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We have calculated the optical gain spectra in unstrained graded GaAs/AlxGa1−xAs single quantum well
lasers as a function of the energy of the radiation, the quantum well width and the interface thickness.
The optical gain spectra were calculated using the density matrix approach (Luttinger–Kohn method),
considering the parabolic band model (conduction band), all subband mixing between the heavy and
light holes (valence band), and the transversal electrical light polarization. Our results show that the
optical peak gain is sensitive to the width and the graded profile of the interfaces, and is blue-shifted as
a function of the interface width.

© 2012 Elsevier B.V. All rights reserved.
It is widely acknowledge that the importance of lasers is typ-
ically reflected due to their practical use in a large range of
applications, as well as their highly controllable nonlinear co-
herent optical response [1,2]. To accomplish this task, there is
a systematic effort nowadays, to reduce the required injection
for the onset of lasing. This is done mainly by means of a dy-
namic exchange of energy between the carriers (electrons and
holes) and photons in a resonant cavity, leading to relaxation
oscillations, whenever the carrier population is perturbed by an
external source such as an electrical injection or optical excita-
tion [3,4].

In a semiconductor laser, relaxation oscillations give rise to
deleterious effects, such as linewidth enhancement and chirp, due
to the periodic modification of the refractive index in the active
gain region by the carrier concentration modulation. Fortunately,
these effects can be minimized by fabricating structures of re-
duced dimensionality, such as quantum wells, wires, and dots [5,
6]. Other possibility is to take into account physical mechanisms
that enhance stimulated emission, such as polaritons, allowing the
development of a new generation of ultralow power and ultra-
compact room-temperature photonic devices [7–10]. The introduc-
tion of spin-polarized carriers may also present a valuable model
system to elucidate the recombination of the carrier population,
which plays an important role in the operation of a conventional
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laser [11]. Radiative recombination of spin-up and spin-down car-
riers in the active region of any semiconductor light source pro-
duces left- and right-circularly polarized light, respectively, giving
rise to two equal and in-phase circularly polarized modes. Injec-
tion of spin-polarized carriers leads to emission of circularly or
elliptically polarized light via the selection rules for radiative re-
combination [12,13].

Semiconductor lasers have been attractive for research because
they are both physically very interesting and technologically im-
portant [14–16]. This is especially true for quantum well lasers,
where it is possible to control the range, depth, and arrangement
of the quantum mechanical potential wells, opening up the possi-
bility to make very good devices [17–19]. The importance of the
quantum well laser has steadily grown until today, where it is
preferred for most semiconductor laser applications. This growing
popularity is because, in almost every aspect, the quantum well
laser is somewhat better than the conventional one with bulk ac-
tive layers [20–22].

With the ability to grow different semiconductor layers epitax-
ially with atomic precision in thickness, the material bandgap can
be designed to confine electrons in much the same way as de-
scribed in standard quantum mechanics textbooks. This quantum
confinement of the electron along the growth direction, signifi-
cantly alters the band structure of the semiconductor, changing
almost every property of the material to one degree or other
[23]. The optical gain becomes dependent on the confinement
characteristics of the semiconductor systems, in which the inter-
faces play a significant role.

http://dx.doi.org/10.1016/j.physleta.2012.12.025
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/pla
mailto:umbertofulco@gmail.com
http://dx.doi.org/10.1016/j.physleta.2012.12.025
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.physleta.2012.12.025&domain=pdf


E.L. Albuquerque et al. / Physics Letters A 377 (2013) 582–586 583
Fig. 1. Schematic illustration of the effective mass and potential energy of a GSQW
(solid line) and of the equivalent abrupt ASQW (dotted line).

Investigations on the abrupt quantum well (QW) structures
have been widely reported, although the use of less-abrupt in-
terfaces in QW structures are relatively new. Recent works had
shown the importance of using QWs with graded and less-abrupt
interfaces in InGaN-based material systems, looking for improved
spontaneous emission rate [24–26] and improved optical gain [27].
Besides, the improvement in quantum confined Stark effect had
also been reported in Gaussian shape QWs [28], as well as the
use of quantum well intermixing to form the less-abrupt interfaces
leading to large blue-shift in emission wavelength [29].

The unstrained GaAs QWs structures are employed primarily as
active regions for 850-nm diode lasers and vertical cavity surface
emitting lasers, which are used as optical transmitters in datacom
applications. However, several works considering compressively-
strained InGaAsP QWs [30] and narrow InGaAs QWs [31] had been
also used as improved active regions for achieving high perfor-
mance 850-nm emitting lasers operating at high temperature with
large differential gains attributed to their large compressive strain
in the QWs. As a consequence, they depict very low-threshold cur-
rent density [32] due to its large optical gain [33].

It is the aim of this work to describe a theoretical calculation of
the optical gain in unstrained graded single quantum well (GSQW)
lasers GaAs/AlxGa1−xAs, as a function of the energy of the radia-
tion, of the interface thickness, and of the width of the quantum
well. We consider only the transversal electrical (TE) light polariza-
tion since, although straightforward, no new results are found for
the simplest transversal magnetic (TM) light polarization. The the-
oretical calculation was done considering all subbands transitions
in the quantum well. The results are compared with the equivalent
abrupt single quantum well (ASQW) laser (see Fig. 1 for details of
the geometries).

To calculate the energy levels of the electrons and holes
confined into a GSQW/ASQW, we use the multi-band effective
mass theory and the envelope-function approach together with a
transfer-matrix technique. For simplicity, the conduction and va-
lence bands are considered decoupled, as usual for most III–V
semiconductors. We consider also the envelope functions to be
slowly varying over the unit cells of the lattice, and the z-axis as
the material growth direction. The effective mass and gap energy
have a dependence on z in the quantum well interfaces whose
profile, as depicted schematically in Fig. 1 for a GSQW (solid line),
is [34]:
mi(z) = m0
[
μ1i + μ2i|z|

]
, (1)

V i(z) = Q i
[
1 + ε1|z| + ε2z2], (2)

where m0 is the free-electron mass, with i = e (electrons), lh
(light holes) and hh (heavy holes). Also, μ1e = 0.067, μ2e = 0.083;
μ1lh = 0.087, μ2lh = 0.063; μ1hh = 0.62, μ2hh = 0.14, ε1 = 1.155,
and ε2 = 0.37 are experimental parameters related with the de-
pendence on the aluminium molar fraction x of the AlxGa1−xAs
effective mass and energy gap, respectively, at the Γ -symmetry
point [34]. Q i is the band offset for the ith type of carrier, whose
values taken from experiments are Q e = 0.6, Q hh = Q lh = 0.4.
Fig. 1 also shows the profile (dotted line) of the equivalent abrupt
single quantum well (ASQW) used in this work.

Within the effective mass approximation and with the assump-
tion that the conduction band is parabolic, the electron envelope
function can be considered independent of �kt = (kx,ky,0), the in-
plane wave vector, which is perpendicular to the z-axis. The energy
of an electron on the nth conduction subband can be written as:

Een(kt) = Ec + Een(0) + h̄2k2
t

2mav,e
, (3)

where Ec is the conduction band-edge energy, kt is the magnitude
of �kt = (kx,ky,0) and mav,e is a weighted average of the bulk elec-
tron effective mass, defined as:

[mav,e]−1 =
∫ ∞
−∞ |Fen(z)|2[me(z)]−1 dz∫ ∞

−∞ |Fen(z)|2 dz
. (4)

Here, Fen(z) is the zone-center (kt = 0) envelope function that
describes the motion of the electron on the growth direction of
the nth conduction subband. Also, Een(0) is the subband-edge en-
ergy (kt = 0), which satisfies the one-dimensional Schrödinger-like
equation

He(z)Fen(z) = Een(0)Fen(z), (5)

whose confinement Hamiltonian is given by

He(z) = − h̄2

2

d

dz

[
1

me(z)

d

dz

]
+ V e(z). (6)

In the above equation, me(z) and V e(z) are the effective mass
and the confinement potential of the electron, respectively, which
are dependent on the coordinate z at the interface, according to
Eqs. (1) and (2). Eq. (5) can be solved numerically using a transfer-
matrix technique [35].

For the calculation of the energy levels and envelope functions
of the holes, we shall take into account the mixing of the subbands
of the light hole and heavy hole in the valence band structure.
This effect is well described by a multi-band effective mass ap-
proximation based on the �k · �p method of Luttinger and Kohn [36].
We adopt an analog effective Hamiltonian approach described in
[37] to calculate the valence subband structure. In this approach,
the hole envelope functions Fhn(kt , z), corresponding to the energy
Ehn(kt) at any finite kt , is expressed as a linear combination of the
envelope functions at kt = 0 in the following way:

Fhn(kt , z) =
4M∑

n′=1

An′n(kt)Fhn′(0, z). (7)

Here, h = hh, lh, with the first index denoting a doubly degener-
ate group of heavy-hole subbands, and the second one denoting
a doubly degenerate group of light-hole subbands. Also, M is the
number of levels of the heavy/light holes, and Fhn(0, z) is the
zone-center (kt = 0) envelope function, which describe the mo-
tion of the respective h-hole on the growth direction of the nth
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valence subband. They are obtained by solving a one-dimensional
Schrödinger-like equation, similar for the electron case (Eq. (5)).

In Eq. (7), n at the left-hand side represents the nth valence
subband of the h-hole, while at the right-hand side is the nth
eigenvector of the eigenvalue equation

Heff An = En An, (8)

where Heff is the following effective Hamiltonian [38]:

Heff =
⎡
⎢⎣

Ẽhh C̃ T B̃T 0
C̃∗ Ẽlh 0 B̃ T

B̃∗ 0 Ẽlh C̃ T

0 B̃∗ C̃∗ Ẽhh

⎤
⎥⎦ . (9)

Here, the superscript T (*) means the transpose (adjoint) matrix.
Also, Ẽh , B̃ and C̃ are M × M submatrices, whose matrix elements
are given by:

Cnn′ = h̄2√3

2m0
γ (x)k2

t e−2iφ

+∞∫
−∞

dz F ∗
hh,n(0, z)Flh,n′(0, z), (10)

Bnn′ = − h̄2√3

m0
γ (x)kteiφ

+∞∫
−∞

dz F ∗
hh,n(0, z)

∂

∂z
Flh,n′(0, z), (11)

Ehh,nn′ = δnn′ Ehh,n(0) − h̄2k2
t

2mt
av,hh

, (12)

Elh,nn′ = δnn′ Elh,n(0) − h̄2k2
t

2mt
av,lh

. (13)

In the above equations, n,n′ = 1,2, . . . , M , Eh,n(0) denote the nth
subband-edge (kt = 0) energy of the h-hole (the origin of the en-
ergy is taken at the top of the conduction band), and γ (x) is the
Luttinger parameter in the AlxGa1−xAs [39], defined by

14γ (x) = xγ (AlAs) + (1 − x)γ (GaAs), (14)

with γ (AlAs) = 0.82 and γ (GaAs) = 2.06 [40]. Besides, φ is a
phase angle, defined as φ = tan−1(ky/kx), and mt

av,h is a weighted
average of the h-hole effective mass in the transversal direction,
defined in a similar way as in Eq. (4).

The Heff Hamiltonian defined in Eq. (9) is considered to be an
axial approximation of the Luttinger–Kohn Hamiltonian, which im-
plies that the subband energy dispersion relations are independent
of the angle φ.

In order to calculate the optical gain, we need to determine first
the quasi-Fermi levels at the conduction band and valence band
E f c and E f v , respectively. We found it by imposing the charge
neutrality in the material for a given carriers density. The carrier
densities on the conduction and valence bands, N and P , respec-
tively, for a given quasi-Fermi levels, are obtained by integrating
the density of states multiplied by the occupation probability over
the quasi-entire bands, as follows:

N =
∑

n

2

E f c∫
Een(0)

ρ2D
en (E) fc(E)dE, (15)

and

P =
∑

h

∑
n′

2

Ehn′ (0)∫
E f v

ρ2D
hn′(E)

[
1 − f v(E)

]
dE, (16)

where
fc(v)(E) = 1

1 + exp[(E − E f c( f v))/kB T ] . (17)

The sum over h is required to consider the contributions from the
heavy- and light-hole subbands. The ρ2D(E) is the two-dimension
density of states function, which is assumed to be [17]

ρ2D
en(hn′)(E) = me(h)H[E − Een(hn′)(0)]

2π h̄2Lz
, (18)

where H[E − Een(hn′)(0)] is the Heaviside step function.
The optical gain spectra at a particular photon energy and in-

plane wave vector magnitude, for a symmetrical potential, can be
given by [41]:

g(E) =
(

e2h̄

ηrcε0m2
0Lz

)(
1

E

) ∑
h,n,n′

∫
kt dkt

∣∣MT
nn′(kt)

∣∣2

× δ
(

E − Een
hn′(kt)

)[
fen(kt) − fhn′(kt)

]
, (19)

where E is the photon energy, ηr is the refractive index in the
GaAs, e is the electron charge, ε0 is the free-space permittivity,
c is the speed of light, m0 is the free-electron mass, Lz is the
equivalent abrupt single quantum well width, and |MT

nn′ (kt)|2 is
the transition matrix element. Also, fen(kt) and fhn′ (kt) are the
Fermi occupation probabilities of the n- and n′-levels in the con-
duction and valence bands, respectively, and are defined by

fen(hn′)(kt) = 1

1 + exp[(Een(hn′)(kt) − E f c( f v))/kB T ] . (20)

In Eq. (19), Een
hn′ (kt) = E g + Een(kt) − Ehn′ (kt); E g is the GaAs gap

energy and Een(Ehn′ ) is the transition energy. The transition matrix
element, which gives the relative strength of the various optical
transitions, under axial approximation is given by [17]:

∣∣MTE
nn′(kt)

∣∣2 =
[∣∣〈Fen

∣∣Fhh,n′(kt)
〉∣∣2 + 1

3

∣∣〈Fen
∣∣Flh,n′(kt)

〉∣∣2
]
|Mb|2,

(21)

for TE polarization (the optical electric field is polarized in the xy-
plane). The magnitude of the bulk matrix element |Mb|2 is known
experimentally. For GaAs material, 6|Mb|2/m0 = 25.0 eV [18].

To include the spectral broadening in each transition caused by
all sources of the electron scattering, we convolve the expression
for the optical gain with some spectral line shape function over
all transition energies E . Choosing a Lorentzian line shape function
for the optical gain analysis [42], it can be written as:

G(E) =
∫

g
(

E ′)L
(

E ′ − E
)

dE ′, (22)

where

L
(

E ′ − E
) = Γ/(2π)

(E ′ − E)2 + (Γ /2)2
(23)

is the Lorentzian. In this expression, Γ is the width at the half
maximum gain spectra, and is about 6 meV [38]. It is related at
the intraband relaxation time, τin (∼ 0.1 ps), as Γ/2 = h̄/τin [43].

Fig. 2 shows a 3D plot of the optical gain spectra considering a
8 nm unstrained non-abrupt GaAs/Al0.2Ga0.8As graded single QW
(GSQW) laser as a function of the photon energy and of the inter-
face width. The non-abrupt GaAs/AlGaAs QWs is justified since the
existence of micro-roughness superimposed to macro-roughness
gives rise to the existence of graded interfaces in semiconductor
heterostructures. Even in systems such as GaAs/AlGaAs QWs, the
thickness of the graded interface regions is at least of the order of
three monolayers [38], which is enough to have an effect on the
laser optical gain, as it is illustrated in Fig. 2. Besides, although the
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Fig. 2. (Color online.) A 3D optical gain spectra of a 8 nm GaAs/Al0.2Ga0.8As QW
laser as a function of the photon energy and of the interface width. Observe the
appearance of a large blue-shift as the interface width increases.

Fig. 3. (Color online.) The gain peak of a GSQW laser (solid line) GaAs/Al0.2Ga0.8As,
with 4 Å of interface width, and its equivalent ASQW laser (dotted line). Also shown
are their corresponding peak frequencies (dashed line and dashed–dotted line, re-
spectively) as a function of the quantum well width (see the right-hand side scale).

electron’s low energies in a quantum well may be sensitive to the
strain effects, it can be ignored for higher-frequency [44], as those
considered in this work.

The optical gain was calculated for a TE electric light po-
larization with relaxation at room-temperature (300 K), and an
adopted carrier density N = 2 × 1018 cm−3. Furthermore, a lin-
ear (parabolic) dependence with coordinate z of the effective mass
(potential profile) on the interface was taken into account. As a
result, the increase of the interface width leads to large and un-
expected blue-shift of the gain’s peak, representing an important
step in the characterization of a new generation room-temperature
photonic devices.

Fig. 3 depicts the optical gain’s peak of a non-abrupt
GaAs/Al0.2Ga0.8As QW laser, with 4 Å of interface width, and its
corresponding frequency, as a function of the quantum well width
for a carrier density N = 2 × 1018 cm−3 at room temperature
(T = 300 K) and TE electric light polarization. For completeness,
it is also shown the gain’s peak and peak frequency for an abrupt
equivalent single QW (ASQW) laser. Observe a blue-shift of the
gain’s peak in the interval that goes from 45 to 100 Å (20 to 80 Å)
and a red-shift of the peak frequency, for the GSQW (ASQW) laser.
Observe also a maximum of the gain’s peak at 100 Å and 80 Å for
the GSQW and its equivalent ASQW lasers.
In conclusion, we have formulated a theoretical analysis to
study the effect of non-abrupt interface on the optical gain of a
quantum well laser. The key observation was a large blue-shift
of the gain’s peak at room-temperature as the interface width
increases. As a consequence, for an improved description of the
optical gain in quantum confined based semiconductor lasers, it
is necessary to take into account interface effects, as the results
of the present work indicate. On the experimental side, interface
characterization of actual laser samples, together with measure-
ments on the frequency dependence of their optical gain, hopefully
will allow the confirmation for the role of the interfaces on the op-
tical laser gain, as predicted by our calculations.
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