

2.2.1 Basic concepts

Let X be a set. A family of subsets T of X is a topology [14, p. 62] for X if
∅, X ∈ T and it is closed under finite intersections and arbitrary unions. The
elements of X are called points [14, p. 62] and the members of the topology are
called open sets [14, p. 62]. The pair (X, T ) is a topological space [14, p. 62].

Example 2.6 ([14, p. 63]). Let X be a set. The power set of X, P(X), is a
topology for X called the discrete topology.

One form of specifying a topology is by identifying which are the open sets,
i.e., which are the members of the topology. In the following example this is
illustrated.

Example 2.7 ([14, p. 63]). An open set U of the Euclidean topology is a
subset of R such that for every x ∈ U there is an r ∈ R+ such that B(x, r) =
{y : |y−x| < r} ⊆ U . The set R with the Euclidean topology form the Euclidean
1-space.

Let X be a set and let C = {Uα}α∈A be a family of sets. The family C
is called a cover [20, p. 49] of X if X ⊆

⋃
α∈A Uα. Let D = {Uβ}β∈B be a

cover of X and let E = {Uγ}γ∈G be a family of sets. The family E is called
a subcover [20, p. 49] of D if E is a subfamily of D and E is also a cover
of X. Let (X, T ) be a topological space and let O = {Uι}ι∈I be a subfamily
of the topology T . The subfamily O is called an open cover [20, p. 49] of X
if X =

⋃
ι∈I Uι.

Definition 2.4 (basis, [14, p. 64]). Let (X, T ) be a topological space. A basis
for T is a family B ⊆ T such that every element of T is the arbitrary union of
members of B. The elements of the basis are called basic open sets.

Example 2.8 ([14, p. 64]). The basic open sets of the discrete topology for a
set are its singleton subsets.

Example 2.9 ([14, p. 65]). The family B = {B(x, r) : x ∈ R and r ∈ R+} is a
basis for the Euclidean topology, i.e., its basic open sets are the symmetric open
intervals.
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Proposition 2.14 ([14, p. 64]). Let (X, T ) be a topological space and let B ⊆ T .
The subfamily B is a basis for T iff for each U ∈ T and for each x ∈ U there
is B ∈ B such that x ∈ B and B ⊆ U .

Proposition 2.15 ([14, p. 65]). Let (X, T ) be a topological space, let B be a
basis for T and let U ⊆ X. The set U is open iff for each x ∈ U there is a basic
open set B ∈ B such that x ∈ B and B ⊆ U .

Proposition 2.16 ([14, p. 67]). Let X be a set and let B = {Uα}α∈A be a
family of subsets of X such that it is a cover of X and it satisfies the following
condition: for every Uα, Uβ ∈ B and for all x ∈ Uα ∩ Uβ there exists Uγ ∈ B
such that x ∈ Uγ and Uγ ⊆ Uα∩Uβ. The closure by arbitrary union of members
of B is a topology for X and is denoted by T (B). T (B) is unique and is the
smallest topology for X having B as basis.

Let X be a set and let Bα and Bβ be families of subsets of X that satisfy
the conditions of Proposition 2.16. Bα and Bβ are called equivalent bases [14,
p. 68] if T (Bα) = T (Bβ).

Proposition 2.17 ([14, p. 68]). Let X be a set and let Bα and Bβ be families
of subsets of X that satisfy the conditions of Proposition 2.16. Bα and Bβ are
equivalent bases iff both the following conditions hold:

(i) For every Uα ∈ Bα and for all x ∈ Uα, there exists Uβ ∈ Bβ such that x ∈
Uβ and Uβ ⊆ Uα;

(ii) for every Uβ ∈ Bβ and for all x ∈ Uβ, there exists Uα ∈ Bα such that x ∈
Uα and Uα ⊆ Uβ.

In particular T (Bα) ⊆ T (Bβ) if (i) holds.

Let (X, T ) be a topological space. A subbasis [14, p. 65] for T is a family
S ⊆ T such that every element of T is the arbitrary union of finite intersections
of members of S.

Example 2.10 ([14, p. 65]). A subbasis for the Euclidean topology is the family
composed by all sets of the form {x ∈ R : x < a} and {y ∈ R : y > b} with
arbitrary a, b ∈ R.

Proposition 2.18 ([14, p. 66]). If S is a subbasis for the topology T then the
closure by finite intersection of members of S is a basis for T .

Let (X, TX) be a topological space and let Y ⊆ X. The family TY = {Y ∩U :
U ∈ TX} is an induced topology [14, p. 77] for Y . The resulting topological space
(Y, TY ) is called a subspace [14, p. 77] of (X, TX).

Example 2.11 ([14, p. 77]). The induced topology for Y = [0, 1[∪{2} in the
Euclidean topology is composed by the following open sets: {2}, all open intervals
contained in [0, 1[ and all intervals of the form [0, a[ with 0 < a ≤ 1.
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Proposition 2.19 ([14, p. 77]). Let (Y, TY ) be a subspace of the topological
space (X, TX). If the family {Uα}α∈A is a basis (resp. subbasis) for TX then
the subfamily {Y ∩ Uα}α∈A is a basis (resp. subbasis) for TY .

In the following definition and in any topological context the superset to
which a complement of a set is related to will be taken to be the set of the
respective topological space.

Let (X, T ) be a topological space and let A ⊆ X. The set A is called a
closed set [14, p. 68] if A ∈ T . A closure [14, p. 69] of the set A is the set of
all x ∈ X such that each U ∈ T that contains x has a non-empty intersection
with A. The closure of A is denoted by C(A) and its members are called the
adherent points [14, p. 69] to A. These two concepts relate as follows, the set A
is closed iff A = C(A) (see [14, p. 69]).

A closure can be seen as an operator that maps subsets of X to their closure.
In this view the (topological) closure operators are a subclass of the closure
operators from universal algebra, see for instance [8, p. 18].

Example 2.12 ([14, p. 69]). The unit interval, [0, 1], is the closure of ]0, 1] in
the Euclidean 1-space.

The following definition takes account of the particular case where all points
of a topological space (X, T ) are adherent points to a subset of X.

Definition 2.5 (dense set, [14, p. 72]). Let (X, T ) be a topological space. A
subset D of X is dense in (X, T ) if C(D) = X.

Example 2.13 ([14, p. 72]). The rational are dense in the Euclidean 1-space.

The following example is trivial, but illustrative.

Example 2.14. Let (X, TX) be a topological space. A subset A of X is dense
in the subspace (C(A), TC(A)).

Proposition 2.20 ([14, p. 72]). Let (X, T ) be a topological space and let B be
a basis for T . A subset D of X is dense in (X, T ) iff each non-empty basic open
set in B contains an element of D.

Let (X, T ) be a topological space and let A be a subset of X. The bound-
ary [14, p. 71] of A, denoted by F(A), is the set of all x ∈ X that are simulta-
neously in the closure of A and in the closure of A, that is, F(A) = C(A)∩C(A).

Let f : X → Y be a function between sets X and Y . Then f induces
two functions, one that maps to f [A] each A ⊆ X and the other that maps
to f−1[B] each B ⊆ Y . In the topological context the most interesting one
of both is the later function that maps P(Y ) to P(X) because it preserves the
boolean operations of a topology, i.e., the finitary intersections and the arbitrary
unions, which is essential to relate topological spaces.

Proposition 2.21 ([14, p. 11]). Let f : X → Y be a function between sets X
and Y . The induced function f−1 : P(Y )→ P(X) satisfies the following condi-
tions:
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(i) f−1
[⋃

α∈ABα
]

=
⋃
α∈A f

−1[Bα]

(ii) f−1
[⋂

α∈ABα
]

=
⋂
α∈A f

−1[Bα]

provided {Bα}α∈A ⊆ P(Y ).

Let (X, TX) and (Y, TY ) be topological spaces. A function f from X to Y is
continuous [14, p. 79] if f−1[U ] ∈ TX for every U ∈ TY .

Example 2.15 ([14, p. 79]). Let (Y, TY ) be a subspace of (X, TX). The in-
clusion function i : Y → X defined as the restriction to Y of the identity
function idX in X is continuous.

The following Proposition comes as a useful tool whenever it is needed to
prove that a function between two topological spaces is continuous.

Proposition 2.22 ([14, pp. 79-80]). Given the topological spaces (X, TX) and
(Y, TY ) jointly with a function f from X to Y . The function f is continuous
iff f−1[U ] ∈ TX for every U in a subbasis (basis) for TY .

Suppose that (X, TX) and (Y, TY ) are topological spaces with the families BX
and BY as basis for TX and TY , respectively. If f : X → Y is a continuous
function, then it may exist a basic open set B ∈ BY such that f−1[B] ∈ TX \BX ,
i.e. it is not necessary that the inverse of a continuous function preserves basis
elements (neither subbassis elements).

Let (X, TX) and (Y, TY ) be topological spaces. A function f from X to Y is
called open [14, p. 86] if f [U ] ∈ TY for every U ∈ TX .

Example 2.16 ([14, p. 86]). Let (Y, TY ) be a subspace of (X, TX) such that Y
is open in X. The inclusion function i : Y → X is open.

Analogous with Proposition 2.22, the following result facilitates the task of
proving that a function between two topological spaces is open.

Proposition 2.23 ([14, p. 87]). Given the topological spaces (X, TX) and
(Y, TY ) jointly with a function f from X to Y . The function f is open iff f [U ] ∈
TY for every U in a basis for TX .

Let (X, TX) and (Y, TY ) be topological spaces. A function f from X to Y
is called closed [14, p. 86] if f [U ] is closed in (Y, TY ) for every closed set U
in (X, TX).

The concepts of continuous, open and closed functions are independent, for
details see [14, pp. 79,86], this justifies the following concept that in Theorem 2.8
relates these three.

Let (X, TX) and (Y, TY ) be topological spaces and let f be a function from X
to Y . The function f is an homeomorphism [14, p. 87], denoted by f : X ∼= Y ,
if f is bijective and continuous and its inverse function is also continuous. The
topological spaces (X, TX) and (Y, TY ) are said to be homeomorphic [14, p. 87].
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Theorem 2.8 ([14, p. 89]). Let (X, TX) and (Y, TY ) be topological spaces and
let f be a bijective function from X to Y . The following statements are equiva-
lent:

(i) f is an homeomorphism

(ii) f is continuous and open

(iii) f is continuous and closed

Proposition 2.24 ([14, p. 89]). Let (X, TX) and (Y, TY ) be topological spaces
and let f : X → Y and g : Y → X be continuous functions such that g ◦f = idX
and f ◦ g = idY . It holds that f is an homeomorphism and g = f−1.

Let (X, T ) be a topological space. The topological space (X, T ) is called a
T0 [14, p. 138] topological space if there exists U ∈ T such that either x ∈ U
and y 6∈ U or x 6∈ U and y ∈ U holds for every two distinct points x, y ∈ X.
The topological space (X, T ) is called a T1 [14, p. 138] topological space if there
exist U, V ∈ T such that x ∈ U , y ∈ V and x, y 6∈ U ∩ V holds for every two
distinct points x, y ∈ X. The topological space (X, T ) is called a Hausdorff [14,
p. 137] topological space if there exist U, V ∈ T such that x ∈ U , y ∈ V
and U ∩ V = ∅ holds for every two distinct points x, y ∈ X.

Given a Hausdorff topological space (X, T ) all topological spaces that are
homeomorphic to (X, T ) are also Hausdorff and every subspace of (X, T ) is also
Hausdorff. This is formalised in the following proposition and corollary.

Proposition 2.25 ([14, p. 138]). Hausdorff topological spaces are invariant
under closed bijections and the formation of subspaces.

Corollary 2.8. Hausdorff topological spaces are invariant under homeomor-
phisms.

A topological space (X, T ) is called compact [20, p. 135] if every open cover
of X contains a finite subcover.

Proposition 2.26 ([20, p. 141]). Compact topological spaces are invariant
under continuous surjections.

Corollary 2.9. Compact topological spaces are invariant under homeomor-
phisms.

Let {Xα}α∈A be an indexed family of sets. The set of all functions c : A →⋃
α∈A

Xα such that c(α) ∈ Xα for all α ∈ A is called cartesian product [14, p. 22]

and is denoted by
∏
α∈A

Xα.

As a matter of notation an element c ∈
∏
α∈A

Xα will sometimes be written

as {xα}α∈A in order to indicate that c(α) = xα for every α ∈ A. With this
second notation xβ ∈ Xβ is called the βth coordinate of {xα}α∈A. Both these
notations will be used in this thesis, the first one will be preferred whenever it
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is necessary to emphasise that a member of the cartesian product is a function
and the second whenever it is clearer to emphasise the range of a function that
is a member of the cartesian product. These notations will not be mixed in any
proof.

Each Xα in the indexed family is a factor of the cartesian product. For
every β ∈ A there is a surjective function pβ from

∏
α∈A

Xα to Xβ defined

as pβ(c) = c(β) for every c ∈
∏
α∈A

Xα (in accordance to the second notation

is defined as pβ({xα}α∈A) = xβ), this function is called a projection map.
The inverse function p−1β over Aβ ⊆ Xβ is defined as p−1β [Aβ ] = {c : c(α) ∈
Xα for all α ∈ A\{β} and c(β) ∈ Aβ} (in accordance to the second notation is
defined as p−1β [Aβ ] = {{xα}α∈A : xα ∈ Xα for all α ∈ A\{β} and xβ ∈ Aβ}).

2.2.2 Metric space and ultrametric space

Definition 2.6 (metric, [14, p. 181]). A metric over a set X is a function
d : X×X → R such that for every x, y, z ∈ X it satisfies the following conditions:

(D1) d(x, y) ≥ 0

(D2) d(x, y) = 0 iff x = y

(D3) d(x, y) = d(y, x)

(D4) d(x, z) ≤ d(x, y) + d(y, z)

The output of d(x, y) is said to be the distance between x and y.

There is a stronger version than (D4) defined as follows:

(D4’) d(x, z) ≤ max(d(x, y), d(y, z))

The function d of Definition 2.6 is called an ultrametric [36, p. 187] if it
satisfies conditions (D1), (D2), (D3) and (D4′).

Let a be an element of a set X and d be a metric over this set. The
set Bd(a, r) = {x ∈ X : d(x, a) < r} with r ∈ R is called a ball [14, p.
182] with centre a and radius r. Clearly for an r ≤ 0 the ball Bd(a, r) = ∅.
The topology having for basis the family B = {Bd(x, r) : x ∈ X and r ∈ R+}
is called the topology in X induced by the metric d [14, p. 183] and it will be
denoted by T (d) when it is necessary to distinguish the metric that induces the
topology.

Definition 2.7 (metric space, [14, p. 183]). The topological space (X, T ) is
called a metric space if there is a metric d in X that induces its topology, i.e.,
when T = T (d).

Example 2.17 ([14, pp. 181, 183]). The Euclidean 1-space is a metric space
induced by the metric dE : R × R → R defined by dE(x, y) = |x − y| for ev-
ery x, y ∈ R.

Let (X, T (d)) be a metric space. The topological space (X, T (d)) is called
an ultrametric space [36, p. 187] if d is an ultrametric.
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2.2.3 Product space

Definition 2.8 (product topology, [14, p. 98],[20, pp. 89, 90]). Given a family
of topological spaces {(Xα, Tα)}α∈A the product topology in

∏
α∈A

Xα with pro-

jection maps {pα}α∈A is the topology with subbasis {p−1α [Uα] : for every Uα ∈
Tα}α∈A. The cartesian product jointly with its product topology is called product
space.

Since every member of a subbasis is an open set it is clear that each pro-
jection map is continuous. This fact and other are formalised in the following
proposition.

Proposition 2.27 ([14, p. 101]). Let {(Xα, Tα)}α∈A be a family of topolog-
ical spaces. For every β ∈ A the projection map pβ from the cartesian prod-
uct

∏
α∈A

Xα to the factor Xβ is a continuous open surjection.

The following proposition is a direct consequence of Proposition 2.18.

Proposition 2.28 ([14, p. 98]). Let {(Xα, Tα)}α∈A be a family of topological
spaces. A basic open set of its product topology is of the form Uα1

× · · ·×Uαn ×∏
β∈A\{α1,...,αn}

Xβ =
n⋂
i=1

p−1αi [Uαi ] such that Uαi ∈ Tαi for all αi ∈ {α1, . . . , αn},

n ∈ ω and {α1, . . . , αn} ⊆ A.

As a consequence of propositions 2.28 and 2.20 the following result holds.

Proposition 2.29 ([14, p. 99]). Let {(Xα, Tα)}α∈A be a family of topological
spaces. For every point {yα}α∈A in the cartesian product

∏
α∈A

Xα the set D =

{{xα}α∈A∈
∏
α∈A

Xα : {xα}α∈A and {yα}α∈A differ in at most finitely many co-

ordinates} is dense in the product space (
∏
α∈A

Xα, T ).

Despite the fact that the following remark is beyond the scope of this thesis
it seems an interesting fact to be pointed out.

Remark 2.1. Let F be the family of all cofinite subsets of an infinite A. Since
F is an ultrafilter over A it induces an equivalence relation over

∏
α∈A

Xα and the

respective set of equivalence classes is an ultraproduct. The equivalence class for
a fixed point in the cartesian product is the same dense set of Proposition 2.29
given an infinite A. Therefore all members of this ultraproduct are dense in
the product space (

∏
α∈A

Xα, T ). An interesting question may be the following:

are all ultraproducts on a cartesian product
∏
α∈A

Xα families of dense sets in the

product space (
∏
α∈A

Xα, T )? The universal algebraic (model theoretical) concepts

mentioned in this remark can be find in [8, pp. 132, 145-146].
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2.2.4 Inverse limit space

A reflexive and transitive binary relation 4 in a set X is called a preorder [14,
p. 29] and X = (X,4) is called a preordered set [14, p. 29].

Let A = (A,4) be a preordered index set for the family of topological
spaces {(Xα, Tα)}α∈A. Suppose that for every α, β ∈ A such that α 4 β there
is given a continuous function λβα : Xβ → Xα and suppose that this functions
satisfy the condition λγα = λβα ◦ λ

γ
β for every α, β, γ ∈ A such that α 4 β 4 γ.

Then ({(Xα, Tα)}α∈A, {λβα : α 4 β}α,β∈A) is called an inverse spectrum [14, p.
427] over A with topological spaces {(Xα, Tα)}α∈A and connecting maps λβα [14,
p. 427].

Definition 2.9 (invere limit space, [14, pp. 427-428]). Let ({(Xα, Tα)}α∈A,
{λβα : α 4 β}α,β∈A) be an inverse spectrum over the preordered index set A =
(A,4). Given the product space (

∏
α∈A

Xα, T ) with projection maps {pα}α∈A the

subset X∞={{xα}α∈A∈
∏
α∈A

Xα : for all α, β ∈ A, if α 4 β, then pα({xα}α∈A)

= λβα ◦ pβ({xα}α∈A)} jointly with the induced topology T∞ is called the inverse
limit space of the spectrum and its elements are called threads.

Given an inverse spectrum ({(Xα, Tα)}α∈A, {λβα : α 4 β}α,β∈A) over a pre-
ordered index set A = (A,4) the family of projection maps {pα}α∈A restricted
to the subset X∞ induces the family {πα}α∈A of continuous canonical maps [14,
p. 428] from X∞ into each Xα.

Theorem 2.9 ([14, p. 428]). Let (X∞, T∞) be the inverse limit space of the
spectrum ({(Xα, Tα)}α∈A, {λβα : α 4 β}α,β∈A) with {πα}α∈A as the family of
canonical maps. Let α, β ∈ A such that α 4 β then the diagram

X∞
πβ //

πα !!

Xβ

λβα}}
Xα

is commutative.

In the literature a directed set is usually defined as a non-empty subset of
a poset for which any pair of elements in the subset has an upper-bound in it
(see for instance [12, pp. 148, 149]). James Dugundji in [14, p. 210] takes a
more general stand without requiring that the subset be non-empty nor that the
relation be antisymmetric. In order to define a cpo as a particular case of a dcpo
(see Section 2.3) a directed set is required to be non-empty. Let D = (D,4) be a
preordered set and let S be a non-empty subset of D. The set S is called directed
if for every x, y ∈ S there exists z ∈ S such that x 4 z and y 4 z.

Theorem 2.10 ([14, p. 428]). Let (X∞, T∞) be the inverse limit space of the
spectrum ({(Xα, Tα)}α∈A, {λβα : α 4 β}α,β∈A) with {πα}α∈A as the family of
canonical maps. If A is a directed set then the family {π−1α [U ] : for every U ∈
Tα}α∈A is a basis for T∞.
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2.2.5 Initial topology

Definition 2.10 (initial topology,[33, p. 682]). Let S be a set, let {(Xα, Tα)}α∈A
be a family of topological spaces and let for each α ∈ A be given a func-
tion fα from S to Xα. The initial topology in S is the topology with subbasis
{f−1α [Uα] : for every Uα ∈ Tα}α∈A.

Proposition 2.30 ([33, p. 682]). Let S be a set, let {(Xα, Tα)}α∈A be a family
of topological spaces and let for each α ∈ A be given a function fα from S to Xα.
The initial topology in S obtained from the topological spaces {(Xα, Tα)}α∈A and
from the family {fα}α∈A is the coarsest topology in S for which all functions
of {fα}α∈A are continuous.

2.3 A Background on Domain Theory

Before introducing the most basic structure of domain theory the next statement
is made, for it will be referenced a few times in Chapter 5.

Remark 2.2 ([12, p. 46]). Let D = (D,v) be a poset and let A,B ⊆ D such
that

⊔
A and

⊔
B exist in D. If A ⊆ B then

⊔
A v

⊔
B.

Let D = (D,vD) be a poset. The poset D is called a directed-complete
partial order [12, p. 175], dcpo for short, if

⊔
A exists in D whenever A is

a directed subset of D. Let E be a set with partial order vE . The order
structure E = (E,⊥,vE) is called a complete partial order [12, p. 175], cpo for
short, if (E,vE) is a dcpo and ⊥ is the least element of E. In the literature a cpo
is also called a directed-complete pointed partial order, dcppo for short, where
pointed stands for the fact that the set has a least element (see for instance [12,
p. 175]).

It is a common practice in domain theory to denote an order structure by
the same symbol used to denote the set of the structure. Even though this
is also done in [36] where sometimes the order structure is denoted as such,
e.g. there a cpo is sometimes denoted as D = (D,v,⊥). In this thesis every
order structure is denoted as a first-order structure (see [8, p. 192]) where a
structure is presented by the set followed by the functions (if any) and then by
the relations (if any).

Example 2.18 ([36, p. 31]). Let S be a set and let ⊥ denote an element
not in S. The first-order structure S⊥ = (S⊥,⊥,v) is a flat cpo with the
set S⊥ = S ∪ {⊥} and the partial order v defined as x v y iff x = ⊥ or x = y
for every x, y ∈ S⊥.

The process of obtaining a flat cpo from an arbitrary set, illustrated in Ex-
ample 2.18, can be described as providing a set with a discrete order (=) and
then lifting it. From now on the flat cpo obtained from an arbitrary set Z will
be denoted by Z⊥.

In the literature sometimes the concept chain is restricted to non-empty sets
(see for instance [3, p. 10]). In this thesis this concept is introduced without
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making that restriction. Let D = (D,v) be a poset. The poset D is a called a
chain [12, p. 3] if x v y or y v x for every x, y ∈ D.

Even though the concept introduced next was coined in [12, p. 179] as
completely inductive partial order in this thesis another name was preferred
in order to be in accordance to the concept directed-complete partial order.
Let D = (D,v) be a poset. The poset D is a called a chain-complete partial
order [12, p. 179], ccpo for short, if

⊔
A exists in D whenever A ⊆ D is a chain.

Note that every ccpo has a least element, since an empty-set is a chain. The
following result stands that both classes of first-order structures cpos and ccpos
boil down to the same class.

Theorem 2.11 ([12, p. 179]). Let D = (D,v) be a poset. The poset D is a
ccpo iff D is a cpo.

Whenever the concept of a chain is restricted only to non-empty sets an
analogous statement to Theorem 2.11 is that a poset is a ccpo iff it is a dcpo
(see for instance [3, p. 12]).

In Subsection 2.2.1 the concept compact was introduced in a topological
context. In a domain theoretical context this concept is defined as follows.
Let D = (D,⊥,v) be a cpo. An element a ∈ D is called compact [36, p. 54]
if whenever a set A ⊆ D is directed and a v

⊔
A, there exists y ∈ A such

that a v y. The set of compact elements of D is denoted by K(D).
Let D = (D,⊥,v) be a cpo. The cpo D is called algebraic [36, p. 55]

if for every x ∈ D, the set approx(x) = {a ∈ K(D) : a v x} is directed
and x =

⊔
approx(x).

It is a common practice in domain theory to call the set of compact elements
of an algebraic cpo as the basis for the algebraic cpo (see for instance [33,
p. 647]). The choice of this name makes sense when the relation of compact
elements with basic open sets is explored in the context of the Scott topology
associated with an algebraic domain (see Remark 2.4 and Proposition 2.32).

In domain theory the elements of an ordered structure can be intuitively
thought of as having pieces of information and the partial order as represent-
ing a consistent extension of information, in the sense that when an element
is greater than another intuitively means that it consistently extends the infor-
mation contained by the other. This line of thought can be generalised to sets
in the sense that when a subset of a set has an upper-bound it means that it
is consistently extended, i.e. that the subset does not contain conflicting in-
formation. For this reason the concept introduced next is sometimes coined as
consistent in the literature (see for instance [36, p. 57]). In order to maintain
uniformity with the definition of bounded-complete poset that will be introduced
in Section 3.2 another name for the following concept is chosen from the ones
given to it in the literature. Let D = (D,v) be a poset. A subset S of D is
called bounded [28] if it has an upper-bound in D.

The following is an adaptation of a statement made in [12, p. 149].

Example 2.19. Let D = (D,⊥,v) be an algebraic cpo and let A be a directed
subset of D. Any finite subset of A is bounded.
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As pointed out by Samson Abramsky and Achim Jung in [3, p. 22] it is a
common practice in domain theory to define as a domain an order structure that
is at least a dcpo. There are two important classes of domains: the algebraic
and the continuous ones, where the later is a generalisation of the former. Both
vary in the way the basis of the domain is obtained. A basis of a continuous
domain always contains the compact elements of the domain. Even though the
concept introduced in the following definition is coined as Scott-Ershov domain
in [36, p. 57] in this thesis it is named as algebraic domain in order to make
clear that the basis of a domain is exactly its set of compact elements. For this
reason from now on these distinguished sets will only be referenced as the sets
of compact elements.

Definition 2.11 (algebraic domain, [36, p. 57]). Let D = (D,⊥,v) be a cpo.
The cpo D is called an algebraic domain if it satisfies both following conditions:

(i) D is algebraic;

(ii) if {a, b} ⊆ K(D) is bounded then a t b exists in D.

Theorem 2.12 ([36, p. 76]). Let D = (D,⊥,v) be a cpo, C a subset of D
and Cx = {y ∈ C : y v x} for x ∈ D. If C satisfies the following conditions:

(i) ⊥ ∈ C;

(ii) C ⊆ K(D);

(iii) for all x ∈ D and for every y, z ∈ Cx, y t z ∈ Cx and x =
⊔
Cx.

Then D is an algebraic domain and K(D) = C.

Let D = (D,⊥,v) be an algebraic cpo. The algebraic cpo D is called
bounded-complete [36, p. 57] if

⊔
A exists in D whenever A is a bounded subset

of D. The concept just introduced was coined consistently complete in the
corresponding cited reference, but for uniformity’s sake with Section 3.2 another
name for it was given in this thesis.

Proposition 2.31 ([36, p. 58]). Every algebraic domain is bounded-complete.

Definition 2.12 (algebraic subdomain, [36, p. 97]). Let E = (E,⊥E ,v) be
an algebraic domain. A set D ⊆ E with the induced order forms a first-order
structure called an algebraic subdomain of E if the following conditions are
satisfied:

(i) ⊥E ∈ D;

(ii) if A ⊆ D is directed then
⊔
E A ∈ D;

(iii) K(D) ⊆ K(E);

(iv) for all a, b ∈ K(D), if {a, b} is bounded in E then a tE b ∈ D;

(v) for every x ∈ D, x =
⊔
E(approxE(x) ∩D).
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From the most general class of domain theoretical structures, dcpos, to any of
its subclasses there is associated a specific type of topology called Scott topology.
Both following definitions formalise which is the Scott topology related to a cpo
and which is related to an algebraic domain, respectively.

Definition 2.13 (Scott open, [36, p. 116]). Let D = (D,⊥,v) be a cpo. A
set U ⊆ D is called Scott open if it satisfies the following conditions:

(i) For all x, y ∈ D, if x ∈ U and x v y then y ∈ U ;

(ii) if A ⊆ D is a directed set with
⊔
A ∈ U then there exists a ∈ A such

that a ∈ U .

Remark 2.3 ([36, p. 116]). Let D = (D,⊥,v) be a cpo and T be the family
of all Scott open sets in D. Then T is a topology on D which will be called the
Scott topology associated with D.

Definition 2.14 (Scott open, [36, p. 116]). Let D = (D,⊥,v) be an algebraic
domain. A set U ⊆ D is called Scott open if it satisfies the following conditions:

(i) For all x, y ∈ D, if x ∈ U and x v y then y ∈ U ;

(ii) for every x ∈ D, if x ∈ U then there exists a ∈ approx(x) such that a ∈ U.

Remark 2.4 ([36, p. 116]). Let D = (D,⊥,v) be an algebraic domain and T
be the family of all Scott open sets in D. Then T is a topology on D which will
be called the Scott topology associated with D.

Clearly the Scott topology associated with an algebraic domain D = (D,⊥,v
) is the same Scott topology associated with D as a cpo.

Just as in [36, p. 116] conditions (i) and (ii) of Definition 2.14 will be called
Alexandrov condition and Scott condition, respectively.

Proposition 2.32 ([36, p. 117]). Let D = (D,⊥,v) be an algebraic domain
and let T denote its associated Scott topology. Let Ba = {x ∈ D : a v x}
for a ∈ K(D). The family B = {Ba : a ∈ K(D)} is a topological basis for T .

There are two ways that can be used to verify if two domain theoretical
structures are essentially the same, one is to verify if their Scott topologies are
homeomorphic and the other is to verify if they are order-isomorphic. This
later concept is introduced as follows. Let P = (P,≤P ) and Q = (Q,≤Q)
be posets and let f be a function from P to Q. The function f is called an
order-isomorphism [12, p. 3] if f is surjective and for every x, y ∈ P it holds
that x ≤P y iff f(x) ≤Q f(y). The posets P and Q are said to be order-
isomorphic [12, p. 3]. It can be easily verified that every order-isomorphism
is a bijection and that the inverse function of an order-isomorphism is also an
order-isomorphism.

In what remains of this section it will be shown that it is equivalent to
prove that two cpos are order-isomorphic than to prove that their associated
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Scott topologies are homeomorphic. For that, a few definitions and intermediate
results will be stated.

In Subsection 2.2.1 the concept of continuous function was introduced in a
topological context. In a domain theoretical context this concept is defined as
follows. Let D = (D,⊥D,vD) and E = (E,⊥E ,vE) be cpos. A function f :
D → E is continuous [36, p. 29] if whenever A ⊆ D is directed, the following
holds f [A] is directed and f(

⊔
A) =

⊔
f [A]. Now the following concept can

be introduced. The first-order structures D and E are called isomorphic [36,
p. 30] if there are continuous functions f : D → E and g : E → D such
that g ◦ f = idD and f ◦ g = idE .

Proposition 2.33 ([36, p. 30]). Let D = (D,⊥D,vD) and E = (E,⊥E ,vE)
be cpos. The cpos D and E are order-isomorphic iff they are isomorphic.

The following result states that the functions that are continuous between
two cpos are exactly the same that are continuous with respect to the associated
Scott topologies, that is to say, the concept of continuous function boils down
to one when it is in the context of cpos or their Scott topologies.

Proposition 2.34 ([36, p. 134]). Let D = (D,⊥D,vD) and E = (E,⊥E ,vE)
be cpos and let f be a function from D to E. The function f is topologically
continuous between the corresponding Scott topologies iff f is continuous in a
domain theoretical sense.

The following proposition is a direct result of propositions 2.33, 2.34 and 2.24.

Proposition 2.35. Let D = (D,⊥D,vD) and E = (E,⊥E ,vE) be cpos. The
cpos D and E are order-isomorphic iff D and E with their associated Scott
topologies are homeomorphic.



Chapter 3

State of the art review

3.1 Current topologies

3.1.1 Partial functions P
In this subsection the set of partial functions on ω denoted by P are studied.
A few results stated for an arbitrary non-empty set are cited from [12] in order
to use them in the particular case where the set is ω. Some domain theoretical
structures are given for both the set P and a “similar” set denoted by (ω⊥)ω

(see Remark 3.3). Also what initially seems to be two different topologies for
the set P are introduced and a topology for a “similar” set denoted by

∏
n∈ω

On

(see Definition 3.3) is given. Through this subsection the relation between the
domain theoretical and topological studies of the set P are established.

In [25] Michael Mislove gives a name to a well-known partial order on the
set of partial functions in ω, this is formalised as follows for an arbitrary non-
empty set. Let S be a non-empty set and let PS be the set of all partial functions
from S to S. Define on PS the following partial order: for every ϕ,ψ ∈ PS ,
ϕ ≤ ψ if dom(ϕ) ⊆ dom(ψ) and ψ �dom(ϕ)= ϕ. This partial-order ≤ is called
an extensional ordering.

Remark 3.1 ([12, p. 7]). The extensional ordering on PS can be characterised
as ϕ ≤ ψ iff graph(ϕ) ⊆ graph(ψ), for every ϕ,ψ ∈ PS.

Definition 3.1. Let S be a non-empty set, PS be the set of all partial functions
from S to S, σ∅ : S ⇀ S be the partial function which has an empty domain
and let the partial order ≤ be the extensional ordering on PS. The obtained
first-order structure is denoted by PS = (PS , σ∅,≤).

Proposition 3.1 ([12, pp. 7, 180]). The first-order structure PS = (PS , σ∅,≤)
is a cpo.

Remark 3.2 ([36, p. 33], [25]). By taking S = ω in Definition 3.1 it is obtained
the cpo P = (P, ϕ∅,≤) where P is the set of all partial functions from ω to ω,

29
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ϕ∅ : ω ⇀ ω is the partial function which has an empty domain and the partial
order ≤ is the extensional ordering on P. Denote by TS its associated Scott
topology.

Let X be a set and let Y = (Y,≤) be a poset. Let Y X be the set of all
total functions from X to Y . Define on Y X the following partial order: for
all f, g ∈ Y X , f 4 g if f(x) ≤ g(x) for all x ∈ X. This partial-order 4 is called
a pointwise order [12, p. 24].

Definition 3.2. Let S be a non-empty set, (S⊥)S be the set of all total functions
from the set S to the flat cpo S⊥, the constant function ⊥S : S → S⊥ maps
every x ∈ S to ⊥ and the partial order 4 is the pointwise order on (S⊥)S. The
obtained first-order structure is denoted by (S⊥)S = ((S⊥)S ,⊥S ,4).

Proposition 3.2 ([12, p. 180]). The first-order structure (S⊥)S = ((S⊥)S ,⊥S ,
4) is a cpo.

Remark 3.3. By taking S = ω in Definition 3.2 it is obtained the cpo (ω⊥)ω =
((ω⊥)ω,⊥ω,4) where (ω⊥)ω is the set of all total functions from the set ω to
the flat cpo ω⊥, the constant function ⊥ω : ω → ω⊥ maps every x ∈ ω to ⊥ and
the partial order 4 is the pointwise order on (ω⊥)ω.

Proposition 3.3 ([12, p. 180]). The cpos PS = (PS , σ∅,≤) and (S⊥)S =
((S⊥)S ,⊥S ,4) introduced in definitions 3.1 and 3.2, respectively, are order-
isomorphic. An order-isomorphism between PS and (S⊥)S is the functional
V : PS → (S⊥)S defined as:

V (ϕ)(x) =

{
ϕ(x) if x ∈ dom(ϕ)
⊥ otherwise,

(3.1)

for every x ∈ S and for all ϕ ∈ PS.

Corollary 3.1. The cpos P = (P, ϕ∅,≤) and (ω⊥)ω = ((ω⊥)ω,⊥ω,4) in-
troduced in remarks 3.2 and 3.3, respectively, are order-isomorphic. An order-
isomorphism between P and (ω⊥)ω is the functional F : P → (ω⊥)ω defined
as:

F (ϕ)(x) =

{
ϕ(x) if x ∈ dom(ϕ)
⊥ otherwise,

(3.2)

for every x ∈ ω and for all ϕ ∈ P.

Proposition 3.4 ([36, pp. 54, 55]). The cpo P = (P, ϕ∅,≤) is algebraic where
K(P) = {θ ∈ P : |dom(θ)| < ℵ0} is the set of compact elements of P.

Proposition 3.5 ([36, p. 57]). The algebraic cpo P = (P, ϕ∅,≤) is an algebraic
domain.

In [30] Piergiorgio Odifreddi presents three equivalent approaches to P (the
set of partial functions from ω to ω), two of them are topological and the other
is domain theoretical. In what remains of this section the relation of these later
three approaches with what was already introduced will be studied.
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Proposition 3.6 ([30, p. 186]). Let (P, T (B)) be the topological space with
basis B as the family of all sets Bθ = {ϕ ∈ P : graph(θ) ⊆ graph(ϕ)} such
that θ ∈ P and |dom(θ)| < ℵ0. A set U ⊆ P is open iff U satisfies the following
conditions:

(i) For every ϕ ∈ U there exists θ ∈ U such that |dom(θ)| < ℵ0 and graph(θ) ⊆
graph(ϕ);

(ii) for all ϕ,ψ ∈ P, if ϕ ∈ U and graph(ϕ) ⊆ graph(ψ) then ψ ∈ U .

Definition 3.3 ([30, p. 186]). Let (O, TO) be the topological space where O =
ω ∪ {↑} and TO contains the set O and every subset of ω, let {(On, Tn)}n∈ω be
a countable indexed family of topological spaces such that On = O and Tn = TO
for each n ∈ ω and let {pn}n∈ω be the projection maps. The obtained product
space is denoted by (

∏
n∈ω

On, Tπ).

In [30, p. 186] it is said in an informal manner that the topological spaces
introduced in Proposition 3.6 and in Definition 3.3 are homeomorphic. Since in
the cited reference no proof was included for this result in Theorem 3.1 this fact
is formalised and given with a proof. For this purpose a functional is defined
and the sufficient properties of it are proved through a few lemmas.

Definition 3.4. Let the functional G :
∏
n∈ω

On → P be defined as:

G(ϕ)(x) =

{
px(ϕ) if px(ϕ) 6=↑,
undefined otherwise.

(3.3)

for all x ∈ ω and for all ϕ ∈
∏
n∈ω

On.

It is necessary to prove that G is well-defined. Let ϕ,ψ ∈
∏
n∈ω

On such

that ϕ = ψ and G(ϕ) 6' G(ψ). Thus there exists k ∈ ω such that G(ϕ)(k) 6'
G(ψ)(k). Hence pk(ϕ) 6= pk(ψ), i.e., ϕ(k) 6= ψ(k), which contradicts the hypoth-
esis ϕ = ψ. Therefore G is well-defined, that is, G is a functional from

∏
n∈ω

On

to P.

Lemma 3.1. The functional G :
∏
n∈ω

On → P is bijective.

Proof. It is necessary to prove that G is surjective. Fix γ ∈ P. Define, for
all x ∈ ω,

α(x) =

{
γ(x) if x ∈ dom(γ),
↑ otherwise.

(3.4)

Clearly α is well-defined, that is, α is a function from ω to O. Thus α ∈∏
n∈ω

On for α(n) ∈ O = On for each n ∈ ω. Claim, G(α) ' γ. Let x ∈ ω

such that x ∈ dom(G(α)). Thus α(x) 6=↑ wherefore G(α)(x) = px(α) 6=↑.
Hence α(x) = γ(x) which entails G(α)(x) ' γ(x). Therefore graph(G(α)) ⊆
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graph(γ). Let y ∈ ω such that y ∈ dom(γ). Thus α(y) 6=↑ wherefore α(y) =
γ(y) ∈ ω. Consequently G(α)(y) = py(α) for py(α) 6=↑. Hence γ(y) ' G(α)(y).
Therefore graph(γ) ⊆ graph(G(α)), finishing the proof of the claim. ThereforeG
is surjective. It is necessary to prove that G is injective. Let α, β ∈

∏
n∈ω

On

such that G(α) ' G(β). Let x ∈ ω. Thus, in particular, px(α) = px(β), i.e.,
α(x) = β(x). Hence α = β. Therefore G is injective, completing the proof
that G is bijective.

Lemma 3.2. The functional G :
∏
n∈ω

On → P is continuous.

Proof. Fix the basic open set Bθ = {γ ∈ P : graph(θ) ⊆ graph(γ)} in T (B),
where θ ∈ P and |dom(θ)| < ℵ0. In case dom(θ) = ∅ it holds that Bθ = P.
Thus

∏
n∈ω

On = G−1[Bθ]. Therefore G−1[Bθ] ∈ Tπ. In case dom(θ) 6= ∅ it holds

that Bθ 6= ∅ by the reflexivity of the subset relation. Consequently G−1[Bθ] 6= ∅
since G is surjective. Let α ∈

∏
n∈ω

On such that α ∈ G−1[Bθ]. It is necessary

to find a basic open set in Tπ that contains α and that it is completely con-
tained in G−1[Bθ]. Define ρ ∈

∏
n∈ω

On from θ in an analogous manner than

Equation (3.4). Hence G(ρ) ' θ. Recall that dom(θ) 6= ∅ and |dom(θ)| < ℵ0.
Let dom(θ) = {x1, . . . , xl} for some l > 0. Hence ρ(xi) = yi ∈ ω for all 1 ≤ i ≤ l
and ρ(z) =↑ for every z ∈ ω\{x1, . . . , xl}. It holds that {yi} ∈ TO = Txi
for all 1 ≤ i ≤ l since TO = P(ω) ∪ {O}. Thus

l⋂
i=1

p−1xi [{yi}] is a basic open

set in Tπ by Proposition 2.28. For simplicity of notation
l⋂
i=1

p−1xi [{yi}] will be

denoted by Aρ. Clearly ρ ∈ Aρ. It holds that graph(G(ρ)) ⊆ graph(G(α))
for α ∈ G−1[Bθ] and G(ρ) ' θ. Hence pw(ρ) = pw(α) for every w ∈ ω
such that pw(ρ) 6=↑. Consequently pxi(ρ) = pxi(α) for all 1 ≤ i ≤ l. There-
fore α ∈ Aρ for ρ ∈ Aρ. It is necessary to prove that Aρ ⊆ G−1[Bθ]. Let β ∈ Aρ
and let r ∈ dom(G(ρ)). Thus r ∈ {x1, . . . , xl} since pr(ρ) 6=↑. By β, ρ ∈ Aρ
it holds in particular that pr(β) = pr(ρ). Consequently G(β)(r) ' G(ρ)(r).
Hence graph(G(ρ)) ⊆ graph(G(β)). Thus G(β) ∈ Bθ since G(ρ) ' θ, i.e.,
β ∈ G−1[Bθ]. Therefore Aρ ⊆ G−1[Bθ]. Therefore G−1[Bθ] is open in Tπ by
Proposition 2.15. Therefore G is continuous by Proposition 2.22.

Lemma 3.3. The functional G :
∏
n∈ω

On → P is open.

Proof. Fix the basic open set Aι in Tπ. In case Aι = ∅ it holds that G[Aι] = ∅.
Therefore G[Aι] ∈ T (B). In case Aι =

∏
n∈ω

On it holds that G[Aι] = P for G

is surjective. Therefore G[Aι] ∈ T (B). In case Aι 6= ∅ and Aι 6=
∏
n∈ω

On there

exists m > 0 such that Aι =
m⋂
j=1

p−1xj [Uxj ] where xj ∈ ω and Uxj ∈ Txj\{∅, O}

for all 1 ≤ j ≤ m. It is necessary to prove that G[Aι] satisfies both conditions
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of Proposition 3.6. Let ϕ ∈ P such that ϕ ∈ G[Aι]. Define δ ∈
∏
n∈ω

On from ϕ

in an analogous manner than Equation (3.4). Hence G(δ) ' ϕ. Thus δ ∈ Aι
for G is injective. Let s ∈ {x1, . . . , xm}. Hence ps(δ) 6=↑ wherefore in par-
ticular ps(δ) ∈ Us 6= O. Consequently {x1, . . . , xm} ⊆ dom(G(δ)) = dom(ϕ).
Define ϑ = ϕ �{x1,...,xm}. Clearly it holds that ϑ ∈ P, that |dom(ϑ)| < ℵ0 and
that graph(ϑ) ⊆ graph(ϕ). It is necessary to prove that ϑ ∈ G[Aι]. Define % ∈∏
n∈ω

On from ϑ in an analogous manner than Equation (3.4). Hence G(%) ' ϑ.

Let t ∈ {x1, . . . , xm}. Hence G(%)(t) ' ϑ(t) ' ϕ(t) ' G(δ)(t). Thus pt(%) =
pt(δ) ∈ Ut since δ ∈ Aι, that is, % ∈ p−1t [Ut]. Hence % ∈ Aι. Conse-
quently ϑ ' G(%) ∈ G[Aι]. Therefore G[Aι] satisfies condition (i) of Propo-
sition 3.6. Let ψ, λ ∈ P such that ψ ∈ G[Aι] and graph(ψ) ⊆ graph(λ). It is
necessary to prove that λ ∈ G[Aι]. Define µ, ν ∈

∏
n∈ω

On from ψ, λ, respectively,

in an analogous manner than Equation (3.4). Hence G(µ) ' ψ and G(ν) ' λ.
Thus µ ∈ Aι for G is injective. Let q ∈ {x1, . . . , xm}. Hence pq(µ) 6=↑ wherefore
in particular pq(µ) ∈ Uq 6= O. Consequently q ∈ dom(G(µ)). Thus pq(µ) =
G(µ)(q) ' G(ν)(q) = pq(ν) since it holds that G(µ) ' ψ, that G(ν) ' λ and
that graph(ψ) ⊆ graph(λ). Hence pq(ν) ∈ Uq since in particular pq(µ) ∈ Uq,
that is, ν ∈ p−1q [Uq]. Thus ν ∈ Aι. This entails λ ∈ G[Aι] for G(ν) ' λ.
Hence G[Aι] satisfies condition (ii) of Proposition 3.6. Thus G[Aι] ∈ T (B).
Therefore G is open by Proposition 2.23.

Theorem 3.1 ([30, p. 186]). The product space (
∏
n∈ω

On, Tπ) introduced in

Definition 3.3 is homeomorphic to the topological space (P, T (B)) defined in
Proposition 3.6.

Proof. By lemmas 3.1, 3.2 and 3.3 and by Theorem 2.8, G is an homeomor-
phism between (

∏
n∈ω

On, Tπ) and (P, T (B)), i.e., (
∏
n∈ω

On, Tπ) and (P, T (B)) are

homeomorphic spaces.

Proposition 3.7. Let P = (P, ϕ∅,≤) be the algebraic domain and let TS be its
associated Scott topology, both introduced in Remark 3.2, and let (P, T (B)) be
the topological space introduced in Proposition 3.6. The topologies TS and T (B)
are exactly the same.

Proof. Recall by Proposition 3.4 that K(P) is the set of compact elements of P
and recall by Proposition 3.6 that B is the basis of T (B). By Proposition 2.32,
a basis BS for TS is the family of all sets Bθ = {ϕ ∈ P : θ ≤ ϕ} such that θ ∈
K(P). Therefore BS = B by definition of K(P), Remark 3.1 and definition of B.
Therefore TS = T (B) since they have a common basis.

Definition 3.5. Let P be the set of all partial functions from ω to ω and let
the partial order 6 on P be defined as: for every ϕ,ψ ∈ P, ϕ 6 ψ if graph(ϕ) ⊆
graph(ψ). The obtained first-order structure is denoted by C = (P,6).

The following result states a domain theoretical approach to the set of partial
functions P given by Piergiorgio Odifreddi.
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Proposition 3.8 ([30, p. 189]). The first-order structure C = (P,6) is a ccpo.

Clearly by Remark 3.1 and by Theorem 2.11 the cpo P and the ccpo C are
the same.

The results of this subsection can be summarised as follows. There were
introduced two domain theoretical approaches to the set of partial functions P,
that is, the first-order structures P and (ω⊥)ω. Since it was stated that P is
an algebraic domain and it was established that both first-order structures are
order-isomorphic it entails that both are algebraic domains which are essentially
the same. Consequently their associated Scott topologies are pairwise homeo-
morphic by Proposition 2.35. A topological approach to P was also introduced,
say, the product space (

∏
n∈ω

On, Tπ) which was proved to be homeomorphic to

the Scott topology associated with P .

3.1.2 Total functions ωω

Recall that ωω is the set of all total functions from ω to ω. In this subsec-
tion some topologies on ωω will be introduced and the relations between them
will be explored. Two fundamental topological properties of those spaces, the
separation axioms and compactness, will be studied.

Remark 3.4 ([30, p. 472]). The set ωω can be given the induced topology Tind

obtained from the topology T (B) defined in Proposition 3.6.

By taking the basis B defined in Proposition 3.6 and by Proposition 2.19 it
is clear that a basis for Tind is the family of all sets of the form Bδ = {f ∈ ωω :
graph(δ) ⊆ graph(f)} such that δ ∈ P and δ has a finite domain. It can easily
be verified by Proposition 2.17 that there exists an equivalent basis for Tind
composed by all sets of the form Bγ = {f ∈ ωω : graph(γ) ⊆ graph(f)} such
that γ ∈ P and γ has as domain the subset {0, . . . , k} ⊆ ω for some k ∈ ω, that
is to say, that in this later basis a basic open set is formed by all total functions
that coincide in the first k + 1 inputs.

Remark 3.5 ([30, p. 472], [31, p. 350], [36, p. 33]). Let (ω, TD) be the
topological space where TD is the discrete topology for ω and let {(ωn, τn)}n∈ω
be a countable indexed family of topological spaces such that ωn = ω and τn = TD
for each n ∈ ω. The set ωω can be given the product topology Tprod obtained
from {(ωn, τn)}n∈ω and the projection maps {prn}n∈ω.

By Proposition 2.28 a basic open set of the “canonical” basis for Tprod is

of the form
n⋂
i=1

pr−1αi [Uαi ] where n, α1, . . . , αn ∈ ω and Uαi ∈ ταi for all αi ∈

{α1, . . . , αn}. Again by Proposition 2.17 it is trivial to prove that Tprod has an

equivalent basis such that every basic open set is of the form
m⋂
i=0

pr−1i [Ui] where

m ∈ ω and each Ui is a singleton open set in τi. Hence in this later basis a basic
open set is formed by all total functions that coincide in the first m+ 1 inputs.
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One way to measure how near two arbitrary total functions in ωω are is by
searching for the first point they differ in the discrete line: the biggest the point,
the closer the functions are.

Proposition 3.9 ([30, p. 472], [31, p. 350]). Let ` be the function from ωω×ωω
to ω defined as:

`(f, g) =

{
min{x ∈ ω : f(x) 6= g(x)} if f 6= g,
0 otherwise,

(3.5)

for every f, g ∈ ωω. The function dTot : ωω × ωω → R defined as

dTot(f, g) =

{
0 if f = g,

1
`(f,g)+1 otherwise,

(3.6)

for all f, g ∈ ωω is a metric for ωω. The set ωω can be given the topology induced
by the metric dTot, denoted by T (dTot).

The metric dTot is called Baire metric [31, p. 350]. For a fixed r ∈ R+ and
a fixed f ∈ ωω the ball BdTot

(f, r) = {g ∈ ωω : dTot(g, f) < r} is the set of all
total functions in ωω that are equal to f in all inputs x ∈ ω such that x ≤ b 1−rr c.
Note that if r > 1 then the ball BdTot(f, r) is the whole set ωω.

Proposition 3.10 ([36, p. 185]). Let ` be the function introduced in Proposi-
tion 3.9. The function du : ωω × ωω → R defined as: for all f, g ∈ ωω,

du(f, g) =

{
0 if f = g,
2−`(f,g) otherwise,

(3.7)

is an ultrametric for ωω. The set ωω can be given the topology induced by the
ultrametric du, denoted by T (du).

Proposition 3.11. The topologies T (dTot) and T (du) on ωω coincide.

Proof. Let Bm = {BdTot(f, r) : f ∈ ωω and r ∈ R+} and Bu = {Bdu(f, r) : f ∈
ωω and r ∈ R+} be a basis for T (dTot) and T (du), respectively. Let f, g ∈ ωω
and r, s ∈ R+. Hence BdTot

(f, r) ∈ Bm and Bdu(f, s) ∈ Bu. By simple algebra
the following four statements can easily be proved:

(i) g ∈ BdTot
(f, r) iff for all x ∈ ω such that x ≤ 1−r

r , g(x) = f(x);

(ii) g ∈ Bdu(f, s) iff for all x ∈ ω such that x ≤ log2

(
1
s

)
, g(x) = f(x);

(iii) 1−r
r = log2

(
1
s

)
iff r = 1

log2( 1
s )+1

;

(iv) 1−r
r = log2

(
1
s

)
iff s = 2( r−1

r ).

It is necessary to prove that Bm = Bu. (⊆) Let Am ∈ Bm. Hence there exists h ∈
ωω and v ∈ R+ such that Am = BdTot(h, v). Let w ∈ R+ such that w =

2( v−1
v ). Thus BdTot(h, v) = Bu(h,w) ∈ Bu by (i), (ii) and (iv). Hence Am ∈

Bu. The converse can be proved in an analogous manner. Thus Bm = Bu.
Therefore T (dTot) and T (du) are the same topology since they have a common
basis.
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It is clear that all the topologies introduced in this subsection coincide since
they all have a common basis, that is, all have a basis such that each basic open
set contains all total functions that agree in all inputs less than a fixed n ∈ ω.
The fact that the topologies Tprod and T (dTot) coincide was mentioned in [31,
p. 350]. Despite this fact, the following result is stated for it is convenient.

Proposition 3.12 ([30, p. 473]). The topological spaces (ωω, Tind), (ωω, Tprod)
and (ωω, T (dTot)) taking the topologies defined in remarks 3.4 and 3.5 and in
Proposition 3.9, respectively, are pairwise homeomorphic.

Each of the topological spaces stated in Proposition 3.12 is called in the
literature a Baire space (see for instance [30, p. 471]). It happens that these
topological spaces are Baire spaces since (ωω, T (dTot)) is a complete metric
space (see [31, p. 350]) and every complete metric space is a Baire space (see
Baire’s Proposition in [14, p. 299]). The definitions of a complete metric space
and a Baire space are beyond the scope of this thesis, they were mentioned only
to justify why the topological spaces of Proposition 3.12 are called Baire spaces.

The next results follows directly from Proposition 3.12 by the obvious fact
that every metric space has a Hausdorff topology and by Corollary 2.8.

Corollary 3.2 ([30, p. 473]). The Baire space (ωω, Tind) is a Hausdorff topo-
logical space.

Proposition 3.13 ([30, p. 473], [31, p. 351], [36, p. 134]). The Baire
space (ωω, Tprod) fails to be a compact topological space.

The results of this subsection can be summarised as follows. Several topolo-
gies for ωω were introduced, which at first glance seemed to be different but
were proved to be the same, so actually only one topology for ωω was given.
This set with the given topology are a Baire space that is Hausdorff but not
compact.

3.1.3 Total computable functions ωω
c

Recall that ωωc is the set of all total computable functions from ω to ω. In
this short subsection two topologies for ωωc will be introduced, the relation be-
tween them will be established and the separation axioms and the compactness
properties of these topological spaces will be studied.

Remark 3.6 ([24]). The set ωωc can be given the induced topology Trel obtained
from the topology Tind introduced in Remark 3.4.

Remark 3.7 ([34]). Let dTotC be the restriction of the Baire metric dTot, de-
fined in Proposition 3.9, to the set ωωc × ωωc . Clearly dTotC is a metric for ωωc .
The set ωωc can be given the topology induced by the metric dTotC, denoted
by T (dTotC).

It is trivial to prove that the topologies Trel and T (dTotC) coincide.
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Remark 3.8. As a direct consequence of Corollary 3.2 and Proposition 2.25
the topological space (ωωc , Trel) is a Hausdorff topological space.

The proof of the following trivial Proposition is the same as the one made
by Piergiorgio Odifreddi when proving that the Baire space (ωω, T (dTot)) is not
compact (see [30, p. 473]).

Proposition 3.14. The topological space (ωωc , Trel) introduced in Remark 3.6
fails to be a compact topological space.

The results of this subsection can be summarised as follows. The set ωωc was
given a Hausdorff topology that fails to be compact.

3.1.4 Partial computable functions Pc

Recall that Pc is the set of partial computable functions.

Definition 3.6 (support, [9]). Let ϕe ∈ Pc. The set of all x ∈ ω such
that ϕe(x) ↓ and ϕe(x) ' k for some k > 0 is called the support of ϕe and
is denoted by supp(ϕe).

Definition 3.7 ([9]). On Pc is defined the preorder vP as: for every ϕe, ϕd ∈
Pc, ϕe vP ϕd if supp(ϕe) ⊆ dom(ϕd) and ϕd �supp(ϕe)= ϕe �supp(ϕe).

Proposition 3.15 ([9]). Let F = {t ∈ ωωc : |supp(f)| < ℵ0} and let Br = {ϕe ∈
Pc : r vP ϕe} with r ∈ F . The family BP = {Bt : t ∈ F} is a basis for the
topology T (BP ) on Pc.

Proposition 3.16 ([9]). Let (Pc, T (BP )) be the topological space and let F
be the set introduced both in Proposition 3.15 and let U ⊆ Pc. The following
statements are equivalent:

(i) U is open in T (BP );

(ii) For all ϕe ∈ U and for every ϕd ∈ Pc, if ϕe vP ϕd then ϕd ∈ U and for
all ϕc ∈ U there exists t ∈ U ∩ F such that t vP ϕc;

(iii) U =
⋃

t∈U∩F
Ut.

Note that statement (ii) of Proposition 3.16 resembles the Scott condition
and Alexandrov condition of a Scott open set, but with the difference that vP
is a preorder that fails to be a partial order.

Remark 3.9 ([9]). The topological space (Pc, T (BP )) is compact but fails to be
Hausdorff.
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3.2 Generalised Domain Theory

In this section several first-order structures that generalise the ones presented
in Section 2.3 will be introduced and their relations studied.

Let D = (D,vD) and E = (E,vE) be posets. A function f : D → E is
called order-preserving [12, p. 23] if the following holds: for every x, y ∈ D,
if x vD y then f(x) vE f(y).

The concept defined next was stated in [26] without requiring that the func-
tion between posets be order-preserving, but in [28] it was stated with that addi-
tional requirement. Since in Chapter 5 the following introduced concept will be
used with the necessity of that additional property the later reference is selected.
Let D = (D,vD) and E = (E,vE) be posets. A function f : D → E is called
continuous [28] if f is order-preserving and whenever A ⊆ D is directed and

⊔
A

exists in D, the following holds
⊔
f [A] exists in E and f(

⊔
A) =

⊔
f [A]. In this

thesis the concept of continuous function was defined in sections 2.2, 2.3 and 3.2
in the context of topological spaces, cpos and posets, respectively. Clearly the
later two definitions coincide when the first-order structures are cpos.

In [27] Michael Mislove defined the concept compact without requiring that
the poset be directed-complete. This is not the first time a generalisation of this
kind occurs, for instance in [5, p. 186] and [8, p. 17] a notion of compact element
in a lattice was defined without requiring it to be complete. Let D = (D,v)
be a poset. An element a ∈ D is called compact [27] if for every directed
subset A ⊆ D for which

⊔
A exists in D it holds that if a v

⊔
A, then there

exists y ∈ A such that a v y. The set of compact elements of D is denoted
by K(D). In this thesis the concept of compactness was defined in sections 2.2,
2.3 and 3.2 in the context of a topological space, a cpo and a poset, respectively.
Clearly the later two definitions coincide when the structure is a cpo.

In [5, p. 187] Garret Birkhoff distinguished the notions of algebraic lattice
from that of complete lattice, in this sense what is commonly known as an
algebraic lattice is a complete algebraic lattice according to Birkhoff. In [27]
Michael Mislove introduced the concept of algebraic poset without requiring
that the poset be a dcpo. Hence there is a clear analogy between the concept
algebraic in a lattice context (according to Garret Birkhoff) than in a poset
context.

The concept introduced next was given two different definitions in [27]
and [29], in the former a least element in the poset was not required but in
the later this was required. In this thesis a new name is given in the later case
in order to distinguish both definitions.

Definition 3.8 (algebraic, [27]). Let D = (D,v) be a poset. The poset D is
called algebraic if for every x ∈ D, the set approx(x) = {a ∈ K(D) : a v x} is
directed,

⊔
approx(x) exists in D and x =

⊔
approx(x).

Example 3.1. Let A = (A,=A) be a poset where A is a non-empty set and =A

is the discrete order on A. Clearly A is an algebraic poset with K(A) = A.

Note that in an algebraic poset not every directed subset of compact elements
has a supremum.
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Let D be a set with partial order v. The first-order structure D = (D,⊥,v)
is called a pointed partial order, ppo for short, if D has a least element, denoted
by ⊥.

Example 3.2 ([36, p. 55]). Let H = {xn}n∈ω ∪ {a, b} be a set such that a, b 6∈
{xn}n∈ω and provide H with the following partial order: for every i ∈ ω, xi vH
xi+1, with b as an upper-bound of {xn}n∈ω and with x0 vH a. Clearly H =
(H,x0,vH) is a ppo.

Let D = (D,⊥,v) be a ppo. The ppo D is called algebraic [29] if (D,v) is
an algebraic poset.

Example 3.3. Let B = {xn}n∈ω ∪ {a, b, c, d} be a set such that a, b, c, d 6∈
{xn}n∈ω and provide B with the following partial order: for every i ∈ ω,
xi vB xi+1, with a, b, c, d as an upper-bound of {xn}n∈ω and with a, b vB c, d.
Clearly B = (B, x0,vB) is an algebraic ppo with K(B) = B.

Note that not every ppo is an algebraic ppo, for instance the ppo H hasK(H) =
{xn}n∈ω as its set of compact elements, but a 6=

⊔
approx(a) =

⊔
{x0} = x0.

In case an algebraic ppo is also a cpo it is obviously an algebraic cpo. Clearly
not every algebraic poset is an algebraic ppo, the Example 3.1 bears witness of
this fact since the set A has no least element.

The following concept was independently introduced in [15] and in [28] with
names conditionally up-complete poset, cup for short, and local dcpo, respec-
tively. Since [28] was published earlier, to this concept is given the later name
in this thesis. Let D = (D,v) be a poset. The poset D is called a local
dcpo [15, 28] if

⊔
A exists in D whenever A is a directed bounded subset of D.

Let D be a set with partial order v. The first-order structure D = (D,⊥,v)
is called a local cpo [26, 28] if (D,v) is a local dcpo and ⊥ is the least element
of D.

Example 3.4 ([36]). Let C = {⊥, a, b, c, d} be a set with the following partial
order: ⊥ vC a, b vC c, d. Clearly C = (C,⊥,vC) is a local cpo.

Let D = (D,⊥,v) be a local cpo. The local cpo D is called algebraic if D
is also an algebraic ppo.

The first-order structure of Example 3.4 is an algebraic local cpo withK(C) =
C. Note that the algebraic ppo B = (B, x0,vB) of Example 3.3 fails to be an
algebraic local cpo since the directed subset {xn}n∈ω of B is bounded but has
no supremum.

Let D = (D,v) be a poset. A set A ⊆ D is called filtered [26] if for every
finite subset B of A there exists z ∈ A such that z v x for all x ∈ B.

Theorem 3.2 ([26]). Let D = (D,⊥,v) be a first-order structure such that D is
a set, v is a partial order on D and ⊥ is the least element of D. The first-order
structure D is a local cpo iff the following conditions hold:

(i) every principal ideal ↓ x = {y ∈ D : y v x} in D is a cpo;
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(ii) if A is a directed bounded subset of D then the set {z ∈ D : A ⊆↓ z} is
filtered.

In [25] a local cpo was defined differently from [26, 28]. In the former reference
the concept is a generalisation of the one defined in both later references. In
this thesis a new name is given to this generalised concept. Let D = (D,v)
be a poset. The poset D is called a generalised local cpo [25] if every principal
ideal ↓ x = {y ∈ D : y v x} in D is a cpo.

Clearly every first-order structure that is a local cpo is also a generalised
local cpo but the converse is not always true since a generalised local cpo may
not have a least element nor may satisfy condition (ii) of Theorem 3.2. This
later fact is explored in the following example.

Example 3.5 ([27]). Let F = {xn}n∈ω∪{a, b} be a set such that a, b 6∈ {xn}n∈ω
and give F the following partial order: for every i ∈ ω, xi vF xi+1 and with a, b
as an upper-bound of {xn}n∈ω. Clearly F = (F,vF ) is a generalised local cpo
which is not a local cpo, since F fails to satisfy condition (ii) of Theorem 3.2

Let D = (D,v) be a generalised local cpo. The generalised local cpo D is
called algebraic if D is also an algebraic poset.

The first-order structure of Example 3.5 is an algebraic generalised local cpo
with K(F ) = F.

Note that the algebraic ppo B = (B, x0,vB) of Example 3.3 is an algebraic
poset that fails to be an algebraic generalised local cpo since the principal ideal
↓ c in B fails to be a cpo.

Let D = (D,v) be a poset. The poset D is called bounded-complete [28]
if
⊔
A exists in D whenever A is a bounded subset of D. In this thesis the

concept of bounded-complete was defined in sections 2.3 and 3.2 in the context
of an algebraic cpo and a poset, respectively. Clearly the later two definitions
coincide when the structure is an algebraic cpo.

Remark 3.10. Let D = (D,v) be a bounded-complete poset. If D is a non-
empty set then it has a least element.

Given a bounded-complete algebraic poset E = (E,v) such that E is non-
empty and⊥ is its least element. Then (E,⊥,v) is an algebraic local cpo since in
particular any bounded directed subset of E has a supremum. But the converse
does not always hold. For instance the first-order structure C = (C,⊥,v)
of Example 3.4 is an algebraic local cpo that fails to be a bounded-complete
algebraic poset since the subset {a, b} of C is bounded but does not have a
supremum in C.

Example 3.6 ([37]). Let G be an infinite set and let Pfin(G) be the set of all
finite subsets of G. The first-order structure G = (Pfin(G),⊆) is a bounded-
complete algebraic poset with K(Pfin(G)) = Pfin(G).

Note that G is not directed-complete for any infinite directed set has no
supremum, hence G fails to be an algebraic domain.
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An algebraic domain D = (D,⊥,v) is in particular an algebraic cpo which in
turn is an algebraic ppo, which is an algebraic poset. Recall that D is bounded-
complete by Proposition 2.31. Hence D is a bounded-complete algebraic poset.

The results of this section can be summarised as follows. Fix a non-empty
set D and a partial order v on D. If (D,v) is an algebraic poset and D has
a least element ⊥ then (D,⊥,v) is an algebraic ppo. If (D,v) is an algebraic
poset and every principal ideal in D is a cpo then (D,v) is an algebraic gener-
alised local cpo. If (D,v) is an algebraic generalised local cpo, D has a least
element ⊥ and (D,⊥,v) satisfies condition (ii) of Theorem 3.2 then (D,⊥,v) is
an algebraic local cpo. If (D,⊥,v) is an algebraic local cpo such that (D,v) is
a bounded-complete poset then (D,v) is a bounded-complete algebraic poset.
Finally, if (D,v) is a bounded-complete algebraic poset that is also directed-
complete then (D,⊥,v) is an algebraic domain where ⊥ is the least element
of D.

There were other structures defined in this section but in the context of
this thesis a special interest is given to those that are algebraic, for this reason
the concepts of algebraic generalised local cpo and algebraic local cpo were
introduced.

Several examples were given in order to show that the classes of first-order
structure introduced in this section are all different.

There is an interest in having a better understanding of the regular com-
putable functions (see Definition 2.2). It is clear that a necessary condition for a
total computable function to be regular is that its support be properly contained
in its domain. So the set of total computable functions ωωc with the induced
order obtained from the preorder introduced in Definition 3.7 has as maximal
elements exactly those total computable functions that fail to satisfy that nec-
essary condition, that is, their support is their whole domain. Hence getting
a better understanding of these maximal elements will entail a better knowl-
edge of the regular computable functions. Since ωωc fail to be directed-complete
with this induced order (this will be proved in Section 5.3) it is clear that do-
main theory comes short for this task. This is why generalised domain theory
comes into place. But the question that immediately arises is the following: is
there a “type” of first-order structure introduced in this section appropriate for
this study? Clearly the “closer” it is to an algebraic domain the more will be
the “tools” available for studying the maximal elements. In Section 5.3 it will
be proved that ωωc with the induced order have a least element and form an
algebraic ppo or algebraic poset if the least element is not considered. Thus
this reduces the options to a bounded-complete algebraic poset, an algebraic
local cpo or an algebraic generalised local cpo. It does not seams clear why an
arbitrary bounded subset A (or arbitrary bounded directed subset B, respec-
tively) of ωωc would have a supremum in ωωc , that is, why would it exist a total
computable function that is least among the upper bounds of A (B, respec-
tively). Neither it seams clear why an arbitrary principal ideal in ωωc would be
directed-complete. Hence the necessity of a new first-order structure emerged
which besides being an algebraic ppo it will guarantee the existence of suprema
for some finite subsets, since finiteness is a more “manageable” condition in
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computability theory.



Chapter 4

A topological study of the
index set of the set of total
computable functions

In this section two topologies on the index set Iωωc will be constructed and will
be compared with the existing topology on ωωc presented in Subsection 3.1.3.
Also a few dense sets on this novel topology will be encountered.

A total function is computable if it belongs to the set of total computable
functions ωωc , that is, if it belongs to the smallest set of functions that contains
the initial functions and is closed under a few basic constructs, say, substitu-
tion, recursion and restricted minimalisation. In [31, pp. 7, 8] Hartley Rogers
Jr. shows that a function is primitive recursive iff there is a derivation for it.
And he goes further by saying that “A written derivation can serve as a set of
instructions for effectively computing the function which it defines.” [31, p. 7].
The notion of derivation of Rogers Jr. resembles the one for propositional logic
(cf. [11, pp. 35, 36]). In [10, pp. 91, 92] Nigel Cutland calls a derivation a plan
(also in the context of primitive recursive functions) and says that any plan
can be coded by a number. Clearly this notion can be extended to the case of
total computable functions, with the only problem that a notion of well-formed-
derivation will be undecidable, since the contruct of restricted minimalisation
is undecidable. In [30, p. 91] Piergiorgio Odifreddi shows in detail how to code
a derivation in the context of total computable functions and shows in [30, p.
146] that the problem of verifying if a number is the index (a coded derivation)
of a total computable function is not even semidecidable.

The set of all numbers that code a derivation for a total computable function
will be called the index set of ωωc and will be denoted by Iωωc . In this sense,
if a number e ∈ ω codes a derivation P , this derivation will be denoted by Pe
where e is the index for P . Given a derivation Pe and an input x ∈ ω the
effective computation made with Pe and x (in Rogers Jr. sense) will be denoted
by Pe(x). In an analogous manner as the restriction of the extended equality

43
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on P to a particular k ∈ ω (see Definition 2.1 and the comment that follows
it) Pe(x) ' Pd(x) will stand for: both effective computation diverge or both
computations halt and give the same output.

4.1 Metric spaces on quotient sets of the index
set of the set of total computable functions

In this section infinitely many equivalence relations on Iωωc will be given. On
each quotient set of Iωωc a topology induced by a metric will be constructed and
some properties on the basic open sets of these metric spaces will be studied.

Definition 4.1 (n-equivalence). For every n ∈ ω define on Iωωc the following
relation: for every e, d ∈ Iωωc , e ≡n d if Pe(x) ' Pd(x) for all x ≤ n. This
relation will be called n-equivalence.

For each n ∈ ω the n-equivalence on Iωωc is an equivalence relation. Note that
the construction of a n-equivalence follows the extensional paradigm, see [1] for
an study of the differences between the extensional and intensional paradigms
from a computational perspective. For every ≡n the set of equivalence classes
of Iωωc will be denoted by [Iωωc ]n and its members by [e]n.

Theorem 4.1. For every n ∈ ω let µn be a function from Iωωc ×Iωωc to ω defined
as: for all e, d ∈ Iωωc ,

µn(e, d) =

 min{x < n : Pe(x) 6' Pd(x)} if there exists x < n
s.t. Pe(x) 6' Pd(x)

n otherwise.
(4.1)

For each n ∈ ω let the function dn : [Iωωc ]n × [Iωωc ]n → R be defined as: for
all [e]n, [d]n ∈ [Iωωc ]n,

dn([e]n, [d]n) =

{
0 if [e]n = [d]n

1
µn(e,d)+1 otherwise,

(4.2)

where e ∈ [e]n and d ∈ [d]n. The function dn is a metric for [Iωωc ]n. The
set [Iωωc ]n can be given the topology induced by the metric dn, denoted by T (dn).

Proof. Fix n ∈ ω. It is necessary to prove that µn is well-defined. Let e, d ∈ Iωωc
such that µn(e, d) = k, µn(e, d) = l and k 6= l. Suppose without loose of
generality that k < l. Hence k < n since n is the greatest member of the
image of µn. Thus k = min{x < n : Pe(x) 6' Pd(x)}. Hence in particu-
lar Pe(k) 6' Pd(k). In case l = n then Pe(x) ' Pd(x) for all x < n. Thus
in particular Pe(k) ' Pd(k) which contradicts Pe(k) 6' Pd(k). In case l <
n then l = min{x < n : Pe(x) 6' Pd(x)} = k which contradicts k 6= l.
Therefore µn is well-defined. It is necessary to prove that dn is well-defined.
Let [a]n, [b]n ∈ [Iωωc ]n such that dn([a]n, [b]n) = v, dn([a]n, [b]n) = w and v 6= w.
Suppose without loose of generality that v < w. Hence 0 < w. Thus [a]n 6= [b]n
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and w = 1
µn(p,q)+1 for some p ∈ [a]n and q ∈ [b]n. In case v = 0 then [a]n = [b]n

which contradicts [a]n 6= [b]n. In case 0 < v then v = 1
µn(r,s)+1 for some r ∈ [a]n

and s ∈ [b]n. Consequently µn(p, q) < µn(r, s) since v < w. Hence µn(p, q) < n.
Thus µn(p, q) = min{x < n : Pp(x) 6' Pq(x)}. Let µn(p, q) = i. Then Pp(i) 6'
Pq(i). Thus Pr(i) 6' Ps(i) for p, r ∈ [a]n and q, s ∈ [b]n. Let µn(r, s) = j.
In either case, j = n or j < n, it holds that Pr(x) ' Ps(x) for all x < j.
Hence in particular Pr(i) ' Ps(i) which contradicts Pr(i) 6' Ps(i). There-
fore dn is well-defined. It is only necessary to prove that dn satisfies condition
(D4) of Definition 2.6, since clearly it satisfies conditions (D1), (D2) and (D3).
Suppose that [e]n, [d]n, [c]n ∈ [Iωωc ]n such that dn([e]n, [c]n) > dn([e]n, [d]n) +
dn([d]n, [c]n). Thus it holds that [e]n 6= [c]n by (D2) and (D1) and it also
holds that [e]n 6= [d]n and [d]n 6= [c]n, because otherwise it will entail the
contradiction dn([e]n, [c]n) > dn([e]n, [c]n). Since dn is well defined it is safe
to fix e ∈ [e]n, d ∈ [d]n and c ∈ [c]n. Hence dn([e]n, [c]n) = 1

µn(e,c)+1 ,

dn([e]n, [d]n) = 1
µn(e,d)+1 and dn([d]n, [c]n) = 1

µn(d,c)+1 for [e]n, [d]n and [c]n

are pairwise unequal. Consequently 1
µn(e,c)+1 >

1
µn(e,d)+1 + 1

µn(d,c)+1 by the hy-

pothesis. Thus 1
µn(e,c)+1 >

1
µn(e,d)+1 and 1

µn(e,c)+1 >
1

µn(d,c)+1 . Consequently

µn(e, c) < µn(e, d) and µn(e, c) < µn(d, c). Hence µn(e, c) < n. Thus µn(e, c) =
min{x < n : Pe(x) 6' Pc(x)}. Let µn(e, c) = k, then in particular Pe(k) 6' Pc(k).
It holds that Pe(k) ' Pd(k) and Pd(k) ' Pc(k) for k < min(µn(e, d), µn(d, c)).
Thus Pe(k) ' Pc(k) which contradicts Pe(k) 6' Pc(k). Hence dn satisfies (D4).
Thus dn is a metric for [Iωωc ]n. Therefore ([Iωωc ]n, T (dn)) is a metric space for
every n ∈ ω.

Proposition 4.1. Given [e]n, [d]n ∈ [Iωωc ]n, ε ∈ R+ and the metric dn as defined
in Theorem 4.1. [d]n ∈ Bdn([e]n, ε) iff for every representatives d in [d]n and e
in [e]n it holds that Pd(x) ' Pe(x) for all x ∈ ω such that x ≤ min(b 1−εε c, n).

Proof. Fix a point [e]n from the metric space ([Iωωc ]n, T (dn)). Let [d]n ∈ [Iωωc ]n
and ε ∈ R+. (⇒) Suppose [d]n ∈ Bdn([e]n, ε). Hence dn([d]n, [e]n) < ε. In
case [d]n 6= [e]n. Choose arbitrary representatives e ∈ [e]n and d ∈ [d]n.
Therefore 1

µn(e,d)+1 < ε by substitution. Since by simple algebra it holds

that 1
µn(e,d)+1 < ε iff 1 < ε · µn(e, d) + ε iff 1−ε

ε < µn(e, d) iff b 1−εε c <
µn(e, d) iff Pd(x) ' Pe(x) for all x ∈ ω such that x ≤ b 1−εε c then it holds
that for every e ∈ [e]n and d ∈ [d]n, Pd(x) ' Pe(x) for all x ∈ ω such
that x ≤ min(b 1−εε c, n). In case [d]n = [e]n. Let e ∈ [e]n and d ∈ [d]n.
Thus it holds that Pd(x) ' Pe(x) for all x ∈ ω such that x ≤ n. There-
fore for every e ∈ [e]n and d ∈ [d]n, Pd(x) ' Pe(x) for all x ∈ ω such
that x ≤ min(b 1−εε c, n). (⇐) Suppose that for every representatives d ∈ [d]n
and e ∈ [e]n, Pd(x) ' Pe(x) for all x ∈ ω such that x ≤ min(b 1−εε c, n). In
case n ≤ b 1−εε c it holds that [d]n = [e]n. Consequently, dn([d]n, [e]n) = 0 < ε.
Therefore [d]n ∈ Bdn([e]n, ε). In case b 1−εε c < n. Let e ∈ [e]n and d ∈ [d]n. Thus
by the hypotheses it holds that b 1−εε c < µn(e, d). Consequently, 1

µn(e,d)+1 < ε.

Thus in both cases, dn([d]n, [e]n) = 0 or dn([d]n, [e]n) = 1
µn(e,d)+1 the distance

is lower than ε. Therefore [d]n ∈ Bdn([e]n, ε).



46 CHAPTER 4. TOPOLOGICAL STUDY OF IωωC

The following result is a direct consequence of Proposition 4.1 and Defini-
tion 4.1.

Corollary 4.1. Given [e]n, [d]n ∈ [Iωωc ]n, ε ∈ R+ such that ε ≤ 1 and the
metric dn as defined in Theorem 4.1. [d]n ∈ Bdn([e]n, ε) iff for every represen-
tatives d in [d]n and e in [e]n it holds that d ≡k e with k = min(b 1−εε c, n).

Corollary 4.2. For a fix [e]n in the metric space ([Iωωc ]n, T (dn)) there are n+2
balls with centre [e]n.

Proof. If ε > 1 then Bdn([e]n, ε) = [Iωωc ] by Proposition 4.1 and by vacuity. In
case b 1−εε c ≥ n then Bdn([e]n, ε) = {[e]n} directly by Proposition 4.1. Finally,
for all ε such that 0 ≤ b 1−εε c < n there are n possible values for b 1−εε c, therefore
this last cases fall into n balls with centre [e]n.

The results of this section can be summarised as follows. A countable indexed
family of metric spaces was constructed {([Iωωc ]n, T (dn))}n∈ω, where each one of
them was built on a particular quotient set of Iωωc . Some properties concerning
the balls of these metric spaces were established.

4.2 Inverse limit space and initial topology ob-
tained from the introduced metric spaces on
the quotient sets

In this section a suited inverse limit space will be constructed from the countable
indexed family of metric spaces {([Iωωc ]n, T (dn))}n∈ω introduced in Section 4.1.
Also two topologies will be given to Iωωc and the relation of these two with the
already existing topology on ωωc will be analysed.

Theorem 4.2. The family of metric spaces {([Iωωc ]n, T (dn))}n∈ω from Theo-
rem 4.1 jointly with the functions λmn : [Iωωc ]m → [Iωωc ]n, mapping [e]m to [e]n,
defined for every m,n ∈ ω such that n ≤ m is an inverse spectrum over ω.

Proof. It is necessary to prove that λmn is a well-defined function. Let d, c ∈ [e]m.
Hence λmn ([d]m) = [d]n and λmn ([c]m) = [c]n by the definition of λmn . Since
d ≡m c, Pd(x) ' Pc(x) for all x ∈ ω such that x ≤ m. Thus it holds in particular
that d ≡n c. Therefore [d]n = [c]n. Now it is necessary to prove that it is
continuous. Let ε ∈ R+ such that b 1−εε c ≥ 0. Let k = min(b 1−εε c, n). Hence by

Corollary 4.1 it holds that Bdn([e]n, ε) = {[d]n : d ≡k e}. Therefore λm
−1

n [{[d]n :
d ≡k e}] = {[d]m : d ≡k e}. Let δ ∈ R+ such that b 1−δδ c = k. Claim,

Bdm([e]m, δ) = λm
−1

n [{[d]n : d ≡k e}]. It holds that [d]m ∈ λm
−1

n [{[d]n : d ≡k e}]
iff d ≡k e iff Pd(x) ' Pc(x) for all x ∈ ω such that x ≤ k. Since b 1−δδ c =
k = min(b 1−εε c, n) ≤ m then by Proposition 4.1 it holds that Pd(x) ' Pc(x) for
all x ∈ ω such that x ≤ k iff [d]m ∈ Bdm([e]m, δ). Now suppose ε ∈ R+ such
that b 1−εε c < 0. Thus Bdn([e]n, ε) = [Iωωc ]n by Proposition 4.1 and by vacuity.

Consequently λm
−1

n [[Iωωc ]n] = {[d]m ∈ [Iωωc ]m : [d]n ∈ [Iωωc ]n} = [Iωωc ]m which
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is open in [Iωωc ]m. Therefore by Proposition 2.22 λmn is continuous. Suppose
that l ∈ ω such that m ≤ l. Define the functions λlm and λln in a similar manner
as λmn . It only remains to prove that this functions satisfy the condition λln =
λmn ◦ λlm. Let [d]l ∈ [Iωωc ]l. Hence by the definition of this functions it holds
that λmn (λlm([d]l)) = λmn ([d]m) = [d]n = λln([d]l). Thus the family {λmn : n ≤
m}m,n∈ω are connecting maps. Therefore ({([Iωωc ]n, T (dn))}n∈ω, {λmn : n ≤
m}m,n∈ω) is an inverse spectrum over ω.

Remark 4.1. The fact that ω is a directed set gives as a consequence of Defi-
nition 2.9 and theorems 4.2 and 2.10 that the inverse spectrum ({([Iωωc ]n,
T (dn))}n∈ω, {λmn : n ≤ m}m,n∈ω) of Theorem 4.2 yields the inverse limit
space ([Iωωc ]∞, T∞) with {πn}n∈ω as the family of canonical maps and with
{π−1n [U ] : for every U ∈ T (dn)}n∈ω as a basis for T∞. Recall that the inverse
limit space ([Iωωc ]∞, T∞) is a subspace of the product space (

∏
n∈ω

[Iωωc ]n, τprod) with

projection maps {qn}n∈ω. Notice that πn is the restriction of qn to [Iωωc ]∞ for
every n ∈ ω.

Proposition 4.2. Let σ : Iωωc →
∏
n∈ω

[Iωωc ]n be the function that maps e to

{[e]n}n∈ω for each e ∈ Iωωc . Then σ is a surjective function from Iωωc to [Iωωc ]∞.

Proof. Clearly σ is a well-defined function. Now it is necessary to prove that
σ[Iωωc ] = [Iωωc ]∞. (⊇) Let y ∈ [Iωωc ]∞. Define P (x) = {σ(e) : pi(σ(e)) =
πi(y) for all i ∈ ω such that i ≤ x}. Claim, P (x) 6= ∅ for every x ∈ ω. Fix j ∈ ω
and suppose i ∈ ω such that i ≤ j. Let πj(y) = [d]j , since πj(y) ∈ [Iωωc ]j . It

holds that πi(y) = λji (πj(y)) = λji ([d]j) = [d]i = pi(σ(d)) by Theorem 2.9.
Hence πk(y) = pk(σ(d)) for all k ∈ ω such that k ≤ j. Thus σ(d) ∈ P (j)
i.e., P (j) 6= ∅. Therefore P (x) 6= ∅ for every x ∈ ω. Suppose y 6∈ σ[Iωωc ].
Hence y 6= σ(e) for all e ∈ Iωωc . Let c ∈ Iωωc and define M(c) = {m ∈ ω :
pm(σ(c)) 6= πm(y)}. Thus M(c) 6= ∅ since in particular y 6= σ(c). M(c) has a
least element, for ω is a well-ordered set. Hence for every b ∈ Iωωc , M(b) has
a least element. Let S be the set of this least elements. In case S does not
has a supremum, then there is no n ∈ ω in which y is different with all σ(e),
contradicting the supposition that y 6∈ σ[Iωωc ]. In case S has a supremum, say s,
then P (s) = ∅ contradicting what already has been proofed. Therefore y ∈
σ[Iωωc ]. (⊆) Let z ∈ σ[Iωωc ]. Thus there exists e ∈ Iωωc such that σ(e) = z.
Suppose z 6∈ [Iωωc ]∞. Hence there exist i, j ∈ ω such that i ≤ j and pi(z) 6=
λji ◦ pj(z). It holds that λji (pj(z)) = λji ([e]j) = [e]i = pi(z) by the definitions
of the functions involved. Thus there is a contradiction. Hence z ∈ [Iωωc ]∞.
Therefore σ[Iωωc ] = [Iωωc ]∞.

Note that the function σ of Proposition 4.2 is not injective, for the derivations
coded by two different indexes e, d ∈ Iωωc can compute the same function (see
Proposition 2.1), having e ≡n d for every n ∈ ω. Hence, in this case, σ(e) =
σ(d). Since σ is not injective it is convenient to define the equivalence relation E
formed by relating any two elements of the domain of σ that have the same



48 CHAPTER 4. TOPOLOGICAL STUDY OF IωωC

image. This construction is based on the kernel of an homomorphism between
universal algebras, see [8, p. 44].

On the set Iωωc let Tσ be the coarser topology turning σ continuous, that is,
Tσ = {σ−1[U ] : U ⊆ [Iωωc ]∞ is open }.

Note that the open sets in Iωωc are saturated (see [33, p. 683]) with respect
to E, i.e., if x ∈ U and xEy then y ∈ U , for all U open in Iωωc . As a direct
consequence it can be seen that the topological space (Iωωc , Tσ) is not even a T0
topological space, for any pair of different points e, d ∈ Iωωc such that eEd there
is no open set that contains one of them without having the other.

Let Trel be the topology introduced in Remark 3.6. The topological spaces
(Iωωc , Tσ) and (ωωc , Trel) are not homeomorphic by Corollary 2.8 since the former
topological space fails to be Hausdorff but the later satisfies that property (see
Remark 3.8).

Proposition 4.3. The basis of the topology Tσ is the family {σ−1 ◦ π−1n [U ] :
for every U ∈ T (dn)}n∈ω.

Proof. Let V be open in Iωωc . Thus there exists U open in [Iωωc ]∞ such that V =
σ−1[U ]. Hence by the Definition 2.4 and by Remark 4.1 there exists a family
{Bα}α∈A ⊆ {π−1n [U ] : for every U ∈ T (dn)}n∈ω such that U =

⋃
α∈ABα. Con-

sequently by substitution and by Proposition 2.21 it holds that V = σ−1
⋃
α∈ABα =⋃

α∈A σ
−1[Bα]. Therefore {σ−1 ◦ π−1n [U ] : for every U ∈ T (dn)}n∈ω is a basis

for Iωωc .

There is another topology Tinitial on the set Iωωc which is the initial topology
obtained from the family of functions {πn ◦ σ}n∈ω where πn ◦ σ : Iωωc → [Iωωc ]n
for every n ∈ ω.

Theorem 4.3. The topologies Tσ and Tinitial on Iωωc coincide.

Proof. The family S = {(πn ◦ σ)−1[U ] : for every U ∈ T (dn)}n∈ω is a subbasis
for Tinitial by Definition 2.10. It is necessary to prove that S is also a basis
for Tinitial. Let Aβ , Aγ ∈ S then Aβ = σ−1 ◦ π−1k [E] and Aγ = σ−1 ◦ π−1l [F ]
for some k, l ∈ ω and some E ∈ T (dk) and F ∈ T (dl). It is necessary to
prove that Aβ ∩ Aγ ∈ S. In case k = l then Aβ ∩ Aγ = σ−1 ◦ π−1k [E ∩ F ] by
Proposition 2.21. Therefore Aβ ∩ Aγ ∈ S for E ∩ F ∈ T (dk). In case k 6= l
thenAβ∩Aγ = σ−1[π−1k [E]∩π−1l [F ]] by Proposition 2.21. Suppose without loose

of generality that k < l. Claim, π−1k [E] = π−1l ◦λl
−1

k [E]. (⊆) Let t ∈ π−1k [E], that
is, πk(t) ∈ E. Hence πk(t) = λlk ◦πl(t) for k < l and Theorem 2.9. Therefore t ∈
(λlk◦πl)−1[E] since λlk◦πl(t) ∈ E. (⊇). Let r ∈ π−1l ◦λl

−1

k [E], i.e., λlk◦πl(r) ∈ E.
Hence πk(r) = λlk ◦ πl(r) for k < l and Theorem 2.9. Therefore r ∈ π−1k [E]
for πk(r) ∈ E. Finishing the proof of the claim. Thus π−1k [E] ∩ π−1l [F ] = π−1l ◦
λl

−1

k [E]∩π−1l [F ] = π−1l [λl
−1

k [E]∩F ] by substitution and Proposition 2.21. Recall

that λlk is continuous by Theorem 4.2. Consequently λl
−1

k [E] ∈ T (dl) for E ∈
T (dk). Thus σ−1◦π−1l [λl

−1

k [E]∩F ] ∈ S for λl
−1

k [E]∩F ∈ T (dl). Therefore Aβ∩
Aγ ∈ S since Aβ ∩Aγ = σ−1[π−1k [E] ∩ π−1l [F ]] = σ−1 ◦ π−1l [λl

−1

k [E] ∩ F ]. Thus
by an easy induction it can be proved that S is closed under finite intersection.
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Therefore S is a basis for Tinitial by Proposition 2.18. Recall that S is also a
basis for Tσ by Proposition 4.3. Therefore Tσ and Tinitial are the same topology
since they have a common basis.

Based on the interpretation given to the open sets of a topology in [33, pp.
642-643] an open set can be seen extensionally as a property which all points
that belong to it possess. Following this line of thought any two unseparated
points are indistinguishable from each other, since there is no property that
one possesses that the other does not. Hence, with this interpretation, the
equivalence E is a Leibniz equivalence, see [6, p. 10].

The results of this section can be summarised as follows. The inverse limit
space ([Iωωc ]∞, T∞) was constructed from the indexed family of metric spaces
{([Iωωc ]n, T (dn))}n∈ω. The importance of this inverse limit space will be ex-
plained next: consider an arbitrary point c in the product space (

∏
n∈ω

[Iωωc ]n, τprod).

Let x, y ∈ ω such that x < y. It may happen that c(x) has no “relation”
with c(y), that is, it may occur that c(x) = [e]x and c(y) = [d]y for some [e]x ∈
[Iωωc ]x and some [d]y ∈ [Iωωc ]y such that [e]x and [d]y are disjoint (or in other
words e 6≡x d). For this reason the inverse limit space was constucted in such a
way that it is exactly the subspace of the product space (

∏
n∈ω

[Iωωc ]n, τprod) whose

points are the sequences with “related” coordinates.
In this section were also introduced what seemed to be two different topolo-

gies on Iωωc but were proved to be the same, so actually only one topology for Iωωc
was given. It was proved that this topology is not homeomorphic to the existing
topology on ωωc .

4.3 Two dense sets in the topology on the index
set of the set of total computable functions

In this section two dense sets in the in the topological space (Iωωc , Tσ) will be
provided.

In this thesis the following concept was already given a definition in the
context of partial computable functions (see Definition 3.6), next it is defined
in the context of derivations of total computable functions.

Definition 4.2 (support). Let Pe be a derivation of a total computable function.
The set of all inputs such that Pe(x) 6= 0 is called the support of Pe and its
denoted by supp(Pe). It is said that Pe has a finite support if |supp(Pe)| < ℵ0.

Let S be the set of all derivations Pe of a total computable function such
that |supp(Pe)| < ℵ0 and let IS be its index set, i.e., IS = {e ∈ Iωωc : Pe ∈ S}.

Proposition 4.4. The set IS is dense in Iωωc with the topology Tσ.

Proof. By propositions 2.20 and 4.3 it suffices to prove that IS intersects every
member of {σ−1 ◦ π−1n [U ] : for every U ∈ T (dn)}n∈ω. Fix ([Iωωc ]n, T (dn))
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from the family of metric spaces indexed by ω in the inverse spectrum that
yields ([Iωωc ]∞, T∞) in Remark 4.1. Suppose U ∈ T (dn) such that U 6= ∅.
Let [e]n ∈ U . Claim, there exists an element in IS that is n-equivalent to e.
Define the following function:

f(x) =

{
Pe(x) if x ≤ n
0 otherwise

It holds that f is a total computable function since f(x) = sg((n+1) .−x)·ϕ(e, x)
having ϕ given by the enumeration theorem. Thus there exists a derivation Pd
for the function f . Hence d ≡n e and |supp(Pd)| is finite, consequently d ∈ IS . It
holds that πn(σ(d)) = πn(([d]n)n∈ω) = [d]n = [e]n ∈ U . Hence d ∈ σ−1◦π−1n [U ].
Thus IS∩σ−1◦π−1n [U ] 6= ∅. Therefore by Proposition 2.20 IS is dense in Iωωc .

Notice that the set IS is not computable, for it is not possible to decide
whether an index codes a derivation of a total computable function with finite
support. As a consequence of the Rice’s Theorem (Theorem 2.4) it is not possible
to build a computable dense set for Iωωc , at most it can be c.e.

Each total computable function with finite support has infinite derivations
(by the padding lemma) that computes it. It is possible to give exactly one
derivation for each total computable function with finite support. By the fun-
damental Proposition of arithmetic, every natural number greater than 2 has a
unique prime factorisation.

Recall by Example 2.1 the definitions of the primitve recursive functions px
and (x)y. Note that neither by fixing the first argument on (x)y nor on (x+ 1)y
it is obtained exactly one definition of each total computable function with
finite support. Now let exp : ω × ω → ω be defined as exp(x, y) = (x + 1)y+1.
Hence it is a total computable function, in particular it is primitive recursive.
By fixing the first argument on exp, what is obtained is exactly the set of all
total computable functions with finite support denoted here by ωωF , that is,
ωωF = {f ∈ ωωc : |supp(f)| < ℵ0} = {exp(a, y)}a∈ω.

Proposition 4.5. There is a set IωωF ⊆ Iωωc containing exactly one derivation
for each function in ωωF

Proof. Since exp is a total computable function by the enumeration theorem it
has an index, say e. Hence by the simplified s-m-n theorem there exists a total
computable function k such that ϕ2

e(x, y) ' ϕk(x)(y) for all x, y ∈ ω. Let IωωF be
the image of k. By the fundamental Proposition of arithmetic there is no pair
of natural numbers that have the same factorisation, hence for every a, b ∈ ω,
ϕk(a) 6' ϕk(b).

Proposition 4.6. The set IωωF is dense in Iωωc with the topology Tσ.

Proof. Using the function k of the proof of Proposition 4.5 redefine f as Pk(z)

in the proof of Proposition 4.4 having z = p
Pe(0)
1 · · · pPe(n)n+1 and substitute any

occurrence of d and IS by k(z) and IωωF respectively. Then it holds that k(z) ∈
IωωF ∩ σ

−1 ◦ π−1n [U ].
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The results of this chapter can be summarised as follows. What seemed to
be two different topologies (Tσ and Tinitial) on Iωωc were built, but then proven to
be the same. It was established that the topological space (Iωωc , Tσ) is not home-
omorphic to the topological space (ωωc , Trel). Also two dense sets on (Iωωc , Tσ)
were introduced: the one that was introduced first is the index set of all total
computable functions with finite support, and the secondly introduced contains
exactly one index of each total computable function with finite support.
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Chapter 5

Algebraic quasi-domains

As was pointed out by Roberto Amadio and Pierre-Louis Currien in [3, p. ix]
domain theory is indebted to lattice theory and topology. An evidence of the
influence of lattice theory is that the basic structure in domain theory is a dcpo,
which generalises a complete lattice in the sense that the former is closed under
join of directed subsets instead of arbitrary subsets as is the case of a complete
lattice. In this chapter another path for generalisation is explored, a structure
called ppo that is closed under join of directed finite sets generalizing the case
of a lattice which in turn is closed under the join of non-empty finite sets (not
necessaries directed) (see [12, p. 46]). In analogy to the approach to domain
theory given in Section 2.3 where the algebraic domains are a subclass of the
algebraic cpos in this chapter a new structure is presented as a subclass of the
algebraic ppos coined as algebraic quasi-domains because it is a generalisation
of the algebraic domains of Section 2.3.

In [2, p. 17] Samson Abramsky and Achim Jung demanded that a domain
must consider both a notion of “convergence” and a notion of “approximation”,
where the former is embodied by suprema and the later by the basis of the
domain. Both requirements are satisfied by the new concept of algebraic quasi-
domains.

Algebraic quasi-domains will prove to serve well for the study of total com-
putable functions, since the later is an algebraic quasi-domain that fails to be
an algebraic domain with a proposed order. The chapter ends with an applica-
tion of a result on algebraic quasi-domains to get a necessary condition for the
regular computable functions.

5.1 Posets, pointed partial orders and algebraic
pointed partial orders

Recall that a pointed partial order, ppo for short, is a poset that has a least
element and that an algebraic ppo is a ppo that is algebraic as a poset (for

53
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details see Section 3.2). In this section several results concerning posets, ppos
and algebraic ppos will be established.

Proposition 5.1 ([5, pp. 4-5]). Let P = (P,v) be a poset. Any finite non-
empty subset A of P has minimal and maximal members.

Corollary 5.1. Every poset P = (P,v) is closed under join of finite directed
subsets.

Proof. Let A be a finite directed subset of P . The set of maximal members of A,
M(A), is not empty by Proposition 5.1. Suppose there exist x, y ∈M(A), such
that x 6= y. Since A is directed there exists z ∈ A such that x v z and y v z.
Hence x = z and y = z for the maximality of x and y. Thus x = y which
contradicts the supposition. Hence A has a greatest element. Therefore

⊔
A

exists in P .

The following proposition is a weakening of a result that holds for cpos
(cf. [36, p. 29]).

Proposition 5.2. Let D = (D,vD) and E = (E,vE) be posets and let f :
D → E be a function. If f is order-preserving and A ⊆ D is a directed subset
such that

⊔
D A exists in D then f [A] is directed and f(

⊔
D A) is an upper-bound

of f [A].

Proof. Let r, s ∈ f [A]. Hence there exist u, v ∈ A such that r = f(u) and s =
f(v). Since A is directed there exists t ∈ A such that u vD t and v vD t.
Thus r vE f(t) and s vE f(t) wherefore f is order-preserving. Hence f [A]
is directed. Let w ∈ f [A]. Hence there exists x ∈ A such that w = f(x).
Since x vD

⊔
D A and f is order-preserving it holds that w = f(x) vE f(

⊔
D A).

Thus f(
⊔
D A) is an upper-bound of f [A], which completes the proof.

Definition 5.1 (subppo). Let E = (E,⊥E ,v) be a ppo. A set D ⊆ E with
the induced partial order forms a first-order structure called a subppo of E if it
satisfies the following properties:

(i) ⊥E ∈ D;

(ii) if A ⊆ D is directed and
⊔
D A exists in D then

⊔
E A exists in E and

⊔
E A =⊔

D A.

Clearly any subppo of a ppo is also a ppo.
The next result is based on an statement made in [36, p. 98] in the context

of algebraic domains.

Proposition 5.3. Let E = (E,⊥,v) be an algebraic ppo. If D = (D,⊥,v) is
a subppo of E then K(E) ∩D ⊆ K(D).

Proof. Let D ⊆ E with the induced order form a subppo of E. Let a ∈ K(E)∩D
and let A ⊆ D be a directed set such that

⊔
D A exists in D and a v

⊔
D A.

Hence a v
⊔
E A by Definition 5.1. Since a is compact in E then there exists x ∈

A such that a v x. Therefore a is compact in D.
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The following result which holds for algebraic cpos also holds for algebraic
ppos. Unless a trivial modification the proof of the second part of the next
result can be found in [36, p. 55].

Proposition 5.4. Let D = (D,⊥,v) be an algebraic ppo.

(i) For every x, y ∈ D, x v y iff approx(x) ⊆ approx(y);

(ii) if A ⊆ D is directed and
⊔
A exists in D then approx(

⊔
A) =

⋃
{approx(x) :

x ∈ A}.

Proof. (i)(⇒) It holds trivially by transitivity of v. (⇐) Let x, y ∈ D such
that approx(x) ⊆ approx(y). Hence x =

⊔
approx(x) v

⊔
approx(y) = y by

Definition 3.8 and Remark 2.2. Therefore (i) holds.

With just a subtle modification the proofs of the only if part of the next two
propositions can be found in [36, pp. 56, 57] in the cpo context.

Proposition 5.5. Let D = (D,⊥D,vD) be an algebraic ppo and let E =
(E,⊥E ,vE) be a ppo. A function f : D → E is continuous iff f(x) =

⊔
E{f(a) :

a ∈ approx(x)} for each x ∈ D.

Proof. (⇐) Suppose that for every x ∈ D, f(x) =
⊔
E{f(a) : a ∈ approx(x)}.

Hence in particular all these joins exist in E. It will be proved that f is order-
preserving. Let x, y ∈ D such that x vD y. Thus approx(x) ⊆ approx(y) holds
by Proposition 5.4. Hence f [approx(x)] ⊆ f [approx(y)]. This entails f(x) =⊔
E f [approx(x)] vE

⊔
E f [approx(y)] = f(y) whence the hypothesis and Re-

mark 2.2. Therefore f is order-preserving. Let A be a directed subset of D
such that

⊔
D A exists in D. Thus by Proposition 5.2 it holds that f [A] is

directed and f(
⊔
D A) is an upper-bound of f [A]. It only remains to prove

that f(
⊔
D A) =

⊔
E f [A]. Let w be an upper-bound of f [A]. It is necessary to

prove that f(
⊔
D A) vE w. Let b ∈ approx(

⊔
D A). Hence there exists x ∈ A

such that b ∈ approx(x) whence Proposition 5.4.(ii). Since f is order-preserving
and w is an upper-bound of f [A] it holds that f(b) vE f(x) vE w. Thus w
is an upper-bound of f [approx(

⊔
D A)]. Hence this jointly with the hypothesis

entails f(
⊔
D A) =

⊔
E f [approx(

⊔
D A)] vE w. Therefore f(

⊔
D A) =

⊔
E f [A]

finishing the proof.

Proposition 5.6. Let D = (D,⊥D,vD) and E = (E,⊥E ,vE) be algebraic
ppos. A function f : D → E is continuous iff f is order-preserving and for
every x ∈ D and b ∈ approx(f(x)) there exists a ∈ approx(x) such that b vE
f(a).

Proof. (⇐) Suppose that f is order-preserving and for each x ∈ D and b ∈
approx(f(x)) there exists a ∈ approx(x) such that b vE f(a). Let x ∈ D.
It holds that approx(x) is directed and x =

⊔
D approx(x) for D is an alge-

braic ppo. Hence f [approx(x)] is a directed set and f(x) is an upper-bound
of it by Proposition 5.2. Let w be an upper-bound of f [approx(x)]. It is nec-
essary to prove that f(x) vE w. Let b ∈ approx(f(x)). By the hypothesis
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and since w is an upper-bound of f [approx(x)], there exists a ∈ approx(x)
such that b vE f(a) vE w. Thus w is an upper-bound of approx(f(x)). Conse-
quently f(x) =

⊔
E approx(f(x)) vE w for E is an algebraic ppo. Hence f(x) =⊔

E f [approx(x)]. Therefore f is continuous by Proposition 5.5.

The results of this section can be summarised as follows. It was stated that
the only difference between a ppo (resp. poset) and a cpo (resp. dcpo) is that the
former is closed under join of finite directed subsets instead of arbitrary directed
ones. Even though ppos and algebraic ppos are not directed-complete, several
results that hold for cpos, algebraic cpos or algebraic domains were proved to
hold also for ppos or algebraic ppos.

5.2 Algebraic quasi-domains

In this section a new domain theoretical structure will be introduced and several
of its properties studied.

In [36, p. 286] the concept quasidomain was defined as a countably based
algebraic cpo, that is, as an algebraic cpo with a countable set of compact
elements. Since that concept is known in the literature as ω-algebraic cpo (see
for instance [33, p. 647]) in this thesis an algebraic quasi-domain is defined in
a different manner.

Definition 5.2 (algebraic quasi-domain). Let D = (D,⊥,v) be a ppo. The
ppo D is called an algebraic quasi-domain if it satisfies the following conditions:

(i) D is algebraic;

(ii) if {a, b} ⊆ K(D) is bounded then a t b exists in D.

Example 5.1. Let I = {xn}n∈ω ∪ {a, b, c} be a set such that a, b, c 6∈ {xn}n∈ω
and provide I with the following partial order: for every i ∈ ω, xi vI xi+1,
with a, b, c as an upper-bound of {xn}n∈ω and with a, b vI c. Clearly I =
(I, x0,vI) is an algebraic quasi-domain with K(I) = I.

The algebraic ppo B = (B, x0,vB) of Example 3.3 bears witness that not
all algebraic ppos are algebraic quasi-domains since the subset {a, b} of K(B) is
bounded but has no supremum in B.

The algebraic local cpo C = (C,⊥,v) of Example 3.4 fails to be an algebraic
quasi-domain for the subset {a, b} of K(C) is bounded but has no supremum
in C.

Note that I is not an algebraic local cpo since {xn}n∈ω is a bounded directed
subset of I that has no supremum. Hence the principal ideal ↓ c in I is not a
cpo. Consequently I is not an algebraic generalised local cpo as well.

Remark 5.1. The least element of an algebraic ppo is always compact. Hence
this also holds in an algebraic quasi-domain since in particular it is an algebraic
ppo.
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Definition 5.3 (algebraic sub-quasi-domain). Let E = (E,⊥,v) be an al-
gebraic quasi-domain. A subppo D = (D,⊥,v) of E is called an algebraic
sub-quasi-domain if the following conditions are satisfied:

(i) K(D) ⊆ K(E);

(ii) for all a, b ∈ K(D), if {a, b} is bounded in E then a tE b ∈ D;

(iii) for every x ∈ D, x =
⊔
E(approxE(x) ∩D).

Let E = (E,⊥,v) be an algebraic quasi-domain. If D = (D,⊥,v) is an al-
gebraic sub-quasi-domain of E then D is an algebraic quasi-domain with K(E)∩
D = K(D) by Proposition 5.3 and condition (i) of Definition 5.3.

The following result holds for algebraic domains and its proof is almost the
same that the one in [36, p. 58].

Proposition 5.7. Let D = (D,⊥,v) be an algebraic quasi-domain. If C ⊆
K(D) is finite and bounded then

⊔
C exists in D and it is compact.

Theorem 5.1. Let E = (E,⊥E ,v) be an algebraic quasi-domain. A set D ⊆ E
with the induced partial order forms a first-order structure that is an algebraic
sub-quasi-domain of E with C ⊆ D as its set of compact elements iff the fol-
lowing conditions hold:

(i) ⊥E ∈ C;

(ii) if A ⊆ C is directed and
⊔
D A exists in D then

⊔
E A exists in E and⊔

E A =
⊔
D A;

(iii) C ⊆ K(E);

(iv) for all a, b ∈ C, if {a, b} is bounded in E then a tE b ∈ C;

(v) if x ∈ D and Cx = {a ∈ C : a v x} then x =
⊔
E Cx.

Proof. (⇐) Suppose that conditions (i–v) of this Proposition hold. It is nec-
essary to prove that the set D with the induced partial order forms a subppo
of E. (Definition 5.1.(i)) ⊥E ∈ D holds as a direct consequence of condi-
tion (i) of the hypothesis jointly with C ⊆ D. (Definition 5.1.(ii)). Let A ⊆ D
be a directed set such that

⊔
D A exists in D. Claim,

⋃
{Cx : x ∈ A} is di-

rected. ⊥E ∈
⋃
{Cx : x ∈ A} for condition (i) of the hypothesis. Let a, b ∈⋃

{Cx : x ∈ A}. Thus there exist x, y ∈ A such that a v x and b v y.
Hence there exists z ∈ A such that a v z and b v z since A is directed.
This entails that a tE b ∈ C by the consistency in E of {a, b} and condi-
tion (iv) of the hypothesis. Thus a tE b ∈ Cz proving the claim. It is nec-
essary to prove that

⊔
D

⋃
{Cx : x ∈ A} exists in D. Clearly

⊔
D A is an

upper-bound in D of
⋃
{Cx : x ∈ A}. Let w be an upper-bound in D of⋃

{Cx : x ∈ A}. Fix x ∈ A. Hence w is an upper-bound of Cx in particular.
Thus x =

⊔
E Cx v w by condition (v) of the hypothesis. Thus

⊔
D A v w

whence w is an upper-bound in D of A. Therefore
⊔
D A =

⊔
D

⋃
{Cx : x ∈ A},
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i.e.
⊔
D

⋃
{Cx : x ∈ A} exists in D. These entails that

⊔
E

⋃
{Cx : x ∈ A} exists

in E and that
⊔
E

⋃
{Cx : x ∈ A} =

⊔
D

⋃
{Cx : x ∈ A} by condition (ii) of the

hypothesis. That
⊔
E A exists in E and

⊔
E A =

⊔
E

⋃
{Cx : x ∈ A} remain to

be proved. Let x ∈ A. Thus x =
⊔
E Cx v

⊔
E

⋃
{Cx : x ∈ A} for condition (v)

of the hypothesis and Remark 2.2. Hence
⊔
E

⋃
{Cx : x ∈ A} is an upper-bound

in E of A. Let w be an upper-bound in E of A. Let a ∈
⋃
{Cx : x ∈ A}. Thus

there exists x ∈ A such that a v x. Consequently
⊔
E

⋃
{Cx : x ∈ A} v w

for a v w. Therefore
⊔
E A =

⊔
E

⋃
{Cx : x ∈ A} =

⊔
D A finishing the

proof of Definition 5.1.(ii). Thus D = (D,⊥,v) is a subppo of E. The
equality C = K(D) will be proved next. (⊆) It follows from Proposition 5.3
that K(E)∩D ⊆ K(D) since D is a subppo of E. Therefore C ⊆ K(D) by con-
dition (iii) of the hypothesis and C ⊆ D. (⊇) Let a ∈ K(D). Hence a =

⊔
E Ca

holds by condition (v) of the hypothesis. Clearly
⊔
E Ca =

⊔
D Ca for D ⊆ E

and
⊔
E Ca ∈ D. It is necessary to prove that Ca is directed. ⊥E ∈ Ca by

condition (i) of the hypothesis. Let b, c ∈ Ca. This entails btE c ∈ C by condi-
tion (iv) of the hypothesis. Therefore Ca is directed for b tE c ∈ Ca. Since Ca
is directed, a =

⊔
D Ca and a ∈ K(D) it holds that there exists d ∈ Ca such

that a v d. Hence a = d wherefore d v a. Therefore K(D) ⊆ C since a ∈ Ca.
This finishes the proof of C = K(D). Hence (i–iii) of Definition 5.3 can be
trivially proven. (⇒) This part of the proof is trivial.

The following remark formalises the trivial relation between the structure
already introduced in this section and the algebraic domain introduced in Sec-
tion 2.3.

Remark 5.2. Let D = (D,⊥,v) be a ppo. The first-order stucture D is an
algebraic domain iff D is an algebraic quasi-domain that is directed-complete.

As was mentioned in the introduction of this chapter, domain theory is
indebted to topology theory. In what remains of this section the influence of
topology to domain theory from an algebraic quasi-domain standpoint will be
explored.

Definition 5.4 (Scott open). Let D = (D,⊥,v) be an algebraic quasi-domain.
A set U ⊆ D is called Scott open if it satisfies the following conditions:

(i) For all x, y ∈ D, if x ∈ U and x v y then y ∈ U ;

(ii) for every x ∈ D, if x ∈ U then there exists a ∈ approx(x) such that a ∈ U.

Remark 5.3. Let D = (D,⊥,v) be an algebraic quasi-domain and TS be the
family of all Scott open sets in D. Then TS is a topology on D which will be
called the Scott topology associated with D.

Suppose that D = (D,⊥,v) is an algebraic domain. The Scott topology
associated with D as an algebraic domain (see Remark 2.4) is the same as the
Scott topology associated with D as an algebraic quasi-domain.

Remembering that conditions (i) and (ii) in Definition 2.14 are called Alexan-
drov condition and Scott condition, respectively. Since both these conditions
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are the same as the conditions in Definition 5.4 they will be called by the same
names.

In [36, p. 117] the following result is stated in the context of algebraic do-
mains, but its proof substantially differs from the one given here in an algebraic
quasi-domain context.

Proposition 5.8. Let D = (D,⊥,v) be an algebraic quasi-domain and let T
be its associated Scott topology. Let Ba = {x ∈ D : a v x} for a ∈ K(D). The
family B = {Ba : a ∈ K(D)} is a topological basis for T .

Proof. It is necessary to prove that B is a subfamily of T . Fix a ∈ K(D).
Let x ∈ Ba and let y ∈ D such that x v y. Thus y ∈ Ba for a v x v y.
Let z ∈ Ba. Hence a ∈ approx(z) and clearly a ∈ Ba by reflexivity of v.
Thus Ba is open since it satisfies both the Alexandrov and the Scott conditions.
Therefore B ⊆ T . In what follows the veracity of the fact that B is a topological
basis of T is proven. Fix U ∈ T and let x ∈ U . There exists a ∈ approx(x) such
that a ∈ U by the Scott condition. Hence x ∈ Ba for a v x. It is necessary to
prove that Ba ⊆ U . Let y ∈ Ba. Thus the Alexandrov condition entails y ∈ U
by a ∈ U and a v y. Hence Ba ⊆ U . Therefore B is a topological basis for T
by Proposition 2.14.

The next statement also holds for algebraic domains (see [36, p. 118]).

Remark 5.4. Let D = (D,⊥,v) be an algebraic quasi-domain and let T be its
associated Scott topology. The set K(D) is dense in the topological space (D, T )
by Proposition 2.20.

Given two ordered structures inside the scope of domain theory its Scott
topologies correspond exactly to the families of (open) sets for which its do-
main theoretical continuous functions are precisely its topological continuous
functions. This is one of the striking relationships between domain theoretical
ordered structures and its Scott topologies. In the following proposition this
relationship is formalised for algebraic quasi-domains, it stands without proof
because it is almost the same that the one in [36, p. 121] stated in the context
of algebraic domains.

Proposition 5.9. Let D = (D,⊥D,vD) and E = (E,⊥E ,vE) be algebraic
quasi-domains and let f be a function from D to E. The function f is topolog-
ically continuous between the associated Scott topologies iff f is continuous in
the sense of Section 3.2.

Let (X, T ) be a topological space. The binary relation ≤ on X defined as:
for all x, y ∈ X, x ≤ y if for every U ∈ T with x ∈ U it holds that y ∈ U .
This relation is called the specialisation order [36, p. 127] of X induced by the
topology T .

Clearly every specialisation order is a preorder relation, i.e., is reflexive and
transitive. There is a strong relation between the separation axioms and this
order. For instance, the specialisation order of a topological space is a partial
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order (resp. discrete order) iff the topological space is T0 (resp. T1). As was
mentioned in the introduction of this chapter the basic structures in domain the-
ory are dcpos, which satisfy another striking relation with their corresponding
Scott topologies, because the partial order of a dcpo is exactly the specialisation
order of its Scott topology (see [2, p. 28]). Hence every non-trivial dcpo (in the
sense that is not an anti-chain) has a T0 Scott topology that is not T1. In the
following proposition the aforementioned relationship is formalised for algebraic
quasi-domains, its proof with just a subtle modification can be found in [36, p.
128] where the result is established for algebraic domains.

Proposition 5.10. Let D = (D,⊥,v) be an algebraic quasi-domain and let ≤
be the specialisation order induced by its associated Scott topology TS. For
all x, y ∈ D, x v y iff x ≤ y.

The statement in the next remark also holds for algebraic domains (see [36,
p. 128]).

Remark 5.5. Let D = (D,⊥,v) be an algebraic quasi-domain and let TS be its
associated Scott topology. If D contains at least two elements then the topological
space (D, TS) is T0 but not T1.

Proposition 5.11 ([33, p. 728]). Let (X, T ) be a topological space. If X has a
least element with the specialisation order induced by the topology T then (X, T )
is compact.

The statement that follows also holds for algebraic domains (see [36, p. 129]).

Remark 5.6. Let D = (D,⊥,v) be an algebraic quasi-domain and let TS be
its associated Scott topology. Then the topological space (D, TS) is compact by
propositions 5.10 and 5.11.

Both relationships that also hold between algebraic quasi-domains and their
Scott topologies are an evidence that algebraic quasi-domains deserve to be
considered as part of domain theory.

In what remains of this section a few definitions and related results will be
stated in order to give a better knowledge of the maximal elements in an alge-
braic quasi-domain. It is worth mentioning that in [18] the maximal elements
of a domain theoretical structure are called total objects.

The next two concepts were originally introduced in an algebraic domain
context (see [36, p. 202]), here they are defined in an arbitrary topological
space context.

Definition 5.5 (decides an open set). Let (X, T ) be a topological space, let x
be a point in X and let U be an open set in T . The point x decides the open
set U if x is not in the boundary of U .

Definition 5.6 (decides a family). Let (X, T ) be a topological space, let x be a
point in X and let G be subfamily of T . The point x decides the family G if x
decides each U ∈ G.
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The next result was stated in the context of an algebraic domain in [36, p.
203] and it holds trivially by the Alexandrov condition.

Proposition 5.12. Let D = (D,⊥,v) be an algebraic quasi-domain, let TS be
its associated Scott topology and let U be an Scott open set in D. For all x, y ∈ D,
if x v y and y ∈ U then x ∈ U ∪ F(U).

The proof of the following result can be found in [36, p. 203] where it was
stated in the context of algebraic domains.

Proposition 5.13. Let D = (D,⊥,v) be an algebraic quasi-domain, let TS be
its associated Scott topology, letM(D) be the set of maximal elements in D and
let the family B = {Ba : a ∈ K(D)} with Ba = {x ∈ D : a v x} for a ∈ K(D)
be a particular topological basis for TS. Let x ∈ D. If x decides the family B
then x ∈M(D).

The results of this section can be summarised as follows. A new first-order
structure in the context of generalised domain theory was introduced and coined
as an algebraic quasi-domain. This novel structure is almost an algebraic domain
but without requiring it to be directed-complete. Surprisingly several properties
that hold for an algebraic domain also hold for an algebraic quasi-domain.

5.3 An algebraic quasi-domain theoretical study
of the set of total computable functions

In this section an algebraic domain structure will be formed with the set ωω, giv-
ing it an associated Scott topology whose topological relation with the topology
for ωω already introduced in Subsection 3.1.2 will be studied. With the set ωωc
an algebraic quasi-domain will formed, whose Scott topology will also be com-
pared to the one given to this set in Subsection 3.1.3. A dense set in both Scott
topologies will be given and an important topological result will be established
for the study of the regular computable functions.

In [9] Cristian Calude defined a preorder relation on the set of partial com-
putable functions based on both their support and their domain (see Defini-
tion 3.7). The following proposition makes use of an original adaptation of that
preorder to the set of total functions, not necessarily computable.

Definition 5.7. On ωω is defined the relation v as: for every f, g ∈ ωω,
f v g if g �supp(f)= f �supp(f). The obtained first-order structure is denoted
by ωω = (ωω,0,v) where 0 is the zero function introduced in Subsection 2.1.1.

Theorem 5.2. The first-order structure ωω = (ωω,0,v) is an algebraic domain
with K(ωω) = {f ∈ ωω : |supp(f)| < ℵ0}.

Proof. Clearly v is reflexive. Let f, g ∈ ωω such that f v g and g v f .
Thus f �supp(f)∪supp(g)= g �supp(f)∪supp(g) whence g �supp(f)= f �supp(f) and

f �supp(g)= g �supp(g). Let x 6∈ supp(f) ∪ supp(g), i.e. x ∈ supp(f) ∩ supp(g).
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Hence f(x) = 0 = g(x). Therefore f = g, proving that v is antisymmetric.
Let f, g, h ∈ ωω such that f v g and g v h. Let x ∈ supp(f). Then in
particular g(x) = f(x) for f v g. Consequently h(x) = g(x) for x ∈ supp(g)
and g v h. Hence h(x) = f(x). Therefore f v h, proving that v is transitive.
Therefore (ωω,v) is a poset. It is necessary to prove that ωω has a least element.
The zero function 0 ∈ ωω (see Subsection 2.1.1) has supp(0) = ∅. Hence, by
vacuity, 0 is the least element of ωω. Therefore ωω is a ppo. The following
claim will be used broadly in this proof.

Claim, if {f, g} ⊆ ωω is bounded and x ∈ supp(f)∩supp(g) then f(x) = g(x).
Let f, g ∈ ωω such that {f, g} is bounded and let x ∈ supp(f)∩ supp(g). Hence
there exists h ∈ ωω such that f v h and g v h. Thus in particular f(x) =
h(x) = g(x), completing the proof of the claim.

It is necessary to prove that ωω is directed-complete. Let A ⊆ ωω be a
directed and define, for every x ∈ ω,

s(x) =

 y if there exists g ∈ A such that x ∈ supp(g)
and g(x) = y,

0 if for every g ∈ A, x 6∈ supp(g).
(5.1)

It is necessary to prove that s is well-defined. Fix x ∈ ω. Suppose that there
exist y, z ∈ ω such that y 6= z, s(x) = y and s(x) = z. Suppose without
loose of generality that y < z. Hence there exists g ∈ A such that x ∈
supp(g) and g(x) = z for z 6= 0. In case y = 0 it entails the contradiction
that x 6∈ supp(g). In case y 6= 0 there exists f ∈ A such that x ∈ supp(f)
and f(x) = y. Hence, by the previous claim, it holds that g(x) = f(x) for f
and g have an upper-bound in A and x ∈ supp(g) ∩ supp(f). This contra-
dicts the hypothesis y 6= z. Therefore s is a well-defined function, i.e. s ∈ ωω.
It is necessary to prove that s =

⊔
A. Let g ∈ A. In case supp(g) = ∅,

then g = 0 v s. In case supp(g) 6= ∅ let x ∈ supp(g) and set g(x) = y
for some y > 0. Hence s(x) = y. Thus s �supp(g)= g �supp(g), i.e. g v s.
Therefore s is an upper-bound of A. Let w ∈ ωω be an upper-bound of A.
Fix x ∈ supp(s) and set s(x) = z for some z > 0. Thus there exists f ∈ A
such that x ∈ supp(f) and f(x) = z. Hence w(x) = f(x) for f v w. Conse-
quently w �supp(s)= s �supp(s), i.e. s v w. Thus s =

⊔
A. Therefore ωω is a cpo

having its directed-joins defined just as in Equation (5.1).

Let F = {f ∈ ωω : |supp(f)| < ℵ0}. Clearly 0 ∈ F . Hence F satisfies
condition (i) of Theorem 2.12. Let f ∈ F . In case supp(f) = ∅, i.e., f = 0 then
obviously f is compact. In case supp(f) 6= ∅, let supp(f) = {x1, . . . , xn} for
some n ≥ 1. Hence for every 1 ≤ i ≤ n, f(xi) = yi for some yi > 0. Let A ⊆ ωω
be a directed set such that f v

⊔
A. Fix xk ∈ supp(f). Thus (

⊔
A)(xk) = yk

for f v
⊔
A. Hence there exists gk ∈ A such that xk ∈ supp(gk) and gk(xk) = yk

by Equation (5.1). Thus for every 1 ≤ i ≤ n there exists gi ∈ A such
that f(xi) = gi(xi). There exists g ∈ A such that g is an upper-bound
of {g1, . . . , gn} wherefore A is directed. Clearly it holds that g(x) = f(x) for
every x ∈ supp(f), i.e. f v g which proves that f is compact. Hence F satisfies
condition (ii) of Theorem 2.12. Fix r ∈ ωω and let Fr = {f ∈ F : f v r}.
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Let f, g ∈ Fr and define h(x) = max(f(x), g(x)) for all x ∈ ω. Clearly h is well-
defined, i.e. h ∈ ωω. Hence h ∈ F for supp(h) = supp(f) ∪ supp(g). Suppose
without loose of generality that x ∈ supp(f). In case x ∈ supp(g) then, by the
previous claim, it holds that f(x) = g(x) = max(f(x), g(x)) = h(x) for {f, g}
is bounded and x ∈ supp(f) ∩ supp(g). In case x 6∈ supp(g) then f(x) =
max(f(x), 0) = max(f(x), g(x)) = h(x). Thus f v h and g v h. Let w ∈ ωω
such that f v w and g v w. Thus w �supp(f)∪supp(g)= h �supp(f)∪supp(g)
for w �supp(f)= f �supp(f)= h �supp(f) and w �supp(g)= g �supp(g)= h �supp(g).
Consequently w �supp(h)= h �supp(h) whence supp(h) = supp(f) ∪ supp(g).
Hence h v w. Therefore h = f t g. This entails that h ∈ Fr for h = f t g v r
and h ∈ F . Hence Fr is directed. Consequently

⊔
Fr v r for r is an upper-bound

of Fr. Suppose that
⊔
Fr 6= r. Hence there exists k ∈ ω such that (

⊔
Fr)(k) 6=

r(k). Thus k 6∈ supp(
⊔
Fr) wherefore r �supp(⊔Fr)= (

⊔
Fr) �supp(⊔Fr). This

entails both k 6∈ supp(f) for every f ∈ Fr and k ∈ supp(r) by Equation (5.1)
and by r(k) 6= (

⊔
Fr)(k) = 0, respectively. Define, for all x ∈ ω,

q(x) =

{
r(k) if x = k,
0 otherwise.

(5.2)

Clearly q is well-defined, supp(q) = {k} and q v r. Thus q ∈ Fr. Since k 6∈
supp(f) for every f ∈ Fr then in particular k 6∈ supp(q), which contradicts k ∈
supp(q). Therefore r =

⊔
Fr. Hence F satisfies condition (iii) of Theorem 2.12.

Therefore ωω is an algebraic domain with K(ωω) = F by Theorem 2.12.

Remark 5.7. As a direct consequence of Theorem 5.2 and Remark 5.2, ωω is
an algebraic quasi-domain with K(ωω) = {f ∈ ωω : |supp(f)| < ℵ0}.

Lemma 5.1. K(ωω) ⊆ ωωc .

Proof. Let f ∈ K(ωω). In case supp(f) = ∅ then f is the zero function 0
that is a total computable function by Definition 2.3. In case supp(f) 6= ∅,
let supp(f) = {x1, . . . , xn} for some n ≥ 1. Hence there exists a ∈ ω such

that a = p
f(x1)
x1+1 · · · p

f(xn)
xn+1 (remember that p0 = 0 and note that x1 could be 0).

Thus f(x) = exp(a .− 1, x) for all x ∈ ω. Therefore f ∈ ωωc since there exists a
derivation for it in IωωF by Proposition 4.5.

Proposition 5.14. The set ωωc with the induced partial order does not form an
algebraic subdomain of ωω.

Proof. Suppose that ωωc with the induced partial order forms an algebraic sub-
domain of ωω. Let f ∈ ωω\ωωc . Hence f =

⊔
ωω approxωω (f) with approxωω (f)

a directed subset of K(ωω). Thus approxωω (f) is a directed subset of ωωc by
Lemma 5.1. This entails the contradiction f ∈ ωωc by condition (ii) of Defini-
tion 2.12. Therefore ωωc with the induced partial order fails to form an algebraic
subdomain of ωω.

The restriction to the set ωωc of the partial order in ωω coincides with the
restriction to the set ωωc of the preorder vP (see Definition 3.7). Note that vP
when restricted to ωωc becomes a partial order.
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Theorem 5.3. The set ωωc with the induced partial order forms an algebraic
sub-quasi-domain of ωω with K(ωωc ) = K(ωω).

Proof. Let F = K(ωω). Consequently F ⊆ ωωc by Lemma 5.1. Thus 0 ∈ F
by remarks 5.7 and 5.1. Hence F satisfies condition (i) of Theorem 5.1. Let A
be a directed subset of F such that

⊔
ωωc
A exists in ωωc . It holds that

⊔
ωω A

exists in ωω wherefore ωω is directed-complete by Theorem 5.2. For simplicity
let
⊔
ωωc
A = t and

⊔
ωω A = s. It is necessary to prove that s = t. It holds

that s v t for t is an upper-bound in ωω of A. Suppose that s 6= t. Hence there
exists k ∈ ω such that s(k) 6= t(k). Thus k 6∈ supp(s) wherefore t �supp(s)=
s �supp(s). This entails both k 6∈ supp(f) for every f ∈ A and k ∈ supp(t) by
Equation (5.1) of Theorem 5.2 and by t(k) 6= s(k) = 0, respectively. Define, for
all x ∈ ω,

r(x) =

{
t(x) if x 6= k,
0 otherwise.

(5.3)

Clearly r is well-defined, i.e., r ∈ ωω. It also holds that r ∈ ωωc for r(x) =
sg(|x−k|) · t(x) for all x ∈ ω. Claim, r is an upper-bound in ωωc of A. Fix g ∈ A
and let z ∈ supp(g). Thus z 6= k since k 6∈ supp(f) for every f ∈ A. Conse-
quently g(z) = t(z) = r(z) for t �supp(g)= g �supp(g) and r(x) = t(x) for all x ∈
ω\{k}. Hence g v r completing the proof of the claim. Clearly r v t and r 6= t
which contradicts t =

⊔
ωωc
A. Thus t = s finishing the proof of condition (ii) of

Theorem 5.1. Condition (iii) of Theorem 5.1 holds trivially for F = K(ωω). Con-
dition (iv) of Theorem 5.1 holds trivially for F = K(ωω) and Proposition 5.7.
Condition (v) of Theorem 5.1 holds trivially since approxωω (x) = Fx for ev-
ery x ∈ ωωc and ωω is an algebraic quasi-domain. Therefore ωω

c = (ωωc ,0,v) is
an algebraic sub-quasi-domain of ωω

c with K(ωωc ) = K(ωω) by Theorem 5.1.

Let Tωω and Tωωc be the Scott topologies associated with the algebraic quasi-
domains ωω = (ωω,0,v) and ωω

c = (ωωc ,0,v), respectively. Both topological
spaces (ωω, Tωω ) and (ωωc , Tωωc ) are T0 (but not T1) and are compact by re-
marks 5.5 and 5.6, respectively. The set K(ωω) = {f ∈ ωω : |supp(f)| < ℵ0} is
dense in (ωω, Tωω ) and (ωωc , Tωωc ) by Remark 5.4. Next the relation of these Scott
topologies with the topologies introduced in subsections 3.1.2, 3.1.3 and 3.1.4
will be studied. Let Tprod be the topology introduced in Remark 3.5. The
topological spaces (ωω, Tωω ) and (ωω, Tprod) are not homeomorphic by Corol-
lary 2.9 since the former topological space is compact but the later fails to satisfy
that property (see Proposition 3.13). Let Trel be the topology introduced in Re-
mark 3.6. The topological spaces (ωωc , Tωωc ) and (ωωc , Trel) are not homeomorphic
by Corollary 2.9 since the former topological space is compact but the later fails
to satisfy that property (see Proposition 3.14). Let (Pc, T (BP )) be the topolog-
ical space introduced in Proposition 3.15. The topological space (ωωc , Tωωc ) is a
subspace of (Pc, T (BP )).

Clearly all the results of this section introduced so far can be extended to
n-ary functions with n > 1. This will be formalised in the next definition and
three results.
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Definition 5.8. Let ω(ωn) be the set of all total functions from ωn to ω, that
is, the set of all n-ary total functions on ω. Define on ω(ωn) the relation vn
as: for every fn, gn ∈ ω(ωn), fn vn gn if gn �supp(fn)= fn �supp(fn). The

obtained first-order structure is denoted by ω(ωn) = (ω(ωn),0n,vn) where 0n

is the n-ary constant function that maps every n-ary sequence in ωn to 0.

Proposition 5.15. The first-order structure ω(ωn) = (ω(ωn),0n,vn) is an
algebraic domain with K(ω(ωn)) = {fn ∈ ω(ωn) : |supp(fn)| < ℵ0}.

Lemma 5.2. K(ω(ωn)) ⊆ ω
(ωn)
c where ω

(ωn)
c is the set of all n-ary total com-

putable functions.

Proposition 5.16. The set ω
(ωn)
c with the induced partial order forms an al-

gebraic sub-quasi-domain of ω(ωn) with K(ω
(ωn)
c ) = K(ω(ωn)).

The algebraic sub-quasi-domain of Proposition 5.16 will be denoted by ω(ωn)
c =

(ω
(ωn)
c ,0n,vn). Let fn be a n-ary total computable function such that is max-

imal in ω
(ωn)
c . Then clearly its support is its whole domain ωn. Hence for

any (n− 1)-ary sequence x1, . . . , xn−1 ∈ ω (recall that n > 1) it does not exist
a y ∈ ω such that fn(x1, . . . , xn−1, y) = 0.

Remark 5.8. LetM(ω
(ωn)
c ) be the set of maximal elements in ω(ωn)

c and let gn

be an n-ary total computable function. If gn ∈M(ω
(ωn)
c ) then gn is not a regular

computable function.

The following result follows clearly by the contrapositive of Remark 5.8 and
the contrapositive of Proposition 5.13.

Proposition 5.17. Let Tωnc be the associated Scott topology to the algebraic

quasi-domain ω(ωn)
c . Let the family B = {Bfn : fn ∈ K(ω

(ωn)
c )} with Bfn =

{hn ∈ ω
(ωn)
c : fn vn hn} for fn ∈ K(ω

(ωn)
c ) be a particular topological basis

for Tωnc . Let gn be an n-ary total computable function, that is, gn ∈ ω
(ωn)
c .

If gn is a regular computable function then gn does not decides B.

The results of this section can be summarised as follows. The set of total
functions ωω was provided with an appropriate novel partial-order based on a
preorder introduced by Cristian Calude. It is proved that with this partial-
order the set ωω forms the algebraic domain ωω. The importance of this result
is that provides for ωω the Scott topology Tωω with which forms the topological
space (ωω, Tωω ) that is not homeomorphic to the Baire space (ωω, Tprod). Since
the object of study of this thesis is the set ωωc , it is proved that with the restric-
tion to ωωc of the partial-order in ωω it fails to form an algebraic subdomain
of ωω for it is not directed-complete but forms the algebraic quasi-domain ωω

c

that is an algebraic sub-quasi-domain of ωω. The topological space (ωωc , Tωωc )
is not homeomorphic to the topological space (ωωc , Trel) where Tωωc is the Scott
topology associated with ωω

c . A surprising result is that both algebraic quasi-
domain ωω and ωω

c share exactly the same set of compact elements, that is, the
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set of total functions with finite support is the set of compact elements in both
structures. Hence this set is dense in the associated Scott topologies. The rela-
tion of the Scott topology Tωωc with the topology T (BP ) introduced by Cristian
Calude is that it is exactly the induced topology for ωωc , i.e., the topological
space (ωωc , Tωωc ) is a subspace of (Pc, T (BP )). Finally, the novelty of the result
stated in Proposition 5.17 is that it establishes a necessary condition for an
n-ary total computable function to be regular in a purely topological manner.



Chapter 6

Final remarks and future
works

6.1 Final remarks

The contributions of this thesis can be summarised as follows:

(i) A novel topology Tσ built on the index set of all derivations of total com-
putable functions Iωωc was made.

(ii) Two dense sets on the topological space (Iωωc , Tσ) were obtained.

(iii) The topological space (Iωωc , Tσ) is not homeomorphic to the existing topol-
ogy on ωωc .

(iv) A novel generalisation of the algebraic domains called algebraic quasi-
domains was created and it was proved that it deserves to be part of
domain theory for the reasons that follow:

• it considers the notion of convergence;

• it considers the notion of approximation;

• it has at least two strong relations with its associated Scott topology,
that is, the continuous functions between algebraic quasi-domains are
exactly the topological continuous functions between the associated
Scott topologies, and the partial order of an algebraic quasi-domain
coincides with the specialisation order of the associated Scott topol-
ogy.

(v) It was proved that the set of total functions ωω, not necessarily com-
putable, with a new partial-order (obtained as an adaptation of an exist-
ing partial-order built on another set) forms an algebraic domain denoted
by ωω = (ωω,0,v). Hence ωω forms an algebraic quasi-domain.
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(vi) It was proved that the set of total computable functions ωωc forms an
algebraic quasi-domain denoted by ωω

c = (ωωc ,0,v).

(vii) Both algebraic quasi-domains have at least two strong relations, that is, ωω
c

is an algebraic sub-quasi-domain of ωω and both share the same compact
elements.

(viii) This set of compact elements is dense in both associated Scott topologies.

(ix) The topological space (ωω, Tωω ) (where Tωω is the Scott topology associ-
ated with ωω) is not homeomorphic to the existing topology on ωω.

(x) The topological space (ωωc , Tωωc ) (where Tωωc is the Scott topology associ-
ated with ωω

c ) is not homeomorphic to the existing topology on ωωc .

(xi) The topological space (ωωc , Tωωc ) is a subspace of an existing topological
space on the set of partial computable functions.

(xii) A necessary condition for the regular computable functions stated in a
purely topological manner was given.

(xiii) Unrelated with the rest of this thesis an original result in computability
theory was included, say, Corollary 2.5.

6.2 Future works

In what follows some future works are proposed:

(i) A common theme on domain theory is the study of the relations between
the different categories of domains. This also happens on the generalised
domain theory. For this reason a categorical study of algebraic quasi-
domains will be an interesting line of future research for the domain theory
community.

(ii) Study the Scott topology associated with algebraic quasi-domains in a
Baire categorical sense.

(iii) Study the functionals on ωω
c .

(iv) Algebraic domains can be represented in algebraic information systems [32]
which is more related to logic. Analogously, continuous domain can be
modelled by continuous information systems [4, 17]. As a future line of
research, a model for algebraic quasi-domains will be introduced which will
be called quasi-information systems.
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