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Author: João Mendes Lopes Neto
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Abstract

The automated generation of exercises may benefit educators by significantly reducing

the time they spend in manually creating exercises. However, an obstacle in making such

automation more present in an educator’s professional routine is controlling the level of

complexity of mechanically generated exercises. In this work, we present a method for

the automated generation of proof exercises with a comparable level of complexity. The

inputs of this method are a proof exercise and a set of rules allowing to prove this exercise.

The output is a set of proof exercises with a comparable complexity to that of given as

input. The scope of exercises we work with are mathematical proof exercises described in

first-order languages, covering topics such as Set Theory and Number Theory. In order

to calculate the level of complexity of these exercises, we base our approach on the effort

required to solve them via informal proofs. We argue that such an effort, in turn, may

be captured by formal proofs in cut-based tableaux that do not contain logical symbols.

The rules utilized in these proofs are extracted by a mechanizable procedure we provide.

We use the analytic character of such rules and the formal structure tableau proofs have

to provide a computational procedure of the method in question. As case studies, we

demonstrate how our method works with fragments of Set Theory and Number Theory.

A prototype implementation of the method was also developed and we present it here.

Keywords : Automatic Question Generation, Teaching Logic, Cut-based Tableaux
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Resumo

A geração automatizada de exercícios pode beneficiar educadores ao reduzir significativa-

mente o tempo que gastam na elaboração manual de exercícios. No entanto, um obstáculo

para tornar essa automação mais presente na rotina profissional de um educador é o

controle do nível de complexidade de exercícios gerados mecanicamente. Neste trabalho,

apresentamos um método para a geração automatizada de exercícios de demonstração

com um nível de complexidade similar. As entradas deste método são um exercício de

demonstração e um conjunto de regras as quais permitem demonstrar este exercício. A

saída é um conjunto de exercícios de demonstração com uma complexidade similar à do

exercício passado como entrada. O escopo dos exercícios com os quais trabalhamos são

exercícios de demonstração matemática descritos em linguagens de primeira ordem, co-

brindo tópicos como Teoria dos Conjuntos e Teoria dos Números. Para calcular o nível de

complexidade destes exercícios, fundamentamos a nossa abordagem no esforço necessário

para os resolver através de demonstrações informais. Argumentamos que esse esforço, por

sua vez, pode ser capturado por demonstrações formais em tablôs baseados em corte que

não contêm símbolos lógicos. As regras utilizadas nestas demonstrações são extraídas por

um procedimento mecanizável que fornecemos. Usamos o carácter analítico dessas regras

e a estrutura formal que as demonstrações de tablô têm para fornecer um procedimento

computacional do método em questão. Como casos de estudo, demonstramos como o nosso

método funciona com fragmentos da Teoria dos Conjuntos e da Teoria dos Números. Uma

implementação prototípica também foi desenvolvida e nós a apresentamos aqui.

Palavras-chave: Geração Automática de Questões, Ensino de Lógica, Tablôs baseados em

corte
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1 Introduction

Besides the time in a classroom, the schedule of an educator may be filled with several

other activities, such as preparing lessons, extraclass support to students and delivering

exercises and assessments. In particular, the manual construction of exercises can require

a significant space in this schedule. One solution to tackle this problem are Automatic

Question Generation (AQG) tools. However, the lack of AQG tools that generate exercises

with controlled level of complexity still poses a challenge for their incorporation in the

pedagogical practice [3, 14, 1].

In this work, we propose a method for automated generation of proof exercises with a

comparable level of complexity. The proving complexity of a proof exercise is calculated

in terms of a tableau proof for it whose formulas contain no logical symbols. These proofs

are a particular case of the cut-based tableaux system presented by D’Agostino and Mon-

dadori [7, 8] and we refer to them as theory-specific proofs. The theory-specific rules used

to construct them are extracted from first-order closed formulas, which we call definitional

axioms, via a mechanizable procedure. Through the definitional axioms, the objective is

to describe fragments of first-order mathematical theories of pedagogical interest, as Set

Theory and Number Theory, in such a way that we can derive provable conjectures that

might be used as proof exercises in a classroom.

In the diagram of Figure 1, we present a big picture of our method. After the extrac-

tion from the definitional axioms, the theory-specific rules are preprocessed so they are

provided as input to the procedure the generates the proof exercises. This procedure has

also as input a proof exercise and, as output, a set of proof exercises with a comparable

complexity to that of given as input.

In summary, our method relies on three computational procedures that are theoreti-

cally developed throughout this work:

1. Extraction of theory-specific rules,

2. Preprocessing of theory-specific rules and
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Definitional
axioms

Extraction of
theory-specific

rules

Preprocessing of
theory-specific

rules
Theory-specific

rules

Proof
exercise

Generation
of proof
exercises

Set of
proof

exercises

Figure 1: A diagram of the big picture of the method for automated generation of proof
exercises with a comparable level of complexity.

3. Generation of proof exercises with a comparable level of complexity, which we regard

as the main one.

The aim with the first and second procedures is that they generate a set of tableau

expansion rules that do not contain logical symbols neither in their premises nor in their

conclusions and with the same deductive strength than the definitional axioms initially

specified. For the third procedure, we need first to formalize what it means two proof

exercises having a “comparable level of complexity”. With this formalization in hands, the

procedure of generation of proof exercises is developed as a search procedure, which we

also implement.

The pedagogical applicability of our method is demonstrated with two case studies:

a fragment of Set Theory and a fragment of Number Theory. Through them, we aim to

show how higher Mathematics courses in which students are taught how to prove theorems

described in first-order languages may benefit from our work.

The present document is organized as follows: Chapter 2 introduces AQG tools used in

education focusing on the problem of control of difficulty; Chapter 3 presents the theoret-

ical background for the development of our method and presents the procedure of extrac-

tion of theory-specific rules; in Chapter 4, the notions of proving complexity concerning

our educational purpose are formalized and, then, the preprocessing of theory-specific

rules and the generation of proof exercises procedures are described; limitations we have

found and perspectives for futures works are detailed in the Conclusion; in the Appendix

A, the C++ prototype implementation of generation of proof exercises is described.
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2 Automatic Question Generation
and control of difficulty

The start of the second half of the 20th century marks the period in which the first

steps towards the inclusion of computers in education were taken [16]. In the beginning,

the use was primarily focused on the power of computer for doing numerical calculations.

The impact caused by this use, nevertheless, seemed to have stayed far below from the

impact computer could cause in education: “Why then should computers in schools be

confined to computing the sum of the squares of the first twenty odd numbers and so-

called ‘problem-solving’ uses? Why not use them to produce some action?” [21].

Later on, the development of the system Plato 1 and the environment LOGO 2 rep-

resented milestones to this change of paradigm. Following this period of advances, in

the 70’s, AQG methods started to be developed [3]. The early efforts were devoted to

automating the production of questions from texts so as to liberate educators from the

laborious work of manually constructing questions for their students. Since then, mean-

ingful progress has been made and, nowadays, there are AQG tools covering dozens of

domains and generating questions of different types [14] [9]. Currently, AQG methods also

find other applications than education, as for chatbots and fact-checking.

Considering the educational scope, an AQG method usually has two inputs:

1. A knowledge source, that can be either structured (e.g. databases and ontologies)

or unstructured (e.g. continuous texts). This knowledge source provides the infor-

mation that allows the method to find the solution(s) for the generated questions.

In our method, the knowledge source is the set of rules of the cut-based tableaux

system which we use to extract the proofs.
1Released in 1960 at the University of Illinois, Plato was a precursor for computer-assisted instruction

systems. More information about its history may be found at platohistory.org.
2Designed for children, LOGO is a computational learning environment released in 1967. More infor-

mation about its history may be found at el.media.mit.edu/logo-foundation.

platohistory.org
el.media.mit.edu/logo-foundation
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2. A set of information with the desired properties for the generated questions (e.g.

amount of distractors for multiple choice questions). In our method, we desire the

generated exercises to have a comparable level of proving complexity to that of the

input exercise. As we define in Chapter 4, this complexity is calculated in terms of a

minimal proof for the input exercise. Then, our desired properties are encapsulated

in the input exercise.

In spite of all the progress that has been done in the last decades, some gaps regarding

question construction still remain. In [14], the authors conducted a review on 93 papers

about AQG for educational purposes published from 2015 to 2019. From these 93 papers,

only 14 presented methods that had a mechanism to control the difficulty of their outputs.

As it is posed in [3], this challenge is not a novelty since the lack of approaches for the

generation of questions with controlled levels of difficulty was also identified in a similar

analysis of 81 papers published between 1969 and 2015. And a more recent study [1],

comprising AQG tools that use deep learning for educational purposes, highlights the

customization of these tools by level of difficulty as “a further research opportunity”.

The mechanization purpose of AQG conflicts with subjective aspects of determining

how complex a question is. In light of this conflict, we dedicate this chapter to answer

two questions: “Why control the level of difficulty of questions?” and “How to control the

level of difficulty of questions?”. In the first section, we present reasons why control of

difficulty should be taken into account when preparing assessments. In the second section,

we comment on approaches in the literature to deal with control of difficulty and highlight

the gaps we aim our method to fill. Before proceeding to these sections, it is important to

make a little elucidation regarding the relevance of our work into the field. In our work,

what we generate are not precisely questions, but mathematical objects that lecturers use

to make questions to their students. Let c be an output of the tool. We may assume that

what the tool actually generates are questions in the format of “What could be a proof

for c?”. This allows our tool to be considered an AQG tool.

2.1 Why control the level of difficulty?

According to its objective, an assessment can be classified as formative, summative

and evaluative [28]: formative assessments are focused on providing ongoing feedback;

summative assessments are those delivered at the end of a course (or a module of it) to

certify a student has reached the knowledge expected to finish the course; and evaluative
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assessments aim to measure the quality of educational institutions. From different per-

spectives, all of them aim to obtain information to aid in distinct processes of decision

making. So, control of difficulty is a crucial component for the success of assessments as

these pieces of information guarantee the coherence of the results according to the profi-

ciency expected from their test-takers. For example, in a summative test with uncontrolled

difficulty, we may either harm students by delivering an assessment that it is harder than

it should be or inappropriately approve a student on a course.

Especially concerning formative assessments, control of difficulty also helps in dealing

with the heterogeneity intrinsic to learning environments, since students may come from

different backgrounds and have different learning paces. AQG tools with mechanisms

for difficulty control can help tutors both on the construction of personalized formative

assessments that match the mastery level of each student and on the development of

computerized adaptive tests 3.

On the topic of individualized assessments, it is worth mentioning that they are an

effective way of mitigating plagiarism too [17]. In this case, the plagiarism is the traditional

one, in which a student share their solutions with another students. By providing tools

capable of generating exercises with a comparable difficulty, test designers are able to

construct summative assessments that are not at risk of benefiting some students by

assigning to them easier questions than to their colleagues.

2.2 How to control the level of difficulty?

In spite of the previously mentioned lack of AQG techniques with controlled level of

difficulty, some domain-independent approaches have already been proposed in the liter-

ature. Regarding structured knowledge sources, [15] proposes an ontology-based measure

with a technique that can be adapted to other ontology-based AQG tools. However, it

does not fit our domain as Description Logics [4], the formalisms employed to reason

about ontologies, are not as expressive as First-Order Logics.

For unstructured knowledge sources, Question Difficulty Estimation from Text (QDET)

[5] [2] is a recent growing trend in Natural Language Processing in order to automate the

process of estimating difficulty of questions. In QDET, the usual approach is to provide

a machine learning model that predicts the difficulty of a previously classified question.
3Computerized adaptive tests are dynamic personalized assessments that pick the next question to be

solved based on the performance of the test-taker in the previous questions.
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A further strategy adopted in [13] and [12] is to define a set of parameters that affect

the difficulty of the question (e.g. where the answer is located in the text in a reading-

comprehension question) and provide this set to the model as an input too. Besides also

not fitting our purposes, one drawback of QDET is the fact that the classification of

difficulty done by these models may not be explained.

Given the aforementioned limitations for these domain-independent mechanisms, we

comment on some contributions that are more closely related to our scope and that provide

explainable mechanisms to control the difficulty of questions. A metric employed to classify

the difficulty of a logic exercise is its syntactic structure, as in [25] and [22]. In both

works, the authors present methods to generate formulas of Propositional Logics using the

number of propositional atoms or connectives and the depth of the formulas considering

their abstract representation 4 as some of the parameters to adjust the complexity of the

exercises they produce. An argument to justify the adoption of these parameters can be

their influence on the size of the truth-table of the exercise, but this does not hold for

First-Order Logics. More importantly, two provable propositional formulas φ1 and φ2 may

have the same syntactic structure, but the structure of the proofs for them may be very

different. So, students might have more difficulty to prove φ1 than to prove φ2 or vice

versa. Concrete examples of this are presented in Section 4.1. We say that tools such as

[25] and [22] adopt a priori metrics of control of difficulty because they only take into

account factors that precede and are not influenced by the solution(s) of the produced

exercises.

Syntactic similarity is again the strategy employed in [23] to produce proof exercises

with a comparable level of difficulty, but, in this case, the scope is Algebra. This system

allows the user to add constraints during the process of generation as a mechanism to

control of difficulty. For example, if the input exercise is an equality that has an irreducible

fraction in its right-hand side, the user can constraint the method to generate only equality

exercises whose right-hand sides are irreducible fractions. In some cases, the authors argue

that the exercises generated by their method may be proved with “similar proof strategies”.

However, no further detail on this is provided.

In [29], the implemented tool works via a formal grammar so as to generate individu-

alized proof exercises of equivalences for Classical Propositional Logic. In the beginning of

the procedure, based on the personal information of the student, a hash is generated and
4As opposed to the concrete representation, which is usually done via sequences of symbols, the

abstract representation does not hide the internal structure of the mathematical object being expressed.
The abstract representation of a formula φ of propositional logic, for example, is a tree whose root is the
main connective of φ.
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it is used as a random seed along the procedure to decide which rule is going to be applied

at each step of the production. The rules of the grammar are divided into three levels of

difficulty (easy, medium and hard). Then, the user can choose how many rules of each

level they want the tool to choose during the production of the exercises. The classifica-

tion of the rules into levels of difficulty is still intuitive and the authors do not show any

result proving this intuition is reflected in the performances of the students. Moreover,

attributing a general classification of levels of difficulty may fall into two dilemmas: even

experts may disagree on such classification; and the difficulty a student with a certain

topic is affected by the way they are taught, so what is easy for a student might not be

easy for another student from another context.

In [26], the authors present a method capable of producing Mathematical Word Prob-

lems5 whose level of difficulty can be controlled by the amount of arithmetic operations

in the equation that solves the problem. The results of an experiment conducted with

a group of 30 students revealed that: adding the amount of operations in an exercise

increases its error rate, indicating that it becomes more difficult; and exercises with the

same amount of operations had indistinguishable error rates. Even being a different type

of question, these results give us an impression that considering the size of the solution

involved could be more appropriate to define the difficulty of an exercise under the scope

of a formal subject such as Logic.

We summarize the main challenges in controlling difficulty of the tools described in

this section into three kinds:

1. A priori metrics: The level of difficulty attributed to an exercise does not reflect the

effort one puts into solving it.

2. Subjectivity: Classification of difficulty by experts may have inconsistencies.

3. Lack of adaptability: Providing a general classification of difficulty to exercises re-

duces the control the user has of the tool as the difficulty of an exercise cannot

be adapted to the pedagogical context of usage. For example, a user might request

exercises of a medium level of difficulty to an AQG tool and receive exercises that

for their students are supposed to be easy.

The development of our method aims to meet these challenges. In Chapter 3, we set

all the theoretical background necessary to, in Chapter 4, present the method.
5A Mathematical Word Problem is an exercise constituted by a short narrative containing unknown

values to be calculated using only the information provided in such narrative.
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3 Theoretical Background

For pedagogical motivations, the measurement of proving complexity we are going

to explore in Chapter 4 relies on formal proofs that do not contain logical symbols. In

this chapter, we present how we can produce an analytic proof system for Classical First-

Order Logic that allows us to construct formal proofs in a first-order language containing

no logical symbols and that enjoys some properties of interest for automated theorem

proving.

This chapter is divided into two sections: the Section 3.1 presents some preliminary

definitions employed throughout the work; and, in the Section 3.2, we present the proce-

dure that extracts the rules of our envisaged proof system.

3.1 Preliminaries

In this section, we define basic concepts that are used throughout the work. The

definitions are divided into three subsections: syntax, deduction and semantics.

3.1.1 Syntax

Recall that the goal of this chapter is to present a proof system for Classical First-

Order Logic in which the proofs for a restricted language do not contain logical symbols.

Such language restriction is based on what we will call, from the end of this subsection

on, a definitional theory. We start this subsection by presenting some standard syntactic

definitions. In the end, we present two case studies definitional theories for which the main

results are exhibited in Section 3.2.

Definition 3.1 (First-order signature). A first-order signature (or simply signature) Σ

is defined as an ordered pair ⟨FS, PS⟩, where FS := {FSi}i∈N is the family of function

symbols and PS := {PSi}i∈N is the family of predicate symbols of the language. For each

i ∈ N, FSi represents the set of function symbols of arity i and PSi represents the set of
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predicate symbols of arity i. The set FS0 is the set of constant symbols of the signature. In

a first-order signature, there is no symbol that is both a function and a predicate symbol,

that is,
⋃
i∈N

FSi ∩
⋃
i∈N

PSi = ∅, and
⋃
i∈N

PSi is non-empty.

Definition 3.2 (Terms). Given a denumerable set of variables X and a first-order signa-

ture Σ := ⟨FS, PS⟩, the set of terms TmΣ(X) is inductively defined as:

t ::= x | c | f(t1, . . . , tn)

where x ∈ X, c ∈ FS0, t1, . . . , tn ∈ TmΣ(X) and f ∈ FSn.

Definition 3.3 (First-order language). Given a denumerable set of variablesX and a first-

order signature Σ := ⟨FS, PS⟩, the set of formulas, or the language, LΣ(X) is inductively

defined as:

φ ::= p(t1, . . . , tn) | ¬φ1 | (φ1 c φ2) | (Qx)φ1

where p ∈ PSn, t1, . . . , tn ∈ TmΣ(X), c ∈ {∧,∨,→}, φ1, φ2 ∈ LΣ(X), Q ∈ {∀,∃} and

x ∈ X.

Based on its format, a formula φ ∈ LΣ(X) may fall into one of the four groups:

• Atomic formula if φ := p(t1, . . . , tn) for any p ∈ PSn.

• Negated formula if φ := ¬φ1 for any φ1 ∈ LΣ(X).

• Binary formula if φ := φ1 c φ2 for any φ1, φ2 ∈ LΣ(X) and c ∈ {∧,∨,→}.

• Quantified formula if φ := (Qx)φ1 for any φ1 ∈ {L}Σ(X), Q ∈ {∀,∃} and x ∈ X.

When there is no risk of ambiguity, we omit the first-order signature and the set of

variables, denoting a language LΣ(X) simply by L.

In this study, we use two syntactic abbreviations:

• φ1 ↔ φ2 := (φ1 → φ2) ∧ (φ2 → φ1).

• (Qx1 . . . xn)φ := (Qx1) . . . (Qxn)φ, where Q ∈ {∀,∃}.

The set {¬,∧,∨,→,↔} is the set of connectives and the set {∀,∃} is the set of

quantifiers. Connectives and quantifiers are the logic symbols.

Definition 3.4 (Theory-specific language). Given a language LΣ(X), where Σ := ⟨FS, PS⟩,
the theory-specific language, tsl(LΣ(X)), is the set of atomic formulas of LΣ(X).
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We, now, present three definitions involving variables on terms and formulas.

Definition 3.5 (Variables of a term). Given a set of terms TmΣ(X) and a t ∈ TmΣ(X),

the set of variables V ar(t) of t is inductively defined as:

• V ar(c) = ∅ if c is a constant symbol.

• V ar(x) = {x} if x ∈ X.

• V ar(f(t1, . . . , tn)) =
⋃

1≤i≤n

V ar(ti) if f is a n-ary function symbol of the language

for any n > 0.

A term t is called closed if V ar(t) = ∅ and is called open otherwise.

Definition 3.6 (Variables of a formula). Given a language LΣ(X) and a φ ∈ LΣ(X),

we can inductively extend the definition of sets of variables to formulas via the following

clauses:

• V ar(p) = ∅ if p is a 0-ary predicate symbol of the language.

• V ar(p(t1, . . . , tn)) =
⋃

1≤i≤n

V ar(ti) if p ∈ PSn for any n > 0.

• V ar(¬φ) = V ar(φ).

• V ar(φ1 cφ2) = V ar(φ1) ∪ V ar(φ2) if c ∈ {∧,∨,→}.

• V ar((Qx)φ) = V ar(φ) ∪ {x} if Q ∈ {∀,∃}.

Definition 3.7 (Free variables). Given a language LΣ(X) and a φ ∈ LΣ(X), the set of

free variables, Free_var(φ), of φ is inductively defined as:

• Free_var(p) = ∅ if p is a 0-ary predicate symbol of the language.

• Free_var(p(t1, . . . , tn)) =
⋃

1≤i≤n

V ar(ti) if p ∈ PSn for any n > 0.

• Free_var(¬φ) = Free_var(φ).

• Free_var(φ1 c φ2) = Free_var(φ1) ∪ Free_var(φ2) if c ∈ {∧,∨,→}.

• Free_var((Qx)φ) = Free_var(φ) \ {x} if Q ∈ {∀, ∃}.
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A formula φ is called closed if Free_var(φ) = ∅ and is called open otherwise.

Next, we define the notion of substitution of a variable for a term on a formula. We

start by showing how a substitution of variables is defined, then we extend it to terms

and formulas.

Definition 3.8 (Substitution of variables). Given a set of terms TmΣ(X), a substitution

of TmΣ(X) is any function σTm : X → TmΣ(X).

Example 3.9. In this example, we define a substitution and a language that are used

to illustrate some of the remaining concepts of this subsection. Let Σ := ⟨FS, PS⟩ be a

signature defined as:

• The only constant symbol of Σ is “cs”.

• The only unary function symbol of Σ is “fs”.

• FSi is empty for any i ≥ 2.

• The only unary predicate symbol of Σ is “Ps”.

• PSi is empty for any i ̸= 1.

In the remainder of this subsection, we refer to the language LΣ(X) as Ls.

Now, we define a substitution σ of TmΣ(X) as:

• σ(x) = cs.

• σ(y) = fs(cs).

• σ(z) = fs(fs(cs)) for any z ∈ X \ {x, y}.

Definition 3.10 (Substitution on terms). Given a substitution σTm on TmΣ(X), we

recursively extend the definition of substitution to terms by:

• σTm(c) = c if c is a constant symbol.

• σTm(f(t1, . . . , tn)) = f(σTm(t1), . . . , σ
Tm(tn)) if f is a n-ary function symbol of the

language for any n > 0.

Definition 3.11. Given a substitution σTm on TmΣ(X) and a set V ar ⊆ X, the sub-

stitution σTm
V ar on TmΣ(X) is defined as σTm

V ar(x) = x if x ∈ V ar and σTm
V ar(y) = σTm(y)

otherwise.
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Consider the substitution σ from Example 3.9. For a set V ar = {x}, we have that

σTm
V ar(x) = x and σTm

V ar(y) = σTm(y) = fs(cs).

Definition 3.12 (Substitution on formulas). Given a substitution σTm
V ar on TmΣ(X), we

recursively define σL : LΣ(X)× 2X → LΣ(X) by:

• σL(p, V ar) = p if p is a 0-ary predicate symbol of the language.

• σL(p(t1, . . . , tn), V ar) = p(σTm
V ar(t1), . . . , σ

Tm
V ar(tn)) if p ∈ PSn for any n > 0.

• σL(¬φ, V ar) = ¬σL(φ, V ar).

• σL(φ1 c φ2, V ar) = σL(φ1, V ar) c σL(φ2, V ar) if c ∈ {∧,∨,→}.

• σL((Qx)φ, V ar) = (Qx)σL(φ, V ar ∪ {x}) if Q ∈ {∀,∃}.

We may refer to σL simply by σ. Moreover, we can use the notation φ(t1, . . . , tn) :=

σ(φ, ∅), where xi is the i-th free variable to appear in φ considering its concrete represen-

tation and σTm(xi) = ti for each 1 ≤ i ≤ n. Recall that the concrete representation of a

formula is the representation of its symbols in a sequence.

Using the substitution σ and the language Ls from Example 3.9, by the previous

definition, we have that σLs((∀x)(Ps(x)→ Ps(y)), ∅) = (∀x)(σLs(Ps(x)→ Ps(y), {x})) =
(∀x)(σLs(Ps(x), {x})→ σLs(Ps(y), {x})) = (∀x) (Ps(σ

Tm
{X}(x))→ Ps(σ

Tm
{X}(y))) = (∀x)(Ps(x)

→ Ps(fs(cs))). Thus, σLs((∀x)(Ps(x) → Ps(y)), ∅) = (∀x)(Ps(x) → Ps(fs(cs))). In other

words, substitutions do not affect quantifications.

Now, let σ be an arbitrary substitution and d be a constant symbol. If φ := (∀x)(P (x)→
P (y)), then φ(d) = (∀x)(P (x)→ P (d)).

Definition 3.13 (Unifiable closed formulas). Given a language LΣ(X) and a formula

φ ∈ LΣ(X), we define the set Unif(φ) of unifiable closed formulas of φ as:

• Unif(φ) := {φ} if φ contains no free variables.

• Unif(φ) := {ψ ∈ LΣ(X) |ψ is a closed formula and there exists t1, . . . , tn ∈ TmΣ(X)

such that ψ = φ(t1, . . . , tn)} if φ contains n free variables.

For the language Ls from Example 3.9, we have that Unif(Ps(y)) = {P (cs), P (fs(cs)),
P (fs(fs(cs))), . . . }.
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Definition 3.14 (Subformulas). Given a language LΣ(X) and a formula φ ∈ LΣ(X), we

recursively define the set of subformulas Subf(φ) of φ as:

• Subf(p) = {p} if p is a 0-ary predicate symbol of the language.

• Subf(p(t1, . . . , tn)) = Unif(p(t1, . . . , tn)) if p ∈ PSn for n > 0.

• Subf(¬φ) = Unif(¬φ) ∪ Subf(φ). In this case, we say that ψ is an immediate

subformula of ¬φ if ψ ∈ Unif(φ).

• Subf(φ1 cφ2) = Unif(φ1 cφ2)∪Subf(φ1)∪Subf(φ2) if c ∈ {∧,∨,→}. In this case,

we say that ψ is an immediate subformula of φ1 cφ2 if ψ ∈ Unif(φ1) ∪ Unif(φ2).

• Subf((Qx)φ) = Unif((Qx)φ) ∪ Subf(φ) if Q ∈ {∀,∃}. In this case, we say that ψ

is an immediate subformula of (Qx)φ if ψ ∈ Unif(φ).

If ψ is a subformula of φ but not equal to φ, then ψ is said to be a proper subformula

of φ. Moreover, if ψ is a proper subformula of φ and is not a proper subformula of any

other subformula of φ, then ψ is a direct subformula of φ. Finally, if ψ is a subformula of

φ, we may also say that ψ occurs in φ.

Considering the language Ls from Example 3.9, we may say that Ps(fs(cs)) is a

proper subformula, but not a direct subformula of (Ps(fs(cs)) ∧ Ps(cs)) ∨ Ps(cs). How-

ever, Ps(fs(cs)) is a direct subformula of (Ps(fs(cs)) ∧ Ps(cs)) ∨ Ps(y) since Ps(fs(cs)) ∈
Unif(Ps(y)).

Definition 3.15 (Definitional theory). A definitional theory is a tuple Th := ⟨LΣ(X), Ax⟩,
such that LΣ(X) is a first-order language and Ax ⊆ LΣ(X) is a finite set of closed formulas

of LΣ(X) to which we refer as definitional axioms.

Now, we start presenting two examples of the definitional theories we are going to

explore in this work as case studies of our method. The presentation of these two defini-

tional theories is going to be finished only in Section 3.1.2, when we present a necessary

adjustment for them to work correctly for our proof-theoretical purposes.

Example 3.16. The first definitional theory we work with is the theory of sets. The

signature Σ := ⟨FS, PS⟩ is defined as:

• The only constant symbol of Σ is “∅”.
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• The only unary function symbols of Σ are “∁”, “fst” and “snd”.

• The only binary function symbols of Σ are “∪”, “∩”, “\”, “△”, “×”.

• FSi is empty for any i ≥ 3.

• The only binary predicate symbols of Σ are “∈”, “⊆”, and “⟩⟨”.

• PSi is empty for any i ̸= 2.

For all binary symbols, we adopt the infix notation and omit parentheses when there is no

chance of ambiguity. The set of definitional axioms Ax is given by the formulas presented

below:

• [ax∅] Definitional axiom for ∅: (∀x)(¬x ∈ ∅).

• [ax∁] Definitional axiom for ∁: (∀x, y)(x ∈ ∁(y)↔ ¬x ∈ y).

• [ax∪] Definitional axiom for ∪: (∀x, y, z)(x ∈ y ∪ z ↔ (x ∈ y ∨ x ∈ z)).

• [ax∩] Definitional axiom for ∩: (∀x, y, z)(x ∈ y ∩ z ↔ (x ∈ y ∧ x ∈ z)).

• [ax\] Definitional axiom for \: (∀x, y, z)(x ∈ y \ z ↔ (x ∈ y ∧ ¬x ∈ z)).

• [ax×] Definitional axiom for ×: (∀x, y, z)(x ∈ y × z ↔ (fst(x) ∈ y ∧ snd(x) ∈ z)).

• [ax△] Definitional axiom for △: (∀x, y, z)(x ∈ y△ z ↔ ((¬x ∈ y → x ∈ z) ∧ (x ∈
y → ¬x ∈ z))).

• [ax ⊆] Definitional axiom for ⊆: (∀x, y)(x ⊆ y ↔ (∀z)(z ∈ x→ z ∈ y)).

• [ax ⟩⟨] Definitional axiom for ⟩⟨: (∀x, y)(x ⟩⟨ y ↔ (∀z)¬(z ∈ x ∧ z ∈ y)).

The only definitional axiom in which the unary symbols fst and snd are present is in

[ax×]. Intuitively, we want x ∈ y× z to be the case when x is a pair (a, b) such that a ∈ y
and b ∈ z. To avoid axioms concerning pairs, we use fst to represent the first element of

a pair and snd to represent the second element of a pair.

Example 3.17. The second definitional theory is the definitional theory of numbers. The

signature Σ := ⟨FS, PS⟩ is defined as:

• The only binary function symbols of Σ are “+” and “·”

• FSi is empty for any i ̸= 2.
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• The only binary predicate symbols of Σ is “≈”, “|” and “≤”.

• PSi is empty for any i ̸= 2.

Again, we adopt infix notation for binary symbols and omit parentheses when there

is no chance of ambiguity. The set of definitional axioms Ax is given by the formulas

presented below:

• [ax+com] Definitional axiom of the commutativity of +: (∀x, y, z)(x ≈ y + z → x ≈
z + y).

• [ax+inv] Definitional axiom of the inverse of +: (∀x, y, z)(x+ y ≈ x+ z → y ≈ z).

• [ax+cong] Definitional axiom of the congruentiality of ≈ with respect to +:

(∀x,w, y, z)((x ≈ w ∧ y ≈ z)→ (x+ y ≈ w + z)).

• [ax·com] Definitional axiom on the commutativity of ·: (∀x, y, z)(x ≈ y · z → x ≈ z ·
y).

• [ax·inv] Definitional axiom of the inverse of ·: (∀x, y, z)(x · y ≈ x · z → y ≈ z).

• [ax·cong] Definitional axiom on the congruentiality of ≈ with respect to ·: (∀x,w, y, z)
((x ≈ w ∧ y ≈ z)→ (x · y ≈ w · z)).

• [ax ≤] Definitional axiom for ≤: (∀x, y)(x ≤ y ↔ (∃z)(y ≈ x+ z)).

• [ax |] Definitional axiom for |: (∀x, y)(x | y ↔ (∃z)(y ≈ x · z)).

One could wonder where does these definitional axioms come from. They are formu-

lated so we are able to derive a fragment of theorems from branches of Mathematics with

educational interest, as Set Theory and Number Theory are. But why the definitional ax-

iom for × is not the formula (∀x1, x2, y, z)((x1, x2) ∈ y× z ↔ (x1 ∈ y ∧ x2 ∈ z))? Or why

the definitional axiom on the commutativity of + is not defined as (∀x, y)(x+y ≈ y+x)?

As we detail in Chapter 4, the notion of comparability between proofs we provide is based

on the isomorphism of proofs that do not contain logical symbols. Such proofs, in turn,

are constructed using rules extracted from these definitional axioms. By describing def-

initional axioms whose atomic subformulas are isomorphic, we are more likely to have

isomorphisms between the proofs.
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3.1.2 Deduction

In this study, the deductive system we work with is a system proposed by D’Agostino

and Mondadori in [7, 8], which we refer to as cut-based tableaux. Cut-based tableaux were

proposed as an alternative to Smullyan’s tableaux [24] having one of the motivations

the fact that the latter are not generally as computationally efficient as truth-tables.

The witnesses of this inefficiency are what D’Agostino and Mondadori define as truly fat

tautotlogies, formulas of size n whose propositional variables are of order log(n).

To exemplify this, consider the set of propositional variables1 Pk := {P1, . . . , Pk}.
A formula in the set D(Pk) is a disjunction of literals2 such that either Pi or ¬Pi is a

subformula of D(Pk) for any i ∈ {1, . . . , k}. Finally, the truly fat formula F (Pk) is defined

as the conjuction of all 2k possible formulas from D(Pk). For P2, the formula F (P2) is

(P1∨P2)∧ (P1∨¬P2)∧ (¬P1∨P2)∧ (¬P1∨¬P2). In this case, while one can verify that Pk

is a tautology with a truth-table of 2k lines, a Smullyan’s tableau with k! branches would

be necessary to accomplish this verification. Such inefficiency was found to be caused by

the redundancy that bifurcations introduce in the construction of a tableau proof. The

solution proposed, as we present in Definition 3.21, was to reformulate the rules about

the logical connectives and only allow bifurcations via the application of an analytic form

of cut.

The approach used in cut-based tableaux to overcome the computational flaw in

Smullyan’s tableaux might be replicated in other deductive systems, such as natural de-

duction. However, we decided to adopt tableaux as the formalism to address the problem of

generating conjectures with a comparable level of proving complexity due to its advantage

in supporting the extraction of countermodels for refutable conjectures, as in [24]. Despite

the scope of this work being provable conjectures, we aim to adapt our methodology also

to refutable conjectures in a future work.

Before setting the definitions about tableaux, we first present an important definition

concerning the connection between informal and formal proofs. In informal mathematical

proof practice, we usually introduce names for objects that will no longer be necessary

when a proof is finished and hence are not part of the formal language employed in that

proof. For example, if the goal is to prove that a unary property P holds for every object

of a context C, we start the proof by writing “Let x be an arbitrary object of C” and

proceed by proving that P holds for x. In formal proofs we are about to present, the name
1In first-order logic, a propositional variable may be treated as a 0-ary predicate symbol.
2A literal is a formula that is either a propositional variable or the negation of a propositional variable.
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of such an “x” is called a parameter and we treat it as a constant symbol so, in semantics,

interpretation structures alone suffice to provide the meaning of formulas containing no

quantifiers.

Definition 3.18 (Parameters). Given a language LΣ(X), a set of parameters Par for

LΣ(X) is a countable set of constant symbols that are not constant symbols of Σ. In the

examples of formal proofs that we present, parameters are denoted by pi, where i ∈ N.

We use LPar
Σ (X), where Σ := ⟨FS, PS⟩, to denote the language in which the parameters

of Par are also considered as constant symbols. When there is no risk of ambiguity, we

also denote LPar
Σ (X) simply by LΣ(X).

Now, the presentation of the definitional theory of sets and numbers that we started at

the end of 3.1.1 may be finished. In both cases, for a set of parameters Par, the language

of the definitional theories is LPar
Σ (X) instead of LΣ(X).

Definition 3.19 (Tableau nodes). In our tableaux trees, the nodes should be of one of

the two types:

• Signed formulas: First-order formulas preceded either by a “+” sign (positive node)

or by a “−” sign (negative node). In [7, 8], “t” and “f ” are used instead of, respec-

tively, “+” and “−”.

• Fresh parameter expressions: Expressions in the format “Fresh pi” to emphasize

that the parameter pi is not used in any formula of any node above in that branch.

We refer to these nodes as “fresh parameter nodes”.

Definition 3.20 (Conjugate signed formulas). Given a signed formula sf , we refer to

the sign of sf by sign(sf) and the formula of sf by fmla(sf). Two signed formulas sf1
and sf2 are conjugates (or sf1 is the conjugate of sf2) if sign(sf1) ̸= sign(sf2) and

fmla(sf1) = fmla(sf2). The conjugate of a signed formula sf may be denoted as sf c. A

contradiction, then, will be raised in a branch whenever there are two conjugate signed

formulas on it and such branch closes.

Let φ1 and φ2 be two first-order formulas. Then, the signed formulas +φ1 ∧ φ2

−φ1 ∧ φ2 are conjugate signed formulas.

Definition 3.21 (Expansion rules). The following expansion rules are the ones presented

in [7]:
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Negation rules

+¬φ
−φ +¬E −¬φ

+φ −¬E
+φ
−¬φ +¬I −φ

+¬φ −¬I

Disjunction rules

+φ1 ∨ φ2

−φ1

+φ2
+∨E1

+φ1 ∨ φ2

−φ2

+φ1
+∨E2

−φ1 ∨ φ2

−φ1

−φ2

−∨E

+φ1

+φ1 ∨ φ2
+∨I1

+φ2

+φ1 ∨ φ2
+∨I2

−φ1

−φ2

−φ1 ∨ φ2
−∨I

Conjunction rules

−φ1 ∧ φ2

+φ1

−φ2
−∧E1

−φ1 ∧ φ2

+φ2

−φ1
−∧E2

+φ1 ∧ φ2

+φ1

+φ2

+∧E

−φ1

−φ1 ∧ φ1
−∧I1

−φ2

−φ1 ∧ φ1
−∧I2

+φ1

+φ2

+φ1 ∧ φ2
+∧I

Implication rules

+φ1 → φ2

+φ1

+φ2
+→ E1

+φ1 → φ2

−φ2

−φ1
+→ E2

−φ1 → φ2

+φ1

−φ2

−→ E

−φ1

+φ1 → φ2
+→ I1

+φ2

+φ1 → φ2
+→ I2

+φ1

−φ2

−φ1 → φ2
−→ I

Quantifier rules

+(∀x)φ
+φ(y)

+∀E
− (∀x)φ
Fresh pi
−φ(pi)

−∀E
+(∃x)φ
Fresh pi
+φ(pi)

+∃E − (∃x)φ
−φ(y) −∃E

Cut rule

+φ
∣∣−φ cut

φ is a subformula of a formula in a node

above the application of the cut rule

We may refer to this set of rules as CB, which stands for “cut-based”. For every rule,

the nodes above the bar, when it is the case, are the premises of the rule and the nodes

below the bar are the conclusions of the rule. If a rule r contains n premises, we may refer
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to it as a n-premise rule. If r contains only one conclusion, we may refer to it as a single

conclusion rule, and as multiple conclusion rule otherwise.

It is worth mentioning that every expansion rule r is actually a schema representing

all expansion rules that are instances of r. For example, consider a language having P , Q

and R as 0-ary predicate symbols. The two rules below are instances of +∨E1:

+¬P ∨ ¬Q
−¬P
+¬Q

+P ∨ (Q ∧R)
−P

+Q ∧R

To finish this definition, we have two comments:

1. Usually the cut rule is referred as PB (Principle of Bivalence). We adopt the ter-

minology cut instead due to is resemblance to the cut rule in Sequent Calculus.

Besides, the formula in the conclusion of a cut rule is referred as cut formula.

2. The introduction rules, labeled with I, are not necessary to reach completeness

with respect to the semantic notion of consequence we define in Subsection 3.1.3.

However, we consider these introduction rules to be part of CB because they play a

fundamental role in the procedure presented in Section 3.2.

Definition 3.22 (Uniform notation). Inspired by [24], we use uniform notation to refer

to signed formulas according to the role they play in CB expansion rules. This notation is

presented in Tables 1 to 4.

Unlike [24], we do not consider negated formulas as α-nodes. The reason for this is

that we want to treat negated formulas differently in the procedure described in Section

3.2.

α α1 α2

−φ1 ∨ φ2 −φ1 −φ2

+φ1 ∧ φ2 +φ1 +φ2

−φ1 → φ2 +φ1 −φ2

Table 1: Uniform notation for α-nodes

β β1 β2

+φ1 ∨ φ2 +φ1 +φ2

−φ1 ∧ φ2 −φ1 −φ2

+φ1 → φ2 −φ1 +φ2

Table 2: Uniform notation for β-nodes
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γ γ(y)
+(∀x)φ(x) +φ(y)
− (∃x)φ(x) −φ(y)

Table 3: Uniform notation for γ-nodes

δ Fresh δ(y)
− (∀x)φ(x) Fresh pi −φ(pi)
+ (∃x)φ(x) Fresh pi +φ(pi)

Table 4: Uniform notation for δ-nodes

Definition 3.23 (Positive and negative occurrences of a subformula on a signed formula).

Let sf be a signed formula having as formula φ and (Qx)ψ be a quantified subformula of

φ such that there is only a single occurrence of (Qx)ψ in φ. We say that the occurrence

of ψ in sf is negative when:

• φ = (Qx)ψ and sf = −φ.

• sf = +¬¬Φ and the occurrence of (Qx)ψ in +Φ is negative or, analogously, sf =

−¬¬Φ and the occurrence of (Qx)ψ in −Φ is negative.

• sf is an α signed formula and the occurrence of (Qx)ψ in either α1 or α2 is negative.

• sf is a β signed formula and the occurrence of (Qx)ψ in either β1 or β2 is negative.

• sf is a γ signed formula such that fmla(sf) = (Qy)Φ and the occurrence of (Qx)ψ

in Φ(y) is negative.

• sf is a δ signed formula such that fmla(sf) = (Qy)Φ and the occurrence of (Qx)ψ

in Φ(y) is negative.

If the occurrence of (Qx)ψ in sf is not negative, then it is positive.

Using the language of the definitional theory of sets from Example 3.16, we may

say that the occurrence of (∀z)(z ∈ x → z ∈ y) in +(∀x, y)((∀z)(z ∈ x → z ∈
y) → x ⊆ y) is negative. The reason for this is that − (∀z)(z ∈ x→ z ∈ y) is the

β1 for +(∀z)(z ∈ x→ z ∈ y)→ x ⊆ y and the occurrence of (∀z)(z ∈ x → z ∈ y) in

− (∀z)(z ∈ x→ z ∈ y) is negative.

Definition 3.24 (Application of a rule). Let T be a tree of signed formulas. If there are

nodes of T that are premises of a rule r of CB, then the application of r in T is the result

of adding the conclusion of r as the leaf node of T . In the case of cut, a branch is added
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to T and the two new leaf nodes are +φ and −φ, where φ is the cut formula of this

application.

Definition 3.25 (Tableaux). Given a finite set SF := {s1, . . . , sn} of signed formulas, a

CB-tableau for SF is inductively defined as follows:

• A branch containing exactly all nodes of SF is a CB-tableau for SF . We may refer

to this CB-tableau as the initial segment for SF .

• If T is a CB-tableau for SF and T∗ is the result of applying any of the rules of CB in

T, then T∗ is a CB-tableau for SF .

Definition 3.26 (Initial branch). Every CB-tableau starts with a single branch and might

be expanded to other branches via application of the cut rule. The nodes above the first

application of an expansion rule that creates another branch in a CB-tableau form the

initial branch of such tableau.

Definition 3.27 (Descendant nodes). A node n in a CB-tableau T is a descendant of a

node m if n was added to T as the result of applying a rule of CB having either m as

premise or a node m′ that is a descendant of m. In the first case, we may refer to n as a

direct descendant of m.

Definition 3.28 (Closed/open tableaux). A branch in a CB-tableau is closed if it contains

two conjugate signed formulas, and it is open otherwise. We extend these definitions to

CB-tableaux by stating that a CB-tableau is closed if all its branches are closed and it is

open otherwise.

Definition 3.29 (Tableau proofs). A CB-proof of a set of formulas ∆ := {δ1, . . . , δn} from

a set of formulas Γ := {γ1, . . . , γm} is a closed CB-tableau for P := {+ γ1, . . . ,+ γm,− δ1,
. . . ,− δn}. Then, ∆ is CB-provable from Γ if there is a CB-proof of ∆ from Γ. We denote

this by Γ ⊢CB ∆ and refer to it as the consequence relation induced by CB. Moreover, the

set P may be called CB-provable.

For any CB-provability relation Γ ⊢CB ∆, the set of signed formulas Γ is called the

antecedent of the relation and the set of signed formulas ∆ is the succedent of the relation.

In the antecedent and in the succedent of a CB-provability relation, we may replace

union symbols by commas. So, instead of writing Γ1 ∪ Γ2 ⊢CB ∆1 ∪∆2 for sets of signed

formulas Γ1,Γ2,∆1 and ∆2, we may write Γ1,Γ2 ⊢CB ∆1,∆2.
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Here is where the motivation to use the signed version of tableaux should be clear. In

the unsigned version of tableaux, the definition of a closed branch depends either on the

negation or on the atomic connectives ⊤ and ⊥, which we are not working with. Then,

by adopting unsigned tableaux, our objective to produce a proof system whose rules do

not contain logical symbols neither in their premises nor in their conclusions would be

infeasible.

During the process of constructing a tableau proof, we may apply some expansion

rules that, after finishing its construction, are realized to be not necessary to close it. In

what follows, we present some definitions about nodes, application of expansion rules and

CB-proofs regarding such detours.

Definition 3.30 (Clean proofs). Let P be a CB-proof of SF and n be a signed formula

node in a branch θ of P . We say that n is dispensable in P (and indispensable otherwise)

if there is no conjugate node of n in θ and no descendant node of n has a conjugate node

in θ. If a rule was either applied in a closed branch or it has added only dispensable nodes

in P , we say that this rule application is eliminable in P . Finally, if the set of dispensable

nodes of P are all in the initial CB-tableau for SF , then we say that P is a clean CB-proof.

For any non-clean CB-proof P , we refer to the result P ′ of removing all dispensable node

of P that are not in the initial node as the clean CB-proof for P .

All the definitions from CB-trees to CB-provability depend on the set of expansion rules

CB. This allows us to adapt these definitions to any other set of expansion rules ER so

we can talk, for example, about ER-proofs.

In this study, every tableau proof is represented by a tree of 3-uples. The first compo-

nent is the index of the node, whose content is the second component. The third component

indicate the indices of the node(s) that justifies the addition of that node(s) in the tree.

In the representation of a CB-tree T for SF , if a node was added in T either by 0-premise

rule or because it is in SF , then the third component is left blank. If a branch is closed,

we add the symbol “⋇” at the end of the branch indicating the indices of the nodes that

justify such closure.

In Figure 2, we illustrate a CB-tableaux for a conjecture involving a definitional theory

whose language contains only the 0-ary predicate symbols P , Q, R and S. Both branches

in the CB-tableau T1 of Figure 2 are closed. Then, T1 represents a CB-proof of {¬S → ¬Q}
from {(P ∨ (Q ∨R))→ (S ∧ P )}.

In the remainder of this subsection, we present some lemmas that are helpful in
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(1) + (P ∨ (Q ∨R))→ (S ∧ P )
(2) −¬S → ¬Q

(3) +¬S (2)

(4) −¬Q (2)

(5) −S (3)

(6) +Q (4)

(7) +P ∨Q ∨R
(8) +S ∧ P (1), (7)

(9) +S (8)

⋇
(5) (9)

(10) −P ∨Q ∨R
(11) −P (10)

(12) −Q ∨R (10)

(13) −Q (12)

⋇
(6) (13)

Figure 2: A CB-proof for {+(P ∨ (Q ∨R))→ (S ∧ P ),−¬S → ¬Q}.

Section 3.2.

Definition 3.31 (Derivable rules). Let r1 the following rule, whose none of the conclusion

is a fresh parameter node:

prem1....
premn

conc1....
conm

r1

We say that r1 is derivable in a set of rules ER when the set {prem1, . . . , premn, conc
c
1,

. . . , conccm} is ER-provable (recall the notation for conjugate signed formulas in Definition

3.20). Moreover, for a rule r2, if r1 is derivable in ER∪{r2} and r2 is derivable in ER∪{r1},
we say that r1 and r2 are ER-interderivable or interderivable in ER.

These notions can be extended to sets of rules. A set or rules R is derivable in a set of

rules ER if every rule r ∈ R is derivable in ER. The notion of ER-interderivability is anal-

ogously extended. This concept of interderivability plays a central role in the procedure

presented in Section 3.2.

If two rules r1 and r2 are ER-interderivable, the intuition behind is that we have the

same deductive strength if we choose to add either r1 or r2 in ER. This is what we prove

in the following lemma.

Lemma 3.32. For any set of rules ER, and single conclusion rules r1 and r2 containing no

fresh parameter nodes, if r1 and r2 are ER-interderivable rules, then ⊢ER∪{r1}=⊢ER∪{r2}
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Proof. Let ER be a set of expansion rules and the rules r1 and r2 be single conclusion

rules containing no fresh parameter nodes such that r1 and r2 are ER-interderivable. The

rules r1 and r2 are specified as follows:

n1....
nn
p r1

m1....
mm
q r2

We refer to ER ∪ {r1} as ER1 and to ER ∪ {r2} as ER2.

⊆: Let L be a language and R, S ⊆ L such that R ⊢ER1 S, that is, there is an ER1-

proof P of S from R. By definition, there is a ER2-proof Q of {n1, . . . , nn, p
c}. We refer

to the result of removing the nodes of the initial segment of Q as Q∗.

Now, we show how we can construct an ER2-proof for S from R. If the rule r1 was

not applied in P , then P is already an ER2-proof. Otherwise, assume the tree below

represents a part of P in which the rule r1 was applied:

(1) n1

...

(n) nn

(n+ 1) p (1) . . . (n)

Then, we can do the following transformation:

(1) n1

...

(n) nn

(n+ 1) nn ∨ p (n)

(n+ 2) pc

Q∗

(n+ 3) p
...

The left branch is closed and, in the right branch, we replicate the steps of P . So, we

have an ER2-proof.

⊇: Similar.

Some of the rules extracted in the process presented in Section 3.2 do not have de-

ductive strength. To formally refer to them, we present the following definition.
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Definition 3.33 (Redundant rule). Let ER be a set of expansion rules and r be an

expansion rule. If r is derivable in ER, then we say that r is a redundant rule with respect

to ER. If r is derivable in any set of expansion rules, then we say that r is a general

redundant rule.

Lemma 3.34. Let Q be a quantifier and φ be a formula containing exactly one free

variable. Then, ⊢CB (Qx)φ(x)↔ (Qy)φ(y).

Proof. We present the proof for the universal quantifier and the proof for the existential

quantifier is similar.

(1) − (∀x)φ(x)↔ (∀y)φ(y)

(2) + (∀x)φ(x)→ (∀y)φ(y)
(3) − (∀y)φ(y)→ (∀x)φ(x) (1), (2)

(4) + (∀y)φ(y) (3)

(5) − (∀x)φ(x) (3)

(6) Fresh p1 (5)

(7) −φ(p1) (5)

(8) +φ(p1) (4)

⋇
(7) (8)

(9) − (∀x)φ(x)→ (∀y)φ(y)
(10) + (∀x)φ(x) (9)

(11) − (∀y)φ(y) (9)

(12) Fresh p1 (11)

(13) −φ(p1) (11)

(14) +φ(p1) (10)

⋇
(13) (14)

3.1.3 Semantics

As usual, to provide an interpretation to a formula, we start by fixing a non-empty

set, the domain, and we specify how every term of the language can be associated to an

element of the domain. This association is called denotation. Before showing how this

denotation can be constructed, we present three definitions.

Definition 3.35 (Interpretation structure). Given a first-order signature Σ := ⟨FS, PS⟩,
an interpretation structure IS for Σ is a pair ⟨D, I⟩, where D is a non-empty set called

the domain of the structure and I is a function called interpretation that associates:

• Every n-ary function symbol f ∈ FS to a function I(f) : Dn → D.

• Every n-ary relation symbol P ∈ PS to a relation I(P ) ⊆ Dn.



38

For an interpretation function I, instead of using the infix notation, we adopt the

postfix superscript notation f I to represent the denotation of the function symbol f

via I. For the case 0-ary predicate symbols, consider that D0 := {∅}.

Definition 3.36 (Assignment). Given an interpretation structure IS := ⟨D, I⟩, for a set

of variables X, an assignment for X over IS is defined as a function ρ : X → D.

Definition 3.37 (Model). Given a language LΣ(X), a model M for LΣ(X) is a pair

⟨IS, ρ⟩, where IS is an interpretation structure for Σ and ρ is an assignment for X over

IS.

Definition 3.38 (Denotation of terms). Given a language LΣ(X) and a model M :=

⟨IS, ρ⟩ for LΣ(X), where IS := ⟨D, I⟩, we recursively define the denotation function

J◦KM : TmLΣ(X) → D as follows:

• JxKM = ρ(x) if x ∈ X.

• JcKM = cI if c is a constant symbol of Σ.

• Jf(t1, . . . , tn)KM = f I(Jt1KM , . . . , JtnKM) if t1, . . . , tn ∈ TmLΣ(X) and f ∈ SFn, for

n > 0.

Definition 3.39 (Assignment variant). Given an interpretation structure IS := ⟨D, I⟩,
a set of variables X and two assignments ρ and ρ∗ for X over I, we say that ρ∗ is an

x-variant for ρ, where x ∈ X, if ρ∗(y) = ρ(y) for every y ∈ X \ {x}.

With the definitions of denotation and assignment variant, we are able to provide

meaning to formulas.

Definition 3.40 (Satisfiability relation). Let M be the class of all models. Given a

language LΣ(X), we recursively define the relation |= ⊆M× LΣ(X) as:

• M |= P iff ∅ ∈ P I , where P ∈ PS0.

• M |= P (t1, . . . , tn) iff (Jt1KM , . . . , JtnKM) ∈ P I , where P ∈ PSn for any n > 0.

• M |= ¬φ iff M |= φ does not hold.

• M |= φ1 ∧ φ2 iff both M |= φ1 and M |= φ2.

• M |= φ1 ∨ φ2 iff either M |= φ1 or M |= φ2.

• M |= φ1 → φ2 iff M |= φ1 implies that M |= φ2.
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• ⟨IS, ρ⟩ |= (∀x)φ iff ⟨IS, ρ∗⟩ |= φ for every x-variant ρ∗ of ρ.

• ⟨IS, ρ⟩ |= (∃x)φ iff ⟨IS, ρ∗⟩ |= φ for some x-variant ρ∗ of ρ.

When M |= φ, we say that “M satisfies φ” and, when M |= φ does not hold, we write

that M ̸|= φ.

For a set of formulas S, we say that a model M satisfies S when M satisfies all signed

formulas in S and this is denoted by M |= S. Then, we say that a set of signed formulas

is satisfiable if there is a model that satisfies it.

Definition 3.41 (Semantic consequence relation). Let L be a language and R, S ⊆ L.

We say that S semantically follows from R if, for every model M of L, M |= R implies

that M |= s for some s ∈ S. This is denoted as R |= S.

Fact 3.42 (See Section 3.6 of [7]). For every language L and R, S ⊆ L, R ⊢CB S iff R |= S.

In other words, ⊢CB is sound and complete with respect to |=.

Fact 3.43 (See Section 2.5 of [11]). Let φ and ψ∗ be formulas and ψ be a subformula of

φ. If |= ψ ↔ ψ∗ and φ∗ is the result of replacing ψ by ψ∗ in φ, then |= φ↔ φ∗.

3.2 First-order theory-specific cut-based tableaux

In this section, we aim to provide a set of rules that allows us to construct proofs whose

nodes do not contain logical symbols. For this, we provide a procedure that extracts a set

of what we call theory-specific rules TSTh from the axioms of a given definitional theory

Th. These rules (i) are linear, (ii) do not contain logical symbols and (iii) allow us to

construct proofs for theory-specific formulas from theory-specific formulas such that they

do not contain logical symbols in the formulas of their nodes.

The idea of providing inference rules that do not contain logical symbols is not a

novelty and it was already explored in [18]. In this work, the authors present a way

of translating closed first-order formulas in synthetic rules. However, besides not being

analytic, these rules are not cut-based.

The procedure that extract the theory-specific rules is presented in Subsection 3.2.4.

Before providing such procedure, we need to preprocess the definitional axioms. This is

what we demonstrate in Subsections 3.2.1 to 3.2.3. In Subsection 3.2.5, we present an

alternative notion of the cut rule of CB for the proofs constructed with the theory-specific

rules.
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3.2.1 Definitional axiom rules

Definition 3.44 (Definitional axiom rules). Given a definitional theory Th = ⟨L,Ax⟩,
for every ax ∈ Ax we can define a rule R(ax) as a 0-premise and single conclusion rule,

whose signed formula is + ax. Then, the set of definitional axiom rules of Ax is defined

as R(Ax) =
⋃

ax∈Ax

R(ax).

The rule R(ax) basically states that we can introduce the node + ax in any place of

a tableau tree. We use this fact to prove the following Lemma.

Lemma 3.45. Given a definitional theory Th := ⟨L,Ax⟩ and a set of expansion rules

ER, R ∪ Ax ⊢ER S iff R ⊢ER∪R(Ax) S for any R, S ⊆ L.

Proof. Let ER be a set of expansion rules, Th := ⟨L,Ax⟩ be a definitional theory and

R, S ⊆ L such that R = {r1, . . . , rn}, S = {s1, . . . , sm} and Ax = {ax1, . . . , axo}. In the

proof, we use ER1 to refer to the set ER ∪R(Ax).

⇒: Let P be an ER-proof of S from R ∪ Ax. The initial segment s1 of P is

(1) + r1...
(n) + rn

(n+ 1) − s1...
(n+m) − sm

(n+m+ 1) + ax1...
(n+m+ o) + axo

From this, we show how we can construct an ER1-proof of S from R. We start with

an initial segment s2 that has the same first n + m + o nodes of s1. Since the rules of

R(Ax) are 0-premise, we can expand s2 by applying all of its rules in such a way that the

result of the expansion is a segment s3 that is equal to s1. Now, we replicate the same

expansions of P in order to obtain the desired proof.

⇐: Let P be an ER1-proof of S from R. We show how we can transform P so it

becomes an ER-proof of S from R ∪ Ax.

Given an arbitrary ax ∈ Ax, there are two cases to consider: either R(ax) was used

somewhere in P or R(ax) was not used in P .
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• Case 1: Assume the rule R(ax) was used somewhere in P . Since R(ax) is a 0-premise

rule, it can be moved upwards and P remains an ER1-proof of S from R. For every

application of R(ax) in P , we move its conclusion, which is + ax, until it is the node

right below the node n in the tree. In case of multiple applications of R(ax), say

q, we may consider the direct descendants of n + o, where 1 < o ≤ q, to be the

direct descendants of n+1. Since the node n+1 is the same as the node n+ o, the

expansions that added the former direct descendants of n + o are still correct. In

the end, we remove all nodes from n+ 2 to n+ q.

• Case 2: If R(ax) was not used in P , we simply add the conclusion of R(ax) as the

node right below the node n.

Repeating this procedure to all definitional axioms of Ax, we have an ER1-proof Q

for S that has as its first nodes {+ r1, . . . ,+ rn,− s1, . . . ,− sm,+ ax1, . . . ,+ axo} in which

the only rules applied after these first nodes are from ER. By definition, Q is an ER-proof

of S from R ∪ Ax.

3.2.2 Prenex normal form

Recall that our definition of definitional axiom only states that they are closed for-

mulas. As it is going to be detailed in Theorem 3.74, the procedure of extraction lays

on the elimination of logical symbols of definitional axioms. Moving all quantifiers of a

definitional axiom to its beginning enables us to start by eliminating all quantifiers and

not having to worry about them along the procedure. For this, we present the prenex

normal form.

Definition 3.46 (Prenex normal form). A first-order formula φ is said to be in prenex

normal form (or PNF for short) if φ has the form SQψ, where SQ is a finite, and possibly

empty, sequence of quantifications and ψ is a formula containing no quantifiers.

Definition 3.47 (Variables named apart). A closed first-order formula φ has its variables

named apart if every variable is bound by a unique quantifier.

Considering a language containing one unary predicate P . The formula (∀x)P (x) ∨
(∃x)¬P (x) of this language does not have its variables named apart since the x is bound by

the universal and the existential. But the formula (∀x)P (x)∨ (∃y)¬P (y) has its variables

named apart.
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Fact 3.48 (See page 209 of [11]). Let φ and (Qx)ψ be formulas such that Q ∈ {∃,∀},
(Qx)ψ is a direct subformula of φ and the variables of φ are named apart. We can convert

φ into a formula φ∗ by using the rules described in the Table 5 such that |= φ↔ φ∗.

φ φ∗

¬(∀x)ψ (∃x)¬ψ
¬(∃x)ψ (∀x)¬ψ

(∀x)ψ ∧ ϕ (∀x)(ψ ∧ ϕ)
ϕ ∧ (∀x)ψ (∀x)(ϕ ∧ ψ)
(∃x)ψ ∧ ϕ (∃x)(ψ ∧ ϕ)
ϕ ∧ (∃x)ψ (∃x)(ϕ ∧ ψ)
(∀x)ψ ∨ ϕ (∀x)(ψ ∨ ϕ)
ϕ ∨ (∀x)ψ (∀x)(ϕ ∨ ψ)
(∃x)ψ ∨ ϕ (∃x)(ψ ∨ ϕ)
ϕ ∨ (∃x)ψ (∃x)(ϕ ∨ ψ)
(∀x)ψ → ϕ (∃x)(ψ → ϕ)
ϕ→ (∀x)ψ (∀x)(ϕ→ ψ)
(∃x)ψ → ϕ (∀x)(ψ → ϕ)
ϕ→ (∃x)ψ (∃x)(ϕ→ ψ)

Table 5: Ways to convert a formula with a proper quantified subformula into an equivalent
quantified formula

As a consequence of this fact and the Facts 3.42 and 3.43, we have the following

corollary:

Corollary 3.49. We can convert every formula φ into a formula φPNF in PNF such that

|= φ↔ φPNF .

The conversion of a formula φ into PNF is non-deterministic, as φmay have more than

one proper quantified subformula. When there are nested quantifications, we work from

the outside in. Otherwise, we give preference to choosing either existentially quantified

subformulas which occur positively or universally quantified subformulas which occur

negatively in +φ.

Example 3.50. In this example, we detail every step of the conversion of the definitional

axiom [ax ⊆] from Example 3.16 into prenex normal form.

The formula of the definitional axiom [ax ⊆] is (∀x, y)(x ⊆ y ↔ (∀z)(z ∈ x→ z ∈ y)).

Step 1: None of the conversions in Table 5 refer to formulas with bi-implications.

This is because the treatment for the quantifier is different depending on the side of the

implication it is. So, the first thing to do is to rewrite the bi-implication as the formula
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it abbreviates, a conjunction of implications: φ1 := (∀x, y)(((∀z)(z ∈ x → z ∈ y) → x ⊆
y) ∧ (x ⊆ y → (∀z)(z ∈ x→ z ∈ y))).

Step 2: The resulting formula of Step 1 does not have its variables named apart,

since z is bound by two different quantifications. So, what we do now is to pick one

of the quantified subformulas of φ1, say (∀z)(z ∈ x → z ∈ y), and convert it into

(∀w)(w ∈ x → w ∈ y). The result is φ2 := (∀x, y)(((∀w)(w ∈ x → w ∈ y) → x ⊆
y) ∧ (x ⊆ y → (∀z)(z ∈ x→ z ∈ y))). The equivalence between φ1 and φ2 holds because

of Lemma 3.34 and Facts 3.42 and 3.43.

Step 3: Now, we have two unnested quantifications. Then, the one we choose is

(∀w)(w ∈ x → w ∈ y) as it occurs negatively in +φ2. By using the conversion in

the 11th line and, after, the conversion in the 5th line of the Table 5, the result is

(∀x, y)(∃w)(((w ∈ x→ w ∈ y)→ x ⊆ y) ∧ (x ⊆ y → (∀z)(z ∈ x→ z ∈ y))).

Step 4: To finish, we use the conversion in the 12th line and, later, the conversion in

the 4th line of the Table 5 so we have (∀x, y)(∃w)(∀z)(((w ∈ x→ w ∈ y)→ x ⊆ y)∧ (x ⊆
y → (z ∈ x→ z ∈ y))), which is in PNF.

Do note that if we had skipped the procedure of making the variables named apart,

done in Step 2, we would have had two nested quantifiers binding the same variable in

the end.

Lemma 3.51. Let r1 and r2 be two rules in the following format such that φPNF is the

conversion of φ to PNF:

+φ
r1 +φPNF

r2

Then, ⊢CB∪{r1} = ⊢CB∪{r2}.

Proof. We prove that r1 and r2 are CB-interderivable. By Corollary 3.49, we have that

|= φ ↔ φPNF . Using the completeness of ⊢CB with respect to |=, it follows that ⊢CB
φ↔ φPNF . By definition, there is a CB-proof P for {−φ↔ φPNF}. Let P ∗ be the result

of removing the initial nodes of P . The tree below illustrates how r2 can be derived in

ER ∪ {r1}.
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(1) −φPNF

(2) +φ

(3) −φ→ φPNF (1), (2)

(4) −φ↔ φPNF (3)

P ∗

The other direction is similar.

Corollary 3.52. Given a definitional theory Th := ⟨L,Ax⟩,R ⊢CB∪R(Ax) S iffR ⊢CB∪R(Ax)PNF

S for any R, S ⊆ L, where R(Ax)PNF is the result of replacing every rule r ∈ R(Ax) hav-

ing a conclusion +φ by a 0-premise rule whose conclusion is +φPNF .

Proof. The proof follows immediately from Lemma 3.51

3.2.3 Skolemization

Different from all the rules in CB that are not 0-premise, rules for the elimination of

δ-nodes (recall Table 4) have a global character since we need to guarantee that the term

being instantiated is new in the proof. This character, in turn, may add complications

to the automatization of the proof procedure. The conclusions of the rules in R(Ax)PNF

may have positive occurrences of existentially quantified subformulas and this allows for

the application of elimination δ-node rules. In order to assure that we do not face such

an issue, we dedicate this subsection to showing how we can remove positive occurrences

of existentially quantified subformulas from the conclusion of the rules of R(Ax)PNF via

a process called skolemization.

Definition 3.53 (Skolemized signed formulas and rules). Let sf be a signed formula. We

say that sf is skolemized if it does not contain neither positive occurrences of existentially

quantified subformulas nor negative occurrences of universally quantified subformulas.

For a 0-premise single conclusion rule r1, we say that r1 is skolemized if its conclusion is

skolemized.

Fact 3.54. (See page 206 of [11]) Let ◦φ be a signed formula and (∃x)ψ be a formula

with positive occurrence in ◦φ such that Free_var((∃x)ψ) = {y1, . . . , yn}. Let s be an

n-ary function symbol that does not occur in φ. If φ∗ is the result of replacing (∃x)ψ by

ψ[x 7→ s(y1, . . . , yn)] in φ, then ◦φ∗ is satisfiable if and only if ◦φ is satisfiable.
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The result of Fact 3.54 also applies to negative occurrences of universally quantified

subformulas. However, we only need the result regarding positive occurrences of uni-

versally quantified subformulas since the formulas we treat are already in PNF. As an

immediate consequence of Fact 3.54, we have the following corollary:

Corollary 3.55. Any signed formula sf can be converted into a skolemized singed formula

sf skl such that sf is satisfiable if and only if sf skl is also satisfiable.

In order to guarantee that the skolemization works for any formula of every language

L of finite signature Σ, we must extend Σ to an infinite signature as there can be non-

skolemized formulas that contain all function symbols of Σ. For example, let be L be a

language and (∃x)φ ∈ L such that φ contains all function symbols of L. Skolemization

could not be applied in +(∃x)φ since there is no function symbol of L that does not

occur in φ as it is required. Additionally, if we want to skolemize a signed formula sf ,

the arity of the first function symbols utilized in the procedure depends on the amount

of universal quantifications before the first existential quantification in fmla(sf). Thus,

the signatures must be extended taking into account the need of symbols of any arity.

Definition 3.56 (Skolemized language). Given a signature Σ, Σskl is the result of adding

to Σ infinitely many skolemization function symbols sklji such that i, j ∈ N and sklji is

an i-ary function symbol. We refer to the language LΣskl(X) as simply Lskl.

The existence of multiple skolemization symbols for a given arity plays a key role in

the proof of Lemma 3.62.

Example 3.57. Let φ be the result of the PNF conversion of the definitional axiom [ax ⊆]
provided in Example 3.50. The result of skolemizing +φ is +(∀x, y, z)(((skl12(x, y) ∈ x→
skl12(x, y) ∈ y)→ x ⊆ y) ∧ (x ⊆ y → (z ∈ x→ z ∈ y))).

Definition 3.58 (Skolemized correspondent). We call two signed formulas sf1 and sf2

skolemized correspondents if sf2 is the result of converting sf1 into a skolemized signed

formula. Similarly, two 0-premise single conclusion rules r1 and r2 are skolemized corre-

spondent if their conclusions are skolemized correspondents.

The definition of definitional axioms should not be affected by the incorporation of

skolemization symbols in the language. So, for a definitional theory Th := ⟨Lskl, Ax⟩,
we say that the definitional axioms ax in Ax are closed formulas that do not contain

skolemization symbols.
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Do note that, in Fact 3.54, ◦φ and ◦φ∗ may be satisfied in different models. The

language of the model M that satisfies ◦φ may not contain the function s, while the

language of the model M∗ that satisfies ◦φ∗ must contain s. In this manuscript (as it is

usually done), we consider the model M∗ to be an extension of M in the sense that the

language of M does not contain s (and any other skolemization symbol) and the models

M and M∗ provide the same interpretation for the symbols of the language of M .

As well as PNF conversion, the skolemization procedure is non-deterministic, since a

signed formula might have more than one positive occurrence of an existentially quanti-

fied subformula. However, we introduce the skolemization procedure specifically to deal

with PNF conversions of definitional axioms. As a consequence, the occurrences of all

quantifiers are nested. Then, by working from outside in, the skolemization becomes de-

terministic.

In fact, all the definitional axioms we work with have at most one occurrence of

existentially quantified subformula. So, the determinism of this procedure would not be

threatened. We make this remark for the sake of generality of the proofs we are going to

present in what follows.

Given a set of definitional axioms Ax, from this point on, we refer to R(Ax)PNF as

RAx_PNF . Moreover, a set Rskl
Ax_PNF is the result of replacing every rule r ∈ RAx_PNF by

a skolemized correspondent.

In this subsection, we aim to prove that we can substitute the definitional axioms that

were converted to PNF by skolemized correspondents without affecting the consequence

relation induced by CB ∪ RAx_PNF when neither the formulas in the antecedent nor the

formulas in the succedent contain skolemization symbols. In other words, we want to

prove that, for any definitional theory Th := ⟨Lskl, Ax⟩, R ⊢CB∪RAx_PNF
S if and only if

R ⊢CB∪Rskl
Ax_PNF

S for any R, S ⊆ L. We prove the two directions separately.

Lemma 3.59. Let r1 and r2 be two rules in the following format, where n ≥ 0:

+(∀x1, . . . , xn)(∃y)φ
r1

+(∀x1, . . . , xn)φ[y 7→ sklin(x1, . . . , xn)]
r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1}⊆⊢ER∪{r2}.

Proof. We prove that r1 is derivable in ER∪{r2}. For the following tableau proof, consider

that Φ := φ[x1 7→ p1, . . . , xn 7→ pn]:
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(1) − (∀x1, . . . , xn)(∃y)φ
(2) Fresh p1 (1)

(3) − (∀x2, . . . , xn)(∃y)φ[x1 7→ p1] (1)

...

(2n) Fresh pn (2n− 1)

(2n+ 1) − (∃y)Φ (2n− 1)

(2n+ 2) + (∀x1, . . . , xn)φ[y 7→ sklin(x1, . . . , xn)]
...

(3n+ 1) +Φ[y 7→ sklin(x1, . . . , xn)] (3n)

(3n+ 2) −Φ[y 7→ sklin(x1, . . . , xn)] (2n+ 1)

⋇
(3n+1) (3n+2)

Lemma 3.60. Given a definitional theory Th := ⟨Lskl, Ax⟩, R ⊢CB∪RAx_PNF
S only if

R ⊢CB∪Rskl
Ax_PNF

S for any R, S ⊆ L.

Proof. Let r ∈ RAx_PNF . From the result of Lemma 3.59, we can conclude that r is

derivable in rskl ∪ ER, where CB ⊆ ER and rskl is the skolemized correspondent of r.

Thus, RAx_PNF is derivable in CB ∪Rskl
Ax_PNF .

We resort to the semantic notion of consequence presented in Subsection 3.1.3 to prove

the other direction.

Lemma 3.61. Given a definitional theory Th := ⟨Lskl, Ax⟩, R ∪ Ax |= S if and only if

R ⊢CB∪RAx_PNF
S for any R, S ⊆ L.

Proof. The proof follows immediatily from Fact 3.42 and Lemmas 3.45 and 3.52.

Lemma 3.62. Let Th := ⟨Lskl, Ax⟩ be a definitional theory, axskl be a skolemized corre-

spondent of a PNF conversion of some ax ∈ Ax and S ⊆ L such that S does not contain

any skolemization symbol of axskl. Then, S ∪Ax is satisfiable only if S ∪Ax ∪ {axskl} is

satisfiable.

Proof. Assume that S ∪ Ax is satisfiable. Then, there is a model M such that (i) M |=
S ∪ Ax. Now, let ax′ be a PNF conversion of some ax ∈ Ax. By Corollary 3.49, we have

that (ii) M |= ax ↔ ax′. From (i) and (ii), and using the Definition 3.40, we have that
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M |= ax′, that is, ax′ is satisfiable. Suppose that axskl is a skolemized correspondent of ax′.

Then, the Fact 3.54 and the assumpion that neither S nor Ax contain the skolemization

symbols of axskl allow us to conclude that axskl is satisfiable in a model M skl that extends

M . Thus, M skl |= S ∪ Ax ∪ {axskl}, that is, S ∪ Ax ∪ {axskl} is satisfiable.

Assume that we skolemize every conclusion of RAx_PNF with different skolemization

symbols. This enables us to prove the following Lemma by adopting the same reasoning

usually applied to prove the soundness of a tableaux with respect to a semantic notion of

consequence, as in [11] (Section 6.3) and [24] (Chapter 5).

Lemma 3.63. Given a definitional theory Th := ⟨Lskl, Ax⟩, R ⊢CB∪Rskl
Ax_PNF

S only if

R ∪ Ax |= S for any R, S ⊆ L.

Finally, we can prove the other direction of our goal.

Theorem 3.64. Given a definitional theory Th := ⟨Lskl, Ax⟩, R ⊢CB∪RAx_PNF
S if

R ⊢CB∪Rskl
Ax_PNF

S for any R, S ⊆ L.

Proof. The proof follows directly from Lemmas 3.61 and 3.63.

3.2.4 Extraction of theory-specific rules

In this subsection, we present the procedure that extracts the theory-specific rules of

a definitional theory. These rules are all single conclusion and we explain why in the end

of this subsection. However, as it is explained in Chapter 4, we apply some mechanisms

to enhance the performance of the procedure of extraction of minimal proofs that allow

them to behave as multiple conclusion rules.

We start by stating Lemmas that allow us to substitute rules contaning n logical

symbols in the formula of their conclusion to a rule containing n− 1 logical symbols.

Lemma 3.65. Let Th := ⟨L,Ax⟩ be a definitional theory and let r1 and r2 be two rules

in the following format, such that t is an arbitrary term of L:

+(∀x)φ
r1

+φ(t)
r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1}=⊢ER∪{r2}.
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Proof. Let ER be a set of rules such that CB ⊆ ER. We verify that r1 and r2 are ER-

interderivable.

r2 is derivable in ER ∪ {r1}:
(1) −φ(t)

(2) + (∀x)φ(x)
(3) +φ(t) (2)

⋇
(1) (3)

r1 is derivable in ER ∪ {r2}:
(1) − (∀x)φ
(2) Fresh p1 (1)

(3) −φ(p1) (1)

(4) +φ(p1)

⋇
(3) (4)

Lemma 3.66. Let r1 and r2 be two rules in the following format:

prem1....
premn

+¬φ r1

prem1....
premn

−φ r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1} = ⊢ER∪{r2}.

Proof. Let ER be a set of rules such that CB ⊆ ER. We verify that r1 and r2 are ER-

interderivable.

r2 is derivable in ER ∪ {r1}:
(1) prem1

. . .

(n) premn

(n+ 1) +φ

(n+ 2) +¬φ (1) . . . (n)

(n+ 3) −φ (n+ 2)

⋇
(n+1) (n+3)
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r1 is derivable in ER ∪ {r2}: The proof is similar, but instead of +¬E, we use −¬I
to close the branch.

Lemma 3.67. Let r1 and r2 be two rules in the following format:

prem1....
premn

−¬φ r1

prem1....
premn

+φ
r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1} = ⊢ER∪{r2}.

Proof. Similar to 3.66.

Recall the uniform notation presented in Tables 1 to 3. It is used in the Lemmas to

reduce the amount of Lemmas to be stated.

Lemma 3.68. Let r, r1 and r2 be three rules in the following format:

prem1....
premn

α r

prem1....
premn

α1
r1

prem1....
premn

α2
r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r} = ⊢ER∪{r1,r2}.

Proof. Let ER be a set of rules such that CB ⊆ ER. We verify that r and {r1, r2} are

ER-interderivable. We consider the case in which α := +φ1 ∧ φ2 and the other cases are

similar.

r1 is derivable in ER ∪ {r}:
(1) prem1

. . .

(n) premn

(n+ 1) −φ1

(n+ 2) +φ1 ∧ φ2 (1) . . . (n)

(n+ 3) +φ1 (n+ 2)

⋇
(n+1) (n+3)

r2 is derivable in ER ∪ {r}: Similar to the derivability of r1 in ER ∪ {r}.

r1 is derivable in ER ∪ {r1, r2}:
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(1) prem1

. . .

(n) premn

(n+ 1) −φ1 ∧ φ2

(n+ 2) +φ1 (1) . . . (n)

(n+ 3) +φ2 (1) . . . (n)

(n+ 4) +φ1 ∧ φ2 (n+ 2), (n+ 3)

⋇
(n+1) (n+4)

In Lemma 3.68, we could treat r1 and r2 as a single multiple conclusion rule rα, whose

premises would be prem1, . . . , premn and the conclusions would be α1 and α2. The rules

r and rα would be ER-interderivable and, as a consequence, we would have multiple

conclusion theory-specific rules. In the end of this Subsection, we detail what would be

the problem in considering an interderivability with such rα.

Still regarding Lemma 3.68, in the remainder of the document, we say that r2 is the

first ER-interderivable rule to r1 and r3 is the second ER-interderivable rule to r1. We

use the same terminology to the ER-interderivabilities of Lemmas 3.69 to 3.73.

Lemma 3.69. Let r, r1 and r2 be three rules in the following format:

prem1....
premn

β
r

prem1....
premn

βc
1

β2
r1

prem1....
premn

βc
2

β1
r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r} = ⊢ER∪{r1,r2}.

Proof. Let ER be a set of rules such that CB ⊆ ER. We verify that r and {r1, r2} are

ER-interderivable. We consider the case in which β := +φ1 ∨ φ2 and the other cases are

similar.

r1 is derivable in ER ∪ {r}:
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(1) prem1

. . .

(n) premn

(n+ 1) −φ1

(n+ 2) −φ2

(n+ 3) +φ1 ∨ φ2 (1) . . . (n)

(n+ 4) −φ1 ∨ φ2 (n+ 1)(n+ 2)

⋇
(n+3) (n+4)

r2 is derivable in ER ∪ {r}: Similar to the derivability of r1 in ER ∪ {r}.

r is derivable in ER ∪ {r1, r2}:

(1) prem1

. . .

(n) premn

(n+ 1) −φ1 ∨ φ2

(n+ 2) −φ1 (1) . . . (n)

(n+ 3) −φ2 (1) . . . (n)

(n+ 4) +φ2 (1) . . . (n), (n+ 2)

⋇
(n+3) (n+4)

In Lemma 3.69, do note that only r1 is necessary to prove that r is derivable in

ER ∪ {r1, r2}. A consequence of this Lemma is that we add redundant rules in the final

theory-specific rules. In Subsection 4.2.1, we show how these rules are removed based on

predefined criteria.

The next Lemmas, from 3.70 to 3.73, are analogous to the last four, from 3.66 to 3.69.

The difference is that they show how to substitute nodes in the premises of rules. Their

proofs are also very similar: we prove the derivability of rules by using their interderivable

rules and one linear rule of CB. The only difference is the Lemma 3.73, which we work in

detail.

Lemma 3.70. Let r1 and r2 be two rules in the following format:
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prem1....
premn
+¬φ
conc r1

prem1....
premn
−φ
conc r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1} = ⊢ER∪{r2}.

Lemma 3.71. Let r1 and r2 be two rules in the following format:

prem1....
premn
−¬φ
conc r1

prem1....
premn
+φ
conc r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1} = ⊢ER∪{r2}.

Lemma 3.72. Let r1 and r2 be three rules in the following format:

prem1....
premn
α
conc r1

prem1....
premn
α1
α2
conc r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r1} = ⊢ER∪{r2}.

Lemma 3.73. Let r, r1 and r2 be three rules in the following format:

prem1....
premn

β
conc r

prem1....
premn

β1
conc r1

prem1....
premn

β2
conc r2

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r} = ⊢ER∪{r1,r2}.

Proof. Let ER be a set of rules such that CB ⊆ ER. We verify that r and {r1, r2} are

ER-interderivable. We consider the case in which β := +φ1 ∨ φ2 and the other cases are

similar.

The proofs the r1 and r2 are derivable in ER∪{r} are similar to the proofs presented

in Lemmas from 3.66 to 3.69. So, we verify that r is derivable in ER ∪ {r1}:
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(1) prem1

. . .

(n) premn

(n+ 1) +φ1 ∨ φ2

(n+ 2) concc

B1 B2

B1: (n+ 3) +φ1

(n+ 4) conc (1) . . . (n), (n+ 3)

⋇
(n+2) (n+4)

B2: (n+ 5) −φ1

(n+ 6) +φ2 (n+ 1), (n+ 5)

(n+ 7) conc (1) . . . (n), (n+ 6)

⋇
(n+2) (n+7)

Theorem 3.74. For every definitional theory Th := ⟨Lskl, Ax⟩, there is a set of expansion

rules TsTh whose rules do not contain logic symbols neither in their premises nor in their

conclusions such that R ∪ Ax ⊢CB S if and only if R ⊢CB∪TsTh
S for any R, S ⊆ tsl(L).

Proof. Let Th := ⟨Lskl, Ax⟩ be a definitional theory. By Lemma 3.45, we know that,

when the set of definitional rules R(Ax) is added to CB, the conjectures that are CB-

provable using definitional axioms of Ax in their antecedents remain CB-provable without

the definitional axioms. Then, we convert the conclusions of the set of definitional rules

to PNF and, after this, skolemize them. The result is a set of rules TS0
Th such that, by

Lemmas 3.52, 3.60 and 3.64, R ∪ AX ⊢CB S iff R ⊢CB∪TS0
Th
S for any R, S ⊆ tsl(L).

We proceed by eliminating the logical symbols from the rules in TS0
Th.

Step 1: Elimination of universal quantifiers

Every formula φ that was skolemized after being converted in PNF has the format

(∀x1, . . . , xn)φ(x1, . . . , xn), where φ(x1, ..., xn) is not a quantified formula. Then, from

every r ∈ TS0
Th, we can use the ER-interderivability presented in Lemma 3.65 n times,

where n is the amount of universal quantifications in the beginning of the formula in the

conclusion of r, so as to extract a rule rprop whose formula in the conclusion is not a

quantified formula. When substituting every rule r in TS0
Th by rprop, we are left with the

set of rules we call Ts1Th.
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At Steps 2 and 3, we present two recursive procedures, in which we use some auxiliary

functions:

• conclusion: Returns the conclusion node of the rule given as input.

• premises: Returns a list of the nodes in the premises of the rule given as input.

• is_ts: Checks if the formula of a node given as input does not contain logical

symbols, that is, if it is theory-specific for some language.

• are_ts: Checks if the formulas of all nodes in a list given as input do not contain

logical symbols, that is, if they are theory-specific for some language.

• is_alpha: Checks if a node is an α-node.

• is_beta: Checks if a node is a β-node.

• lemma_x: Returns the ER-interderivable rule presented in Lemma x to the rule

given as input, x ∈ {3.66, 3.67, 3.70, 3.71, 3.72}.

• lemma_x.1: Returns the first ER-interderivable rule presented in Lemma x to the

rule given as input, where x ∈ {3.68, 3.69, 3.73}.

• lemma_x.2: Returns the second ER-interderivable rule presented in Lemma x to

the rule given as input, where x ∈ {3.68, 3.69, 3.73}.

Step 2: Elimination of propositional connectives in conclusion

For a rule r ∈ Ts1Th, the goal is to extract a set Ts2Th of CB-interderivable rules for

which the signed formulas in their conclusions contain only theory-specific formulas of L.

For this, we use the ER-interderivabilities stated in Lemmas 3.66 to 3.69 in the recursive

procedure presented in Algorithm 1.

At every conditional block inside the else of line 3, we make a recursive function call

passing as argument all rules that are CB-interderivable to the rule that is being processed

in that stage of the recursion. So, in the end, it is guaranteed that we have added a set

of rules that is CB-interderivable to the rule passed initially as input and for which the

conclusions do not have logical symbols.

Do note also that the amount of propositional connectives is always finite in the

formula in the conclusion of the rule provided as input. Since the ER-interderivabilities
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Algorithm 1 elim_connec_conc(rule)
1: if is_ts(conclusion(rule)) then
2: TsTh4 ← TsTh4 ∪ {rule}
3: else
4: if conclusion(rule) = +¬φ then
5: elim_connec_conc(lemma_3.66(rule))
6: end if
7: if conclusion(rule) = −¬φ then
8: elim_connec_conc(lemma_3.67(rule))
9: end if

10: if is_alpha(conclusion(rule)) then
11: elim_connec_conc(lemma_3.68.1(rule))
12: elim_connec_conc(lemma_3.68.2(rule))
13: end if
14: if is_beta(conclusion(rule)) then
15: elim_connec_conc(lemma_3.69.1(rule))
16: elim_connec_conc(lemma_3.69.2(rule))
17: end if
18: end if

presented in Lemmas 3.66 to 3.69 always reduce the amount of propositional connectives

in the nodes of the conclusion of the rule, this procedure always terminates.

If we apply this procedure to every rule in Ts1Th, we obtain a set of expansion rules

Ts2Th that is CB-interderivable to Ts1Th and whose formulas in the nodes of the conclusion

of their rules do not contain logical symbols.

Step 3: Elimination of propositional connectives in premises

Due to the CB-interderivable of Lemma 3.69, we might add rules in Ts2Th with premises

whose formulas contain propositional connectives. Now, for a rule r ∈ Ts2Th, the goal is

to extract a set TsTh of CB-interderivable rules for which the signed formulas in their

premises contain only theory-specific formulas of L. The difference here is that we may

have more than one premise with a formula containing logical symbols. So, we add a loop

in the recursive procedure presented in Algorithm 2, in order to process all premises.

The verification that this procedure terminates is similar to the one presented in Step

2. For the correctness, at every conditional block inside the for loop of line 4, we make

a recursive function call to all rules that are CB-interderivable to the rule that is being

processed in that stage of the recursion. So, in the end again, it is guaranteed that we have

added a set of rules that is CB-interderivable to the rule passed initially as input. Since we

do this to all premises, the formulas of all premise rules in TsTh are in the theory-specific

language of L.
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Algorithm 2 elim_connec_prem(rule)
1: if are_ts(premises(rule)) then
2: TsTh ← TsTh ∪ {rule}
3: else
4: for prem in premises(rule) do
5: if prem = +¬φ then
6: elim_connec_prem(lemma_3.70(rule))
7: end if
8: if prem = −¬φ then
9: elim_connec_prem(lemma_3.71(rule))

10: end if
11: if is_alpha(prem) then
12: elim_connec_prem(lemma_3.72(rule))
13: end if
14: if is_beta(prem) then
15: elim_connec_prem(lemma_3.73(rule))
16: elim_connec_prem(lemma_3.73(rule))
17: end if
18: end for
19: end if

Finally, after these 3 steps, we have a set of rules TsTh such that R∪Ax ⊢CB S if and

only if R ⊢CB∪TsTh
S for any R, S ⊆ tsl(L).

Definition 3.75 (Theory-specific tableaux). A theory-specific tableau is a tableau con-

structed only by signed formulas that do not contain logical symbols.

Now, we run the procedure of extraction of theory-specific rules for the definitional

theories of sets and numbers, respectively, from Examples 3.16 and 3.17.

Example 3.76 (Extraction of theory-specific rules for the theory of sets). In the remain-

der of this section, we refer to the result of this example as TSsets. First, as the result of

preprocessing the definitional axioms, we have the following rules:

Definitional theory preprocess:

+(∀x)(¬x ∈ ∅) + (∀x, y)(x ∈ ∁(y)↔ ¬x ∈ y) + (∀x, y, z)(x ∈ y ∪ z ↔ (x ∈ y ∨ x ∈ z))

+ (∀x, y, z)(x ∈ y ∩ z ↔ (x ∈ y ∧ x ∈ z)) + (∀x, y, z)(x ∈ y \ z ↔ (x ∈ y ∧ ¬x ∈ z))

+ (∀x, y, z)(x ∈ y × z ↔ (fst(x) ∈ y ∧ snd(x) ∈ z))

+ (∀x, y, z)(x ∈ y△ z ↔ ((¬x ∈ y → x ∈ z) ∧ (x ∈ y → ¬x ∈ z)))
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+(∀x, y, z)(((skl12(x, y) ∈ x→ skl12(x, y) ∈ y)→ x ⊆ y) ∧ (x ⊆ y → (z ∈ x→ z ∈ y)))

+ (∀x, y, z)((¬(skl22(x, y) ∈ x ∧ skl22(x, y) ∈ y)→ x ⟩⟨ y) ∧ (x ⟩⟨ y → ¬(z ∈ x ∧ z ∈ y)))

Then, we describe the result of each of the three steps of the extraction.

Step 1:

+¬x ∈ ∅ +x ∈ ∁(y)↔ ¬x ∈ y +x ∈ y ∪ z ↔ (x ∈ y ∨ x ∈ z)

+x ∈ y ∩ z ↔ (x ∈ y ∧ x ∈ z) +x ∈ y \ z ↔ (x ∈ y ∧ ¬x ∈ z)

+x ∈ y × z ↔ (x ∈ fst(y) ∧ x ∈ snd(z)) +x ∈ y△ z ↔ ((x ∈ y ∨ x ∈ z) ∧ ¬(x ∈ y ∧ x ∈ z))

+ ((skl12(x, y) ∈ x→ skl12(x, y) ∈ y)→ x ⊆ y) ∧ (x ⊆ y → (z ∈ x→ z ∈ y))

+ (¬(skl22(x, y) ∈ x ∧ skl22(x, y) ∈ y)→ x ⟩⟨ y) ∧ (x ⟩⟨ y → ¬(z ∈ x ∧ z ∈ y))

Step 2:

−x ∈ ∅

+x ∈ ∁(y)
−x ∈ y

−x ∈ ∁(y)
+x ∈ y

+¬x ∈ y
+x ∈ ∁(y)

−¬x ∈ y
−x ∈ ∁(y)

−x ∈ y
+x ∈ y ∪ z
+x ∈ z

−x ∈ z
+x ∈ y ∪ z
+x ∈ y

−x ∈ y ∪ z
−x ∈ y

−x ∈ y ∪ z
−x ∈ z

+x ∈ y ∨ x ∈ z
+x ∈ y ∪ z

−x ∈ y ∨ x ∈ z
−x ∈ y ∪ z

+x ∈ y ∩ z
+x ∈ y

+x ∈ y ∩ z
+x ∈ z

+x ∈ y
−x ∈ y ∩ z
−x ∈ z

+x ∈ z
−x ∈ y ∩ z
−x ∈ y

+x ∈ y ∧ x ∈ z
+x ∈ y ∩ z

−x ∈ y ∧ x ∈ z
−x ∈ y ∩ z

+x ∈ y \ z
+x ∈ y

+x ∈ y \ z
−x ∈ z

+x ∈ y
−x ∈ y \ z
+x ∈ z

−x ∈ z
−x ∈ y \ z
−x ∈ y

+x ∈ y ∧ ¬x ∈ z
+x ∈ y \ z

−x ∈ y ∧ ¬x ∈ z
−x ∈ y \ z
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+x ∈ y × z
+x ∈ fst(y)

+x ∈ y × z
+x ∈ snd(z)

+x ∈ fst(y)
−x ∈ y × z
−x ∈ snd(z)

+x ∈ snd(z)
−x ∈ y × z
−x ∈ fst(y)

+x ∈ fst(y) ∧ x ∈ snd(z)
+x ∈ y × z

−x ∈ fst(y) ∧ x ∈ snd(z)
−x ∈ y × z

−x ∈ y
+x ∈ y△ z
+x ∈ z

−x ∈ z
+x ∈ y△ z
+x ∈ y

+x ∈ y
+x ∈ y△ z
−x ∈ z

+x ∈ z
+x ∈ y△ z
−x ∈ y

+x ∈ y ∨ x ∈ z
−x ∈ y△ z
+x ∈ y

+x ∈ y ∨ x ∈ z
−x ∈ y△ z
+x ∈ z

+¬(x ∈ y ∧ x ∈ z)
−x ∈ y△ z
−x ∈ y

+¬(x ∈ y ∧ x ∈ z)
−x ∈ y△ z
−x ∈ z

+(x ∈ y ∨ x ∈ z) ∧ ¬(x ∈ y ∧ x ∈ z)
+x ∈ y△ z

− (x ∈ y ∨ x ∈ z) ∧ ¬(x ∈ y ∧ x ∈ z)
−x ∈ y△ z

+ z ∈ x
+x ⊆ y
+ z ∈ y

− z ∈ y
+x ⊆ y
− z ∈ x

−x ⊆ y

+ skl12(x, y) ∈ x
−x ⊆ y

− skl12(x, y) ∈ y

+ skl12(x, y) ∈ x→ skl12(x, y) ∈ y
+x ⊆ y

− z ∈ x→ z ∈ y
−x ⊆ y

+ z ∈ x
+x ⟩⟨ y
− z ∈ y

+ z ∈ y
+x ⟩⟨ y
− z ∈ x

−x ⟩⟨ y
+ skl22(x, y) ∈ x

−x ⟩⟨ y
+ skl22(x, y) ∈ y

+¬(skl22(x, y) ∈ x ∧ skl22(x, y) ∈ y)
+x ⟩⟨ y

−¬(z ∈ x ∧ z ∈ y)
−x ⟩⟨ y

Step 3:

−x ∈ ∅ −∅

+x ∈ ∁(y)
−x ∈ y +∁E

−x ∈ y
+x ∈ ∁(y)

−∁E −x ∈ ∁(y)
+x ∈ y +∁I

+x ∈ y
−x ∈ ∁(y)

−∁I

−x ∈ y
+x ∈ y ∪ z
+x ∈ z +∪E1

−x ∈ z
+x ∈ y ∪ z
+x ∈ y +∪E2

+x ∈ y
+x ∈ y ∪ z +∪I1

+x ∈ z
+x ∈ y ∪ z +∪I2

−x ∈ y ∪ z
−x ∈ y −∪E1

−x ∈ y ∪ z
−x ∈ z −∪E2

−x ∈ y
−x ∈ z
−x ∈ y ∪ z −∪I
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+x ∈ y ∩ z
+x ∈ y +∩E1

+x ∈ y ∩ z
+x ∈ z +∩E2

+x ∈ y
+x ∈ z

+x ∈ y ∩ z +∩I

+x ∈ y
−x ∈ y ∩ z
−x ∈ z −∩E1

+x ∈ z
−x ∈ y ∩ z
−x ∈ y −∩E2

−x ∈ y
−x ∈ y ∩ z −∩I1

−x ∈ z
−x ∈ y ∩ z −∩I2

+x ∈ y \ z
+x ∈ y +\E1

+x ∈ y \ z
−x ∈ z +\E2

+x ∈ y
−x ∈ z

+x ∈ y \ z +\I

+x ∈ y
−x ∈ y \ z
+x ∈ z −\E1

−x ∈ z
−x ∈ y \ z
−x ∈ y −\E2

−x ∈ y
−x ∈ y \ z −\I1

+x ∈ z
−x ∈ y \ z −\I2

+x ∈ y × z
+x ∈ fst(y) +×E1

+x ∈ y × z
+x ∈ snd(z) +×E2

+x ∈ fst(y)
+x ∈ snd(z)
+x ∈ y × z +×I

+x ∈ fst(y)
−x ∈ y × z
−x ∈ snd(z) −×E1

+x ∈ snd(z)
−x ∈ y × z
−x ∈ fst(y) −×E2

−x ∈ fst(y)
−x ∈ y × z −×I1

−x ∈ snd(z)
−x ∈ y × z −×I2

−x ∈ y
+x ∈ y△ z
+x ∈ z +△E1a

−x ∈ z
+x ∈ y△ z
+x ∈ y +△E1b

+x ∈ y
+x ∈ y△ z
−x ∈ z +△E2a

+x ∈ z
+x ∈ y△ z
−x ∈ y +△E2b

−x ∈ y
−x ∈ y△ z
−x ∈ z −△E1a

−x ∈ z
−x ∈ y△ z
−x ∈ z −△E1a′

−x ∈ z
−x ∈ y△ z
−x ∈ y −△E1b

−x ∈ y
−x ∈ y△ z
−x ∈ y −△E1b′

+x ∈ y
−x ∈ y△ z
+x ∈ z −△E2a

+x ∈ z
−x ∈ y△ z
+x ∈ z −△E2a′

+x ∈ z
−x ∈ y△ z
+x ∈ y −△E2b

+x ∈ y
−x ∈ y△ z
+x ∈ y −△E2b′

+x ∈ y
−x ∈ z

+x ∈ y△ z
+△ I1

+x ∈ y
−x ∈ y

+x ∈ y△ z
+△ I1′

+x ∈ z
−x ∈ y

+x ∈ y△ z
+△ I2

+x ∈ z
−x ∈ z

+x ∈ y△ z
+△ I2′

−x ∈ y
−x ∈ z
−x ∈ y△ z

−△ I1

+x ∈ y
+x ∈ z
−x ∈ y△ z

−△ I2

+ z ∈ x
+x ⊆ y
+ z ∈ y + ⊆ E1

− z ∈ y
+x ⊆ y
− z ∈ x + ⊆ E2

− skl12(x, y) ∈ x
+x ⊆ y

+ ⊆ I1
+ skl12(x, y) ∈ y

+x ⊆ y
+ ⊆ I2

−x ⊆ y

+ skl12(x, y) ∈ x
−⊆E1

−x ⊆ y

− skl12(x, y) ∈ y
−⊆E2

+ z ∈ x
− z ∈ y
−x ⊆ y

−⊆I

+ z ∈ x
+x ⟩⟨ y
− z ∈ y +⟩⟨E1

+ z ∈ y
+x ⟩⟨ y
− z ∈ x +⟩⟨E2

−x ⟩⟨ y
+ skl22(x, y) ∈ x

−⟩⟨E1

−x ⟩⟨ y
+ skl22(x, y) ∈ y

−⟩⟨E2
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− skl22(x, y) ∈ x
+x ⟩⟨ y +⟩⟨I1

− skl22(x, y) ∈ y
+x ⟩⟨ y +⟩⟨I2

+ z ∈ x
+ z ∈ y
−x ⟩⟨ y −⟩⟨I

Do note that the general redundant rules (recall Definition 3.33), as −△E1a′ and

+△ I1′ , are extracted. In Section 4.2, we present a procedure to remove these and other

redundant rules.

Example 3.77 (Extraction of theory-specific rules for the theory of numbers). In the

remainder of this section, we refer to the result of this example as TSnumbers. Again, we

start by presenting the result of preprocessing the definitional axioms, then, the result of

the three steps of the extraction are described:

Definitional theory preprocess:

+(∀x, y, z)(x ≈ y + z → x ≈ z + y) + (∀x, y, z)(x+ y ≈ x+ z → y ≈ z)

+ (∀x,w, y, z)((x ≈ w ∧ y ≈ z)→ (x+ y ≈ w + z))

+ (∀x, y, z)(x ≈ y · z → x ≈ z · y) + (∀x, y, z)(x · y ≈ x · z → y ≈ z)

+ (∀x,w, y, z)((x ≈ w ∧ y ≈ z)→ (x · y ≈ w · z))

+ (∀x, y, z)((x ≤ y → y ≈ x+ skl12(x, y)) ∧ (y ≈ x+ z → x ≤ y))

+ (∀x, y, z)((x | y → y ≈ x · skl22(x, y)) ∧ (y ≈ x · z → x | y))

Step 1:

+x ≈ y + z → x ≈ z + y +x+ y ≈ x+ z → y ≈ z

+(x ≈ w ∧ y ≈ z)→ (x+ y ≈ w + z)

+x ≈ y · z → x ≈ z · y +x · y ≈ x · z → y ≈ z

+(x ≈ w ∧ y ≈ z)→ (x · y ≈ w · z)

+ (x ≤ y → y ≈ x+ skl12(x, y)) ∧ (y ≈ x+ z → x ≤ y)



62

+(x | y → y ≈ x · skl22(x, y)) ∧ (y ≈ x · z → x | y)

Step 2:

+x ≈ y + z
+x ≈ z + y

−x ≈ z + y
−x ≈ y + z

+x+ y ≈ x+ z
+ y ≈ z

− y ≈ z
−x+ y ≈ x+ z

+x ≈ w ∧ y ≈ z
+x · y ≈ w · z

+x ≈ w
−x · y ≈ w · z
− y ≈ z

+ y ≈ z
−x · y ≈ w · z
−x ≈ w

+x ≈ y · z
+x ≈ z · y

−x ≈ z · y
−x ≈ y · z

+x · y ≈ x · z
+ y ≈ z

− y ≈ z
−x · y ≈ x · z

+x ≈ w ∧ y ≈ z
+x · y ≈ w · z

+x ≈ w
−x · y ≈ w · z
− y ≈ z

+ y ≈ z
−x · y ≈ w · z
−x ≈ w

+x ≤ y

+ y ≈ x+ skl12(x, y)

− y ≈ x+ skl12(x, y)

−x ≤ y

+ y ≈ x+ z
+x ≤ y

−x ≤ y
− y ≈ x+ z

+x | y
+ y ≈ x · skl22(x, y)

− y ≈ x · skl22(x, y)
−x | y

+ y ≈ x · z
+x | y

−x | y
− y ≈ x · z

Step 3:

+x ≈ y + z
+x ≈ z + y

++com
−x ≈ z + y
−x ≈ y + z

−+com

+x+ y ≈ x+ z
+ y ≈ z

++inv
− y ≈ z

−x+ y ≈ x+ z
−+inv
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+x ≈ w
+ y ≈ z

+x+ y ≈ w + z
++cong

+x ≈ w
−x+ y ≈ w + z
− y ≈ z

−+cong1

+ y ≈ z
−x+ y ≈ w + z
−x ≈ w

−+cong2

+x ≈ y · z
+x ≈ z · y +·com

−x ≈ z · y
−x ≈ y · z −·com

+x · y ≈ x · z
+ y ≈ z

+·inv
− y ≈ z

−x · y ≈ x · z −·inv

+x ≈ w
+ y ≈ z

+x · y ≈ w · z +·cong
+x ≈ w

−x · y ≈ w · z
− y ≈ z

−·cong1
+ y ≈ z

−x · y ≈ w · z
−x ≈ w

−·cong2

+x ≤ y

+ y ≈ x+ skl12(x, y)
+≤E −x ≤ y

− y ≈ x+ z −≤E

+ y ≈ x+ z
+x ≤ y

+≤I
− y ≈ x+ skl12(x, y)

−x ≤ y
−≤I

+x | y
+ y ≈ x · skl22(x, y)

+ |E −x | y
− y ≈ x · z − |E

+ y ≈ x · z
+x | y + | I

− y ≈ x · skl22(x, y)
−x | y − | I

As well as the rules from CB, presented in Definition 3.21, theory-specific rules are

also rule schemas. This is due the fact that Lemma 3.65 works for arbitrary terms of a

given language. So a rule such as −∅ represents all 0-premise rules having as conclusion

− t ∈ ∅ in which t is a term of the language of the theory of sets, described in Definition

3.16. Variables are the chosen terms of the theory-specific rules because we can resort to

the notion of substitution to talk about the application of these rules in tableaux.

To finish the presentation of extraction of theory-specific rules, we present a moti-

vational example for restricting theory-specific rules to be single conclusion. Let Th :=

⟨L,Ax⟩ be a definitional theory such that the only symbols of L are the unary predicate

symbols P , Q, R and S and the only definitional axiom of Ax is [axTh] (∀x)((P (x) ∨
Q(x)) ∧ (R(x) ∨ S(x))).

Among Lemmas from 3.65 to 3.73, the one that could be replaced so multiple con-

clusion theory-specific rules are extracted is the Lemma 3.68. We present an alternative

version for it and describe what would be the problem in adopting it.
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Lemma 3.78. Let r and rα be two rules in the following format:

prem1....
premn

α r

prem1....
premn

α1
α2

rα

For every set of rules ER such that CB ⊆ ER, ⊢ER∪{r} = ⊢ER∪{rα}.

Proof. The proof is almost similar to the proof of Lemma 3.68. So, we ommit the details.

By using the Lemma 3.78 instead of Lemma 3.68 in Algorithm 1, the extracted rules

for axTh would be:

−P (x)
−R(x)
+Q(x)
+S(x)

r1

−P (x)
−S(x)
+Q(x)
+R(x)

r2

−Q(x)
−R(x)
+P (x)
+S(x)

r3

−Q(x)
−S(x)
+P (x)
+R(x)

r4

Nevertheless, the definitional axiom rule for [axTh] and the set {r1, r2, r3, r4} are not

CB-interderivable. Before, providing a counterexample for this, recall that the introduction

rules of CB, labeled with I, can be removed from it and its deductive strength is yet

preserved. That is, if CBelim is the result of removing all introduction rules of CB, then

⊢CBelim=⊢CB.

Now, as a counterexample, take the set SF := {−P (p1),−Q(p1)}. SF is provable in

CB∪{[axTh]}, as it can be seen in the proof below, but not provable in CB∪{r1, r2, r3, r4}.
From the initial tableau for SF , there is no rule of CBelim ∪ {r1, r2, r3, r4} that could be

applied to expand it. So, SF is not provable in CBelim ∪ {r1, r2, r3, r4} and, hence, not

provable in CB ∪ {r1, r2, r3, r4}.

(1) −P (p1)
(2) −Q(p1)

(3) + (∀x)((P (x) ∨Q(x)) ∧ (R(x) ∨ S(x)))
(4) + (P (p1) ∨Q(p1)) ∧ (R(p1) ∨ S(p1) (3)

(5) +P (p1) ∨Q(p1) (4)

(6) +Q(p1) (1), (5)

⋇
(2) (6)
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The problem in adopting the interderivability of Lemma 3.78 is that, after using it, we

may end-up adding unnecessary premises. To conclude +Q(p1), for example, only −P (p1)
should suffice. Such issue occurs when the α1 and α2 of the α-node are β-nodes.

3.2.5 Cut rule in theory-specific tableaux

When the cut rule of CB is applied in a tableau, the cut formula must be a subformula

of a formula in a node above that application. In the case of theory-specific tableaux, such

restriction does not fit well since the formulas of the nodes in the tableaux do not contain

logical symbols. Then, we need to work with an alternative notion of analyticity.

Cut-based systems regulated by different notions of analyticity are not a novelty. In

[20], the authors present a cut-based tableau system for a logic of formal inconsistency,

the logic mCi [6], in which one of the rules has in the conclusion one formula that is not

a subformula of the formula in the premises. In this subsection, we present the cut rule

for theory-specific tableaux, cut′, an alternative version for the cut rule of CB in which the

analyticity is no longer regulated by the formulas in the tableaux, but rather by the rules

we have extracted from the definitional axioms.

For an arbitrary definitional theory Th := ⟨Lskl, Ax⟩, we refer to TSTh ∪ cut′ as

TScut
Th . We aim that the equivalence between R,Ax ⊢CB S and R,Ax ⊢TScut

Th
S, where

R, S ⊆ tsl(L), holds. We dot not provide a formal verification for this, but the intuition

is that in a proof for R,Ax ⊢CB S the set ∆ of cut formulas of interest are just the

subformulas of the definitional axioms of Ax. The set ∆, in turn, is represented exactly

by the premises and conclusions of the rules of TSTh.

Definition 3.79 (Main premise). Let r be a rule containing two or more premises. A

premise prem of r is said to be a main premise of r if the set of variables of all premises

of r is a subset of the set of variables of prem.

A rule may have premises without necessarily containing a main premise, as it is the

case of the rules +⊆ and +⟩⟨ in TSsets of Example 3.16, and the rules +·cong in TSnumbers

of Example 3.17. It does not happen in our case studies, but it might be the case that all

premises of a rule are main premises of it. This fact is important in the proof of Lemma

3.82.

Definition 3.80 (Co-premises). Let sf1 and sf2 be two signed formulas and ER be a

set of expansion rules. We say that sf1 and sf2 are co-premises in ER if there is a rule
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r ∈ ER such that r contains two or more premises and sf1 and sf2 can be two different

premises of r.

If sf1 is a main premise of r, then sf2 is said to be a minor co-premise of sf1 and sf1
a major co-premise of sf2.

Definition 3.81 (Cut rule for theory-specific tableaux). Let TSTh be a set of theory-

specific rules. The cut for a TSTh-tableau is defined as follows:

+φ
∣∣−φ cut′

Either +φ or −φ is a minor co-premise

in TSTh of a node n above

In the TScut
sets-proof of Figure 3, we have an application of cut′ to derive the nodes

(5) and (8). This application is correct because + p1 ∈ p2 ∪ p4 is a minor co-premise of

− p1 ∈ (p2 ∪ p4) ∩ (p3 ∪ p5) in TScut
sets.

(1) + p1 ∈ p2 ∩ p3
(2) − p1 ∈ (p2 ∪ p4) ∩ (p3 ∪ p5)

(3) + p1 ∈ p2 (1)

(4) + p1 ∈ p3 (1)

(5) + p1 ∈ p2 ∪ p4
(6) − p1 ∈ p3 ∪ p5 (2), (5)

(7) − p1 ∈ p3 (6)

⋇
(4) (7)

(8) − p1 ∈ p2 ∪ p4
(9) − p1 ∈ p2 (8)

⋇
(3) (9)

Figure 3: A TScut
sets-proof for {+ p1 ∈ p2 ∩ p3,− p1 ∈ (p2 ∪ p4) ∩ (p3 ∪ p5)}.

Theorem 3.82. Let TSTh be a set of theory specific rules and T be a TSTh-tableau. The

set of cut for T is finite.

Proof. Let TSTh be a set of theory specific rules and assume that {r1, . . . , rn} is the set of

rules of TSTh that have main premises. Now, let i ∈ N such that 1 ≤ i ≤ n. The amount

of premises of ri is defined as ni. Then, in the worst case, ri has ni minor co-premises,

that is, when all the premises of ri are main premises of it. Thus, the size of the cut for

T is
∑n

i=1 ni and, hence, finite.
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4 Automated generation of proof
exercises with a comparable level
of complexity

In this chapter, we present the central method of this study that automatically gener-

ates a set of proof exercises with a level of proving complexity that is identical to that of a

proof exercise given as input. In Section 4.1, using the background developed in Chapter

3, we provide the definitions which allow us to state when two proof exercises have a

comparable level of complexity. The method, described in Section 4.2, is divided into two

search procedures: search for minimal proof and search for proof-isomorphic sets of signed

formulas. Finally, in Section 4.3, we comment on how our method meets the challenges in

the state-of-the-art of AQG tools described in Chapter 2.

4.1 Complexity of proof exercises

The complexity of an exercise should reflect the effort put into solving it. So, to claim

that two proof exercises have a comparable level of complexity, we need to provide a

way of calculating how complex it is to prove a proof exercise. In this section, we begin

by explaining why the theory-specific proofs presented in Chapter 3 can be an adequate

alternative to translating informal proofs into formal ones. Then, we proceed by proposing

definitions regarding the proving complexity of a theory-specific proof which allows us

to state when two provable sets of signed formulas have a comparable level of proving

complexity.

4.1.1 Formalizing informal proofs

Novice students in higher Mathematics courses are usually educated into the practice

of proving theorems via informal proofs. They learn how to manipulate the givens and
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the goals of a theorem via proof strategies, sentences combining natural and mathemat-

ical languages. Such sentences are connected in order to construct a continuous text, an

informal proof, with no apparent mathematically rigorous structure. So, if we want to

state when two proof exercises have a comparable level of complexity, how do we provide

a method that precisely calculates the proving complexity of such apparent unstructured

objects? In what follows, we justify why the theory-specific proofs, developed in Section

3.2, can be an adequate alternative to translating informal proofs into formal ones. Via

the tree structure that formal proofs have, we can develop a method to calculate their

proving complexity, as we show in Subsection 4.1.2.

Commonly, students have their first touch with proofs without having any background

in formal Logic. As a consequence, the informal proofs they learn to construct frequently

keep hidden some of the logical steps behind the proof strategies employed. This is our

main argument in favor of adopting theory-specific proofs as a formal counterpart for

informal proofs. Take the example of the “element argument”, illustrated in Figure 4,

regarded as “the fundamental technique in proof technique of set theory” [10]:

Figure 4: Description of the “Element Argument” from [10].

This proof strategy is used without being necessary to make explicit what goes behind

the scenes: the inclusion is defined in terms of a quantified formula in prenex form whose

matrix is an implication of assertions involving the membership relation.

Another example of how the logic is put behind in informal proofs is presented in

the excerpt for a proof that two consecutive integers have opposite parity in Figure 5.

Formally speaking, what makes it possible to conclude that m+ 1 = 2k+ 1 from m = 2k

is the replacement axiom of equality for the sum, but this is not explicitly mentioned in

the proof.

The fact that logical steps are “frequently” kept hidden in informal proofs does not

mean they are always kept hidden. Now, check the example displayed in Figure 6 of a

proof that A ∩ B ⊆ A for all sets A and B. Do note that the role of the conjunction

in the definition of intersection is played by the particle “and” inside the red rectangle.
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Figure 5: A fragment of the proof that any two consecutive integers have opposite parity
from [10].

This is because, in this context, the definition of intersection is the one claiming that

“x ∈ X ∩ Y if and only if x ∈ X and x ∈ Y ”. Consider, however, an alternative definition

of intersection presented by the following list of three unidirectional statements:

1. If x ∈ X ∩ Y , then x ∈ X.

2. If x ∈ X ∩ Y , then x ∈ Y .

3. If x ∈ X and x ∈ Y , then x ∈ X ∩ Y .

In this example, one could also directly conclude that x ∈ A from the fact that

x ∈ A ∩B without making explicit the “and” correspondent to the conjunction.

Figure 6: A proof that that A ∩B ⊆ A for all sets A and B adapted from [10].

4.1.2 Comparability of complexity between proof exercises

If we adopt theory-specific proofs as a formal counterpart for informal proofs, what

would be the logical description of the statement of a proof exercise? Let E be a proof
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exercise. We can say that the theory-specific formulas of the givens of E form a set Γ :=

{γ1, . . . , γm} and the theory-specific formulas of the goal of E form a set ∆ := {δ1, . . . , δn}.
Then, the consequence statement Γ ⊢ ∆ and, hence, the set {+ γ1, . . . ,+ γm,− δ1, . . . ,− δn}
could be the logical description of E. In this subsection, aiming to be able to state when

two proof exercises have a comparable level of complexity, we provide a notion of compa-

rability of proving complexity between provable sets of theory-specific signed formulas.

Let ER be a set of theory-specific expansion rules for a definitional theory Th :=

⟨L,Ax⟩ and let SF1 and SF2 be two sets of theory-specific signed formulas of L that are

ER-provable. Intuitively, we want SF1 and SF2 to have a comparable level of proving

complexity when the minimal effort to prove both sets produces ER-proofs with the same

structure. Given an arbitrary set SF of theory-specific signed formulas of L, the strategy

we employ is to provide a function size from the set of ER-proofs for SF to the set of

natural numbers that captures the effort to construct an ER-proof for SF . With size, we

can compare ER-proofs for SF using the less-than relation on natural numbers. Then, we

are allowed to determine a set M of ER-proofs for SF that represents how complex it is

to prove SF by defining M as the set of minimal ER-proofs for SF via size. Finally, the

comparability of proving complexity between SF1 and SF2 is going to hold when there is

a minimal ER-proof for SF1 and a minimal ER-proof for SF that are isomorphic.

We start by defining the notion of isomorphism between proofs. To do so, we resort to

the tree structure that tableau proofs have so we can rely on the concept of isomorphism

between trees.

A precise definition of isomorphism between tableau proofs that expresses their de-

ductive similarity cannot depend only on the tree structure of the tableaux involved. This

should be evident by the comparison between the tableau proofs presented in Figure 7,

which are constructed using the set of rules extracted in the Example 3.76. In the remain-

der of this Subsection, we refer to these proofs, respectively, as P1 and P2. Despite both

tableaux P1 and P2 containing 6 nodes, they were constructed in slightly different ways:

we use one application of a 2-premise rule in P1, whereas we use none in P2; also, the

node at the level 3 of P2 is dispensable and P1 does not contain dispensable nodes. That

is why the formal definition of isomorphism between proofs we provide depends on two

different types of isomorphisms to be presented in what follows: between formulas and

between what we call justification trees.

Definition 4.1 (Syntactic isomorphism). Given a language L, two theory-specific for-

mulas φ1 and φ2 of L are syntactically isomorphic if the abstract representation of φ1 is
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(a)

(1) + p1 ∈ ∁p3 \ p2
(2) + p1 ∈ p2 ∪ p3
(3) + p1 ∈ ∁p3 (1)

(4) − p1 ∈ p2 (1)

(5) − p1 ∈ p3 (3)

(6) + p1 ∈ p3 (2), (4)

⋇
(5) (6)

(b)

(1) + p1 ∈ p2 ∩ (p3 ∩ (p4 ∩ p5))
(2) − p1 ∈ p5
(3) + p1 ∈ p2 (1)

(4) + p1 ∈ p3 ∩ (p4 ∩ p5) (1)

(5) + p1 ∈ p4 ∩ p5 (4)

(6) + p1 ∈ p5 (5)

⋇
(2) (6)

Figure 7: Tableau proofs (a) P1 for {+ p1 ∈ ∁p3 \ p2,+ p1 ∈ p2 ∪ p3} and (b) P2 for
{+ p1 ∈ p2 ∩ (p3 ∩ (p4 ∩ p5)),− p1 ∈ p5}.

isomorphic to the abstract representation of φ2 and the set of parameters and variables

of φ1 is equal to the set of parameters and variables of φ2. We extended this defini-

tion to signed formulas by saying that two signed formulas sf1 and sf2 are syntactically

isomorphic if fmla(sf1) and fmla(sf2) are syntactically isomorphic.

In Figure 8, we present the abstract representation of three theory-specific formulas

from the theory of sets: (a) and (b) are syntactically isomorphic, but they are not syntac-

tically isomorphic to (c), since the parameter p3 is present in both (a) and (b), but not

in (c).

(a)
⊆

p1 ∩

p2 p3

(b)
∈

p3 ∪

p1 p2

(c)
⊆

p1 ∪

p1 p2

Figure 8: Abstract representation of the formulas (a) p1 ⊆ p2 ∩ p3, (b) p3 ∈ p1 ∪ p3 and
(c) p1 ⊆ p1 ∪ p2.

If we did not impose the equality between the sets of parameters, a theory-specific

formula could have an infinite amount of syntactically isomorphic formulas. Hence, this

would not allow us to implement a procedure that searches for all syntactically isomorphic

formulas to a given formula as we do in Section 4.2.

Definition 4.2 (Justification tree). Let ER be a set of theory-specific rules for some

definitional theory. For a branch θ of an ER-proof P , we define the following tree J for θ:

• The root of J is a node whose content is the symbol ⋇ and the other nodes of J are
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nodes of θ.

• The children of the root node are the nodes that made the branch θ close in P . For

any other node n in J , their children in J are the nodes that justify the addition of

n to θ.

A tree such as J is called a justification tree for θ. Given an ER-proof P containing n

branches θ1, . . . , θn, if J1, . . . , Jn are, respectively, the justification trees for θ1, . . . , θn, we

can also say that J1, . . . , Jn are the justification trees for P .

When it is convenient, we represent the nodes of a justification by the indices of

the nodes in the tableau tree. In Figure 9, we present justification trees for P1 and P2,

presented in Figure 7. In the remainder of the section, we refer to the justification trees

for P1 and P2, respectively, as J1 and J2. Do note that the dispensable node of P2 is not

included in J2. We exclude dispensable nodes from justification trees, so they do not affect

the definition of minimal proofs to be provided later on.

(a)
⋇

(5) − p1 ∈ p3

(3) + p1 ∈ ∁p3

(1) + p1 ∈ ∁p3 \ p2

(6) + p1 ∈ p3

(2) + p1 ∈ p2 ∪ p3 (4) − p1 ∈ p2

(1) + p1 ∈ ∁p3 \ p2

(b)
⋇

(2) − p1 ∈ p5 (6) + p1 ∈ p5

(5) + p1 ∈ p4 ∩ p5

(4) + p1 ∈ p3 ∩ (p4 ∩ p5)

(1) + p1 ∈ p2 ∩ (p3 ∩ (p4 ∩ p5))

Figure 9: Justification trees (a) J1 for P1 and (b) J2 for P2.

Definition 4.3 (Deductive isomorphism between justification trees). Let θR and θL be

two branches of theory-specific tableau proofs. Given justification trees R for θR and L

for θL, we say that R and L are deductively isomorphic when there is an isomorphism

between R and L that preserves the syntactic isomorphism of their formulas.

In Figure 10, there is a proof for {+ p1 ∈ ∁(p2 ∩ p3),+ p1 ∈ p2△ p3,− p1 ∈ p2 ∪ p3}
and a justification tree for it that is deductively isomorphic to J1. In Figure 11, we

illustrate a proof for {+ p1 ∈ p4,− p1 ∈ ∁(p2 ∩ (p3 \ p4))} and its justification tree. Such

justification tree is isomorphic but not deductively isomorphic to J2, since − p1 ∈ ∁(p2 ∩
(p3 \ p4)) and − p1 ∈ p2 ∩ (p2 ∩ (p3 ∩ p4)) are not syntactically isomorphic signed

formulas.
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(1) + p1 ∈ ∁p2 ∩ p3
(2) + p1 ∈ p2△ p3
(3) − p1 ∈ p2 ∪ p3
(4) + p1 ∈ ∁p2 (1)

(5) − p1 ∈ p2 (4)

(6) − p1 ∈ p3 (3)

(7) + p1 ∈ p2 (2), (6)

⋇
(5) (7)

⋇

(5) − p1 ∈ p2

(4) + p1 ∈ ∁p2

(1) + p1 ∈ ∁p2 ∩ p3

(7) + p1 ∈ p2

(2) + p1 ∈ p2△ p3 (6) − p1 ∈ p3

(3) − p1 ∈ p2 ∪ p3

Figure 10: A proof for {+ p1 ∈ ∁p2 ∩ p3,+ p1 ∈ p2△ p3,− p1 ∈ p2 ∪ p3} and its justifica-
tion tree.

(1) + p1 ∈ p4
(2) − p1 ∈ ∁(p2 ∩ (p3 \ p4))
(3) + p1 ∈ p2 ∩ (p3 \ p4) (2)

(4) + p1 ∈ p3 \ p4 (3)

(5) − p1 ∈ p4 (4)

⋇
(1) (5)

⋇

(1) + p1 ∈ p4 (5) − p1 ∈ p4

(4) + p1 ∈ p3 \ p4

(3) + p1 ∈ p2 ∩ (p3 \ p4)

(2) − p1 ∈ ∁(p2 ∩ (p3 \ p4))

Figure 11: A proof for {+ p1 ∈ p4,− p1 ∈ ∁(p2 ∩ (p3 \ p4))} and its justification tree.

Definition 4.4 (Deductive isomorphism between proofs). Given a set of expansion rules

theory-specific rules ER for some definitional theory and two ER-proofs S and T whose

branches are respectively θS1 , . . . , θSn and θT1 , . . . , θTm , we say that S and T are deduc-

tively isomorphic if there is a one-to-one correspondence between the branches of S and

T mapping branches of the same size and whose justification trees are deductively iso-

morphic.

In Figure 12, we present a proof for {− p1 ∈ p2,+ p1 ∈ p5,+ p1 ∈ (p2 ∩ p3) ∪ (p4 \ p5)}
that is deductively isomorphic to the proof for {− p1 ∈ p4,+ p1 ∈ p3,+ p1 ∈ (p2 ∪ p3)\
(p4 \ p5)}, presented in Figure 13. Do note that, if we replace p3 in the tableau of Figure

13 by any other term of the language of the theory of sets, such tableau would be still a

proof for {− p1 ∈ p2,+ p1 ∈ p5,+ p1 ∈ (p2 ∩ p3) ∪ (p4 \ p5)} having justification trees that

are isomorphic to the justification trees Figure 12, but not deductively isomorphic to them.

This is the reason why we introduce the notion of deductive isomorphism using syntactic
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isomorphism. Otherwise, a proof could have infinite deductively isomorphic proofs and,

hence, search for them would be computationally infeasible. For the same reason, we

constrain the one-to-one correspondence between branches having the same size. Due to

this restriction, P1 and the proof presented in Figure 10 are not deductively isomorphic

even if their justification trees are deductively isomorphic, for instance.

(1) − p1 ∈ p2
(2) + p1 ∈ p5

(3) + p1 ∈ (p2 ∩ p3) ∪ (p4 \ p5)

(4) + p1 ∈ p2 ∩ p3
(5) + p1 ∈ p2 (4)

⋇
(1) (5)

(6) − p1 ∈ p2 ∩ p3
(7) + p1 ∈ p4 \ p5 (3), (6)

(8) − p1 ∈ p5 (7)

⋇
(2) (7)

⋇

(1) − p1 ∈ p2 (5) + p1 ∈ p2

(4) + p1 ∈ p2 ∩ p3

⋇

(2) + p1 ∈ p5 (8) − p1 ∈ p5

(7) + p1 ∈ p4 \ p5

(3) + p1 ∈ (p2 ∩ p3) ∪ (p4 \ p5) (6) − p1 ∈ p2 ∩ p3

Figure 12: A proof for {− p1 ∈ p2,+ p1 ∈ p5,+ p1 ∈ (p2 ∩ p3) ∪ (p4 \ p5)} and its two jus-
tification trees.

(1) − p1 ∈ p4
(2) + p1 ∈ p3

(3) − p1 ∈ (p2 ∪ p3) \ (p4 \ p5)

(4) + p1 ∈ p2 ∪ p3
(5) + p1 ∈ p4 \ p5 (3), (4)

(6) + p1 ∈ p4 (5)

⋇
(2) (7)

(7) − p1 ∈ p2 ∪ p3
(8) − p1 ∈ p3 (7)

⋇
(1) (5)

⋇

(1) − p1 ∈ p4 (6) + p1 ∈ p4

(5) + p1 ∈ p4 \ p5

(3) − p1 ∈ (p2 ∪ p3) \ (p4 \ p5) (4) + p1 ∈ p2 ∪ p3

⋇

(2) + p1 ∈ p3 (8) − p1 ∈ p3

(7) − p1 ∈ p2 ∪ p3

Figure 13: A proof for {− p1 ∈ p4,+ p1 ∈ p3,+ p1 ∈ (p2 ∪ p3) \ (p4 \ p5)} and its two jus-
tification trees.

Using the rules of Example 3.77, in Figures 14 and 15, we illustrate two proofs from

the theory of numbers that are deductively isomorphic. With the proof in Figure 14, we

can answer one of the questions we raise in the end of Subsection 3.1.1 about the way

the definitional axiom for the commutativity of + was formulated. If we define it as the

formula (∀x, y)(x + y ≈ y + x), it would not be possible to construct such proof for

SF1 := {+ p1 ≤ p2,+ p2 ≤ p3,− p1 ≤ p3}. To prove SF1, it would be necessary to add a

constant symbol 0 and add more definitional axioms stating its behaviour as the identity

of +.

Definition 4.5 (Size of proofs). Let ER be a set of theory-specific expansion rules for

some definitional theory. The size of a branch θ of an ER-proof is given by the amount

of nodes of its justification tree and the size of an ER-proof is given by the sum of the

sizes of its branches.

This definition of size of proof is the one we use to capture the effort to construct a

proof. The sizes, for instance, of the proofs P1 and P2 of Figure 7 and the one illustrated

in Figure 13 are, respectively, eight, six and ten.
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(1) + p1 ≤ p2
(2) + p2 ≤ p3
(3) − p1 ≤ p3

(4) + p3 ≈ skl12(p2, p3) + p2 (2)

(5) + p2 ≈ skl12(p1, p2) + p1 (1)

(6) + p2 ≈ p1 + skl12(p1, p2) (5)

(7) + (p2 + p3) ≈ (p1 + skl12(p1, p2)) + (skl12(p2, p3) + p2) (4), (6)

(8) + (p2 + p3) ≈ ((p1 + skl12(p1, p2)) + skl12(p2, p3)) + p2 (7)

(9) + (p2 + p3) ≈ p2 + ((p1 + skl12(p1, p2)) + skl12(p2, p3)) (8)

(10) + p3 ≈ (p1 + skl12(p1, p2)) + skl12(p2, p3) (9)

(11) + p3 ≈ p1 + (skl12(p1, p2) + skl12(p2, p3)) (10)

(12) + p3 ≈ (skl12(p1, p2) + skl12(p2, p3)) + p1 (11)

(13) − p3 ≈ (skl12(p1, p2) + skl12(p2, p3)) + p1 (3)

⋇
(12) (13)

⋇

(12)

(11)

(10)

(9)

(8)

(7)

(4)

(2)

(6)

(5)

(1)

(13)

(3)

Figure 14: A proof for {+ p1 ≤ p2,+ p2 ≤ p3,− p1 ≤ p3} and its justification tree.

(1) + p1 | p2
(2) + p2 | p3
(3) − p1 | p3

(4) + p3 ≈ skl22(p2, p3) · p2 (2)

(5) + p2 ≈ skl22(p1, p2) · p1 (1)

(6) + p2 ≈ p1 · skl22(p1, p2) (5)

(7) + (p2 · p3) ≈ (p1 · skl22(p1, p2)) · (skl22(p2, p3) · p2) (4), (6)

(8) + (p2 · p3) ≈ ((p1 · skl22(p1, p2)) · skl22(p2, p3)) · p2 (7)

(9) + (p2 · p3) ≈ p2 · ((p1 · skl22(p1, p2)) · skl22(p2, p3)) (8)

(10) + p3 ≈ (p1 · skl22(p1, p2)) · skl22(p2, p3) (9)

(11) + p3 ≈ p1 · (skl22(p1, p2) · skl22(p2, p3)) (10)

(12) + p3 ≈ (skl22(p1, p2) · skl22(p2, p3)) · p1 (11)

(13) − p3 ≈ (skl22(p1, p2) · skl22(p2, p3)) · p1 (3)

⋇
(12) (13)

⋇

(12)

(11)

(10)

(9)

(8)

(7)

(4)

(2)

(6)

(5)

(1)

(13)

(3)

Figure 15: A proof for {+ p1 | p2,+ p2 | p3,− p1 | p3} and its justification tree.

Definition 4.6 (Minimal proofs). Let ER be a set of theory-specific expansion rules for

a definitional theory Th := ⟨L,Ax⟩. Given a set of theory-specific signed formulas SF of

L, an ER-proof P for SF is minimal if there is no other ER-proof for SF whose size is

smaller than the size of P . The set of minimal proofs for a set of signed formulas is what

represents its proving complexity.

Now, we possess tools that allow us to formalize the notion of comparability of proving

complexity between sets of signed formulas.

Definition 4.7 (Comparable level of proving complexity). Let ER be a set of theory-

specific expansion rules for a definitional theory Th := ⟨L,Ax⟩. For any sets SF1 and SF2

of theory-specific signed formulas of L, we say that SF1 and SF2 have a comparable level

of proving complexity when there are:

(i) An ER-proof P1 for SF1 that is minimal and there is an ER-proof for SF2 that is
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also minimal such that P1 and P2 are deductively isomorphic and

(ii) A bijective correspondence between SF1 and SF2 mapping syntactically isomorphic

signed formulas with equal signs.

In this case, SF1 and SF2 are also said to be proof-isomorphic.

Recall that we use sets of signed formulas to represent a consequence relation that,

in turn, formally describes the statement of a proof exercise. The clause (ii) in Definition

4.7 is specified to guarantee that the structure of givens and goals of proof exercises

with a comparable level of complexity is preserved. In Figure 16, we present a proof for

{+ p1 ∈ p2 ∩ p3,− p1 ∈ p2} and a proof for {+ p1 ∈ p2\p3,− p1 ∈ p2} and their justification

trees. These proofs are minimal, since they are constructed with only one application

of expansion rule and there are no proofs with zero applications of expansion rules for

these sets of signed formulas. Moreover, the justification trees are deductively isomorphic.

Thus, {+ p1 ∈ p2 ∩ p3,− p1 ∈ p2} and {+ p1 ∈ p2 \ p3,− p1 ∈ p2} have a comparable level

of proving complexity.

(a)

(1) + p1 ∈ p2 ∩ p3
(2) − p1 ∈ p2
(3) + p1 ∈ p2 (1)

⋇
(2) (3)

⋇

(2) − p1 ∈ p2 (3) + p1 ∈ p2

(1) + p1 ∈ p2 ∩ p3
(b)

(1) + p1 ∈ p2 \ p3
(2) − p1 ∈ p2
(3) + p1 ∈ p2 (1)

⋇
(2) (3)

⋇

(2) − p1 ∈ p2 (3) + p1 ∈ p2

(1) + p1 ∈ p2 \ p3

Figure 16: (a) A proof for {+ p1 ∈ p2 ∩ p3,− p1 ∈ p2} and its justification tree and (b) a
proof for {+ p1 ∈ p2 \ p3,− p1 ∈ p2} and its justification tree.

4.2 Description of the procedure

Recall that we formally describe a proof exercise E by a set of signed formulas in which

the formulas with positive sign are the given of E and the formulas with negative sign

are the alternative goals of E. Given a definitional theory Th := ⟨L,Ax⟩, the procedure
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we provide for the automated generation of proof exercises with a comparable level of

complexity has as inputs a set of signed formulas (the logical description of the exercise)

of L and a set of theory-specific rules for Th. We, then, divide the procedure into two

main steps:

1. Search for minimal proofs, that represents the proving complexity of the exercise

given as input.

2. Search for proof-isomorphic sets of signed formulas. Each of these sets of signed

formulas represents the exercises with a comparable level of proving complexity to

that of the proof exercise whose logical description was given as input.

In the Figure 17, a diagram of the big picture of this procedure is illustrated.

Theory-specific
expansion rules

Set of
signed formulas

Search for
minimal
proofs

Search for
proof-isomorphic

sets of signed
formulas

Collection of
sets of signed

formulas

Figure 17: A diagram of the big picture of the generation of signed formulas with a
comparable level of complexity.

We start this Section in Subsection 4.2.1 by presenting a preprocessing procedure of

the theory-specific rules given as input to the main procedure. In Subsections 4.2.2 and

4.2.3, we present pseudocodes for the implementation of search procedures for minimal

proofs and for proof-isomorphic sets of signed formulas. Both search procedures were

designed using a brute force-like approach. Then, we also describe some strategies to

reduce their search spaces. A prototype implementation of this method was developed

and it is described in Appendix A.

4.2.1 Preprocessing of theory-specific rules

As it could be seen through Examples 3.76 and 3.77, the procedure that extracts

theory-specific rules, presented in Theorem 3.74, does not protect us from the extraction

of redundant rules. Remaining with these redundant rules would slow the performance

and add some obstacles to the procedure of extraction of minimal proofs we present in the

Subsection 4.2.2. Therefore, we describe a preprocessing procedure of the theory-specific

rules provided as input to the generation of proof exercises with a comparable level of
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complexity. We start with the description of which rules are to be removed and argue why

their removal does not affect the deductive strength of the generation of exercises.

Definition 4.8 (Definitional predicate symbol). Let Th := ⟨L,Ax⟩ be a definitional

theory and TSTh be a set of theory-specific rules for Th. We say that a predicate symbol

p of L is definitional in TSTh if p appears in the same premise or conclusion that a

skolemization symbol appears in a rule of TSTh.

In the set extracted in the Example 3.76, the predicate symbol ∈ is definitional since

the conclusion of the rule −⊆E is the signed formula + skl12(x, y) ∈ x. In the set extracted

in the Example 3.77, there is also one predicate definitional symbol, which is ≈. This is

justified by the rule −| I, whose premise is − y ≈ x · skl22(x, y).

Definition 4.9 (Symbolic introduction and elimination rules). Let Th := ⟨L,Ax⟩ be a

definitional theory, TSTh be a set of theory-specific rules for Th and s be a predicate or

function symbol of L. We say that a rule r in TSTh is a symbolic introduction rule for s

if s appears in the conclusion of r but not in its premises. If s appears in a premise of r,

but not in its conclusion, then r is a symbolic elimination rule. The sets of, respectively,

all symbolic introduction and elimination rules of a symbol s in TSTh are denoted as

TSint(s, TSTh) and TSelim(s, TSTh).

A set of rules that contains symbolic introduction and elimination rules may fall

into cycles. Check the example of the tableau for the set {+ p1 | p2,+ p2 | p3,− p1 | p3} in

Figure 18 constructed with the set of rules of Example 3.77. As it can be seen in Figure

15, the conjecture is provable. But, by choosing the wrong rules to prove it, we may fall

into cycles in which we eliminate the symbol | in a node +x | y and introduce | again in

a node + skl22(x, y) | y with a new term that has not appeared before in the proof.

(1) + p1 | p2
(2) + p2 | p3
(3) − p1 | p3

(4) + p2 ≈ p1 · skl22(p1, p2) (1)

(5) + p2 ≈ skl22(p1, p2) · p1 (4)

(6) + skl22(p1, p2) | p2 (5)

Figure 18: A tableau for {+ p1 | p2,+ p2 | p3,− p1 | p3}.

If we are able to remove the symbolic introduction rules without losing the deductive

strength of the system, then we can reduce our search space for proofs and, hence, the
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performance of such search may be improved. Next, we define the symbols for which we

remove introduction rules.

Definition 4.10 (Intelim symbols). Let Th := ⟨L,Ax⟩ be a definitional theory and TSTh

be a set of theory-specific rules for Th. We say that a function or predicate symbol s of

L is intelim in TSTh if:

(i) s is not a definitional symbol in TSTh,

(ii) s is not a skolemization symbol,

(iii) all rules containing s in a premise or conclusion are either introduction or elimination

rules for s, and

(iv) if ER is the set of rules such that ER ∪ TSint(s, TSTh) ∪ TSelim(s, TSTh) = TSTh,

then TSint(Th, s) and TSelim(Th, s) are interderivable in ER.

The set of intelim symbols of Example 3.76 is {∁,∪,∩, \,×, fst, snd, △ ,⊆, ⟩⟨} and the

set of intelim symbols of Example 3.77 is {≤, |}. The symbolic introduction/elimination

rules for function symbols ×, fst and snd are not disjoint. For example, the rule −×E1 is

an elimination rules for × and fst. In this case, we pick only the symbol of greater arity,

which is ×.

Some rules generated by the extraction of theory-specific rules allow for the introduc-

tion of new terms in a proof, for instance, the 0-premise rules −∅ and −|E of, respectively,

Examples 3.76 and 3.77. The challenge with these rules is that we would need to imple-

ment a mechanism to guess what are good new terms to be added in a branch of a tableau

in order to help it finding a closure. In what follows, we describe this type of rules and

how we handle this.

Definition 4.11 (Term introduction rules). Let r be a linear rule. We say that r is a

term introduction rule if there are variable in the conclusion of r that are not present in

any of its premises.

Definition 4.12 (Closure version). Let r and r⋇ be the following rules:

prem1....
premn

conc r

prem1....
premn

concc

⋇ r⋇



80

In other words, r∗ is the result of moving the conjugate of the conclusion of r to the

premises. We refer to r⋇ as the closure version for r.

In the preprocessing procedure that we describe in the end of this subsection, the

term introduction rules are replaced by their closure versions. The correctness of this

replacement is justified by the next lemma.

Lemma 4.13. For every set of rules ER, we have that r and r⋇ are interderivable in ER.

Proof. The proof follows immediately from the Definition 3.31 of interderivability.

One last refinement we can do to reduce the amount of theory-specific rules is to join

equal premise rules. In the end of Subsection 3.2.4, we explain why theory-specific rules

are single conclusion. Basically, the root of the problem was dealing with the extraction

of rules for a conclusion α-node when their α1 and α2 are β-nodes. However, when the

rules are already extracted, there is no reason to keep as single conclusion those rules that

have the same premises.

Definition 4.14 (Merging of rules). Let r1 and r2 be theory-specific rules with the same

premises. The merging of r1 and r2 is a rule r whose premises are the same premises of r1
and the conclusions are the conclusions of r1 and r2. Such notion is generalized for every

amount of theory-specific rules with the same premises.

The rules−∪E1 and−∪E2 from Example 3.76 can be merged resulting in the following

rule:

−x ∈ y ∪ z
−x ∈ z
−x ∈ y

Lemma 4.15. Let r1 and r2 be two theory-specific rules and r be the merging of r1 and

r2. For every set of rules ER, ⊢ER∪{r1,r2} = ⊢ER∪{r}.

Proof. Again, the proof follows directly from the Definition 3.31 about derivability of

rules.

We list below auxiliary functions used in the preprocessing procedure:

• is_general_redundant: Checks if a rule is general redundant.
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• symbols: Returns a list of the symbols sorted by arity of a language given as input.

• is_intelim: Checks if a symbol is intelim in a set of expansion rules.

• symb_int_rules: Given a set ER of theory-specific expansion rules and a function

symbol s as input, it returns the symbolic introduction rules of s in ER.

• symb_elim_rules: Given a set ER of theory-specific expansion rules and a function

symbol s as input, it returns the symbolic elimination rules of s in ER.

• is_term_intro: Checks if a rule is a term introduction rule.

• closure_version: Returns the closure version of a rule given as input.

• premises: Returns the premises of a rule given as input.

• find_rules_by_premises: Given a set of premises prem and a set of rules er, it

returns the subset of rules in er that have prem, as premises.

• merge_rules: Returns the merging of a list of rules with the same premises.

The preprocess procedure is described in Algorithm 3. Such procedure is divided

into four parts: (i) removal of general redundant rules (lines 2 to 6), (ii) removal of

symbolic introduction rules for the intelim symbols (lines 8 to 14), (iii) substitution of

term introduction rules by their closure versions (lines 16 to 22) and (iv) merging of rules

(lines 24 to 32). By definition, after parts (i) and (ii), the consequence relation induced

by result is identical to the one induced by the set of rules TSTh given as input. Such

identity still holds after parts (iii) and (iv), respectively, due to Lemmas 4.13 and 4.15.

Moreover, the four loops are finite, so the procedure terminates.

Now, we apply the preprocessing procedure to the set of rules of Examples 3.76 and

3.77.

Example 4.16. We run the preprocessing procedure for the extracted rules of Example

3.76. The only general redundant rules of it are −△E1a′ ,−△E1b′ ,−△E2a′ ,−△E2b′ ,

+△ I1′ and +△ I2′ . After removing these rules and the symbolic introduction rules of

the intelim symbols, the remaining rules are −∅ and those labeled with E. Among them,

there is only one term introduction rule, which is −∅E. After replacing −∅E by its closure

version and doing all the possible mergings, the preprocessed set of rules is:

+x ∈ ∅
⋇ −∅

+x ∈ ∁(y)
−x ∈ y +∁E

−x ∈ ∁(y)
+x ∈ y −∁E
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Algorithm 3 preprocess_ts_rules(TSTh, L)
1: result← TSTh

2: for rule in TSTh do
3: if is_general_redundant(rule) then
4: result← result \ {rule}
5: end if
6: end for
7: aux_result← result
8: for symb in symbols(L) do
9: if is_int_elim(symb, aux_result) then

10: e_rules← symb_elim_rules(aux_result, symb)
11: i_rules← symb_int_rules(aux_result, symb)
12: result← result \ i_rules
13: end if
14: end for
15: aux_result← result
16: for rule in aux_result do
17: if is_term_intro(rule) then
18: cl_version← closure_version(rule)
19: result← result \ {rule}
20: result← result ∪ {cl_version}
21: end if
22: end for
23: aux_result← result
24: for rule in aux_result do
25: premises← get_premises(rule)
26: same_premises_rules← find_rules_by_premises(premises, result)
27: merged_rule← merge_rules(same_premises_rules)
28: if not merged_rule in result then
29: result← result \ same_premises_rules
30: result← result ∪ {merged_rule}
31: end if
32: end for
33: return result
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−x ∈ y
+x ∈ y ∪ z
+x ∈ z +∪E1

−x ∈ z
+x ∈ y ∪ z
+x ∈ y +∪E2

−x ∈ y ∪ z
−x ∈ y
−x ∈ z

−∪E

+x ∈ y ∩ z
+x ∈ y
+x ∈ z

+∩E +x ∈ y
−x ∈ y ∩ z
−x ∈ z −∩E1

+x ∈ z
−x ∈ y ∩ z
−x ∈ y −∩E2

+x ∈ y \ z
+x ∈ y
−x ∈ z

+\E
+x ∈ y
−x ∈ y \ z
+x ∈ z −\E1

−x ∈ z
−x ∈ y \ z
−x ∈ y −\E2

+x ∈ y × z
+x ∈ fst(y)
+x ∈ snd(z)

+×E +x ∈ fst(y)
−x ∈ y × z
−x ∈ snd(z) −×E1

+x ∈ snd(z)
−x ∈ y × z
−x ∈ fst(y) −×E2

−x ∈ y
+x ∈ y△ z
+x ∈ z +△E1a

−x ∈ z
+x ∈ y△ z
+x ∈ y +△E1b

+x ∈ y
+x ∈ y△ z
−x ∈ z +△E2a

+x ∈ z
+x ∈ y△ z
−x ∈ y +△E2b

−x ∈ y
−x ∈ y△ z
−x ∈ z −△E1a

−x ∈ z
−x ∈ y△ z
−x ∈ y −△E1b

+x ∈ y
−x ∈ y△ z
+x ∈ z −△E2a

+x ∈ z
−x ∈ y△ z
+x ∈ y −△E2b

+ z ∈ x
+x ⊆ y
+ z ∈ y + ⊆ E1

− z ∈ y
+x ⊆ y
− z ∈ x + ⊆ E2

−x ⊆ y

+ skl12(x, y) ∈ x
− skl12(x, y) ∈ y

−⊆E

+ z ∈ x
+x ⟩⟨ y
− z ∈ y +⟩⟨E1

+ z ∈ y
+x ⟩⟨ y
− z ∈ x +⟩⟨E2

−x ⟩⟨ y
+ skl22(x, y) ∈ x
+ skl22(x, y) ∈ y

−⟩⟨E

Example 4.17. Now, we run the preprocessing procedure for the extracted rules in

Example 3.77, in which there are no general redundant rules. The symbolic introduction

rules we remove are +≤I, −≤I, +|I and −|I. After this, two term introduction rules

remain: −|E and −≤E, that are replaced by their respective closure versions. The result

of the preprocessing is:

+x ≈ y + z
+x ≈ z + y

++com
−x ≈ z + y
−x ≈ y + z

−+com

+x+ y ≈ x+ z
+ y ≈ z

++inv
− y ≈ z

−x+ y ≈ x+ z
−+inv

+x ≈ w
+ y ≈ z

+x+ y ≈ w + z
++cong

+x ≈ w
−x+ y ≈ w + z
− y ≈ z

−+cong1

+ y ≈ z
−x+ y ≈ w + z
−x ≈ w

−+cong2

+x ≈ y · z
+x ≈ z · y +·com

−x ≈ z · y
−x ≈ y · z −·com
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+x · y ≈ x · z
+ y ≈ z

+·inv
− y ≈ z

−x · y ≈ x · z −·inv

+x ≈ w
+ y ≈ z

+x · y ≈ w · z +·cong
+x ≈ w

−x · y ≈ w · z
− y ≈ z

−·cong1
+ y ≈ z

−x · y ≈ w · z
−x ≈ w

−·cong2

+x ≤ y

+ y ≈ x+ skl12(x, y)
+≤E

−x ≤ y
+ y ≈ x+ z

⋇ −≤E

+x | y
+ y ≈ x · skl22(x, y)

+ |E
−x | y

+ y ≈ x · z
⋇ − |E

4.2.2 Search for minimal proofs

In this subsection, our goal is to provide a procedure that extracts a set of all minimal

proofs for a set of signed formulas. Given a definitional theory Th := ⟨L,Ax⟩, a set

ER of theory-specific first-order cut-based rules for Th and an ER-provable set of signed

formulas SF of L, the informal description of the strategy to produce the setM of minimal

ER-proofs for SF consists of the following four steps:

1. From the initial ER-tableau for SF , we construct all possible tableaux with one

application of expansion rule of ER. From them, we construct all possible tableaux

with two applications of expansion rules of ER and so on.

2. When an ER-proof P for SF is found, we set an upper bound for the size of minimal

ER-proofs for SF and add P to M .

3. We continue with the construction described in step 1, searching for other ER-proofs

for SF :

(a) If the size of an ER-proof P is equal to the upper bound set initially, we add

P to M .

(b) If the size m of an ER-proof P is lower than the upper bound set initially, we

set a new upper bound m for the size of minimal ER-proofs for SF and empty

M adding P to it.

4. At some point, by the amount of applications of expansion rules, it is possible to

know that, from that point, the sizes of the proofs exceed the current upper bound.

Then, we can terminate the procedure.
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Now, we proceed with the formalization of this informal specification. We start by

defining a structure that captures the construction described in step 1 and, then, we

prove the fact stated in step 4.

Definition 4.18 (Successor/predecessor tableau). Given a set of expansion rules ER and

two ER-tableau T and T ∗, we say that T ∗ is an ER-successor of T (and T is an ER-

predecessor of T ∗) if T ∗ was obtained by the application of one expansion rule of ER in

T .

Definition 4.19 (Tree of successor tableaux). Given a set of signed formulas SF and a set

of expansion rules ER, we construct a tree F whose nodes have as content ER-tableaux

such that:

(i) The root of F is the initial ER-tableau for SF .

(ii) For a node n1 of F , if the ER-tableau T of n1 is not closed, then the children of n1

are all the ER-successors of T . Otherwise, n1 has no children.

A tree such as F is called tree of successor tableaux for SF via ER. When there is no risk

of ambiguity, we omit the set of expansion rules and simply refer to the tree of successor

tableaux for a set of signed formulas. Do note that the tableaux that are obtained by n

successive application of expansion rules in the initial ER-tableau for SF are at the level

n+ 1 of F .

In Figure 19, we present a fragment of a tree of successor tableaux for {+ p1 ∈ p2,
− p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)}. As one of the non-displayed nodes, for example, the node 4

has as one of its children a proof in which the rule −∪E was applied having − p1 ∈ p2 ∪ p5
as premise.

One concern that may be raised in the construction of the trees of successor tableaux

is the one regarding their finiteness. The theory-specific tableaux we are working with

are the result of joining rules extracted from the computational procedure described in

Theorem 3.74 and the cut for theory-specific tableaux (Definition 3.81). As a consequence,

these sets of expansion rules are always finite. Therefore, the width of a tree of successor

tableaux is also always finite.

Regarding the height of a tree of successor tableaux, we cannot claim it is finite.

However, for a provable set of signed formulas SF , at least one of the branches of a tree

of successor tableaux is finite, which is the one containing a proof for SF . So, we avoid
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1

2

3 4

6

...

. . .

5

7

...

. . .

1
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)

2
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)
(3) − p1 ∈ p3 \ p4 (2)

(4) − p1 ∈ p2 ∪ p5 (2)

3
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)
(3) − p1 ∈ p3 \ p4 (2)

(4) − p1 ∈ p2 ∪ p5 (2)

(5) − p1 ∈ p2 (4)

(6) − p1 ∈ p5 (4)

⋇
(1) (6)

4
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)
(3) − p1 ∈ p3 \ p4 (2)

(4) − p1 ∈ p2 ∪ p5 (2)

(5) + p1 ∈ p3 (6) − p1 ∈ p3

5
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)
(3) − p1 ∈ p3 \ p4 (2)

(4) − p1 ∈ p2 ∪ p5 (2)

(5) + p1 ∈ p4 (6) − p1 ∈ p4

6
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)
(3) − p1 ∈ p3 \ p4 (2)

(4) − p1 ∈ p2 ∪ p5 (2)

(5) + p1 ∈ p3
(7) + p1 ∈ p4 (3), (5)

(6) − p1 ∈ p3

7
(1) + p1 ∈ p2

(2) − p1 ∈ (p3 \ p4) ∪ (p2 ∪ p5)
(3) − p1 ∈ p3 \ p4 (2)

(4) − p1 ∈ p2 ∪ p5 (2)

(5) + p1 ∈ p4 (6) − p1 ∈ p4
(7) − p1 ∈ p3 (3), (6)

Figure 19: A fragment of a tree of successor tableaux for {+ p1 ∈ p2,− p1 ∈ (p3 \ p4) ∪
(p2 ∪ p5)}.

this termination issue by producing the tree of successor tableaux under demand in a

Breadth-First Search (BFS) traversal as our initial informal specification has suggested.

Before proceeding with the description of the procedure, we prove the fact of step 4

and define what “point” is this in which the sizes of the proofs exceed the upper bound

previously defined.

Theorem 4.20. Given a definitional theory Th, a set ER of first-order theory specific

rules for Th and an ER-provable set of signed formulas SF , if P is an ER-proof for SF

and it is at the level l of the tree of successor tableaux, then the size of P is greater than

or equal to l + 1.
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Proof. This follows from the fact that every non-eliminable rule application is responsible

for increasing in at least one the size of the proof it is part of the construction of, since

at least one of the conclusions of this application is in the justification tree. So, a proof

P at the level l must have at least l nodes in the justification tree plus the closure node.

Thus, the size of P is greater than or equal to l + 1.

In the case of non-eliminable rules, as we try to construct all possible tableaux during

the extraction of minimal proofs, a clean proof is guaranteed to be found in a level above

in the tree of successor tableaux.

After having laid the groundwork, we are able to provide the desired procedure. Given

a definitional theory Th := ⟨L,Ax⟩, a set ER of theory-specific rules for Th and an ER-

provable set of signed formulas SF of L, the algorithm that extracts the set of minimal

ER-proofs for a set of signed formulas SF of L is described in the Algorithm 4. The

inputs are a set of signed formulas, sf , representing the set SF and a set of expansion

rules, er, representing ER. Recall that we construct the tree of successor tableaux F for

SF via ER under demand in a BFS traversal. As usual in a BFS, we use an auxiliary

queue, aux_queue, to store the nodes we are going to visit. In this algorithm, ax_queue

stores 3-tuples, whose first element is the content of a node n of F , the second element

is the level of n in F and the third element is the size of n if n is an ER-proof and −1
otherwise. The role of the upper bound for the size of minimal ER-proofs is played by

minimal_proof_size, which is initialized with −1.

Moreover, in Algorithm 4, there are four auxiliary functions:

• is_closed: Checks if a tableau is closed.

• get_successors_tableaux: Given a tableau T and a set of rules ER, it produces all

ER-successors of T . Recall that, as the amount of rules of ER is finite, there are

finite ER-successors for T .

• get_size: Returns the size of a tableau if it is a proof and −1 otherwise.

• clean: Returns the clean proof of a proof given as input.

Regarding the termination of the Algorithm 4, we must verify that the for loop

starting in line 29 and the while loop starting in line 5 both finish. The loop starting

in line 29 cannot be infinite as the size of tab_children is finite, so we only add a finite

amount of 3-tuples to aux_queue. For the while loop starting in line 5, we only push
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Algorithm 4 search_min_proofs(sf , er)
1: aux_queue← [ ]
2: aux_queue.push((sf, 1, 0))
3: minimal_proofs← [ ]
4: minimal_proof_size← −1
5: while aux_queue.empty() == False do
6: current := aux_queue.front()
7: tab := current.first()
8: level := current.second()
9: size := current.third()

10: aux_queue.pop()
11: if is_closed(tab) == True then
12: clean_tab← clean(tab)
13: if len(minimal_proofs) == 0 then
14: minimal_proofs← size
15: minimal_proofs.add(clean_tab)
16: else
17: if size < minimal_proof_size then
18: minimal_proofs← size
19: minimal_proofs.empty()
20: minimal_proofs.add(clean_tab)
21: end if
22: if size == minimal_proof_size then
23: minimal_proofs.add(clean_tab)
24: end if
25: end if
26: else
27: if len(minimal_proofs) == 0 or level ≤ minimal_proofs_size+ 1 then
28: tab_children← get_successors_tableaux(tab, er)
29: for tab_child in tab_children do
30: size_child← get_size(tab_child)
31: aux_queue.push(tab_child, level + 1, size_child)
32: end for
33: end if
34: end if
35: end while
36: return minimal_proofs
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3-tuples into aux_queue if either no ER-proof for SF has been found yet or the current

level of F is less than or equal to the upper bound for minimal ER-proofs plus one. Since

SF is ER-provable, an ER-proof for SF is going to be found in some iteration of such

while loop and an upper bound for minimal proofs is set. The upper bound might only be

updated to lower upper bounds. Moreover, the width of F is finite. So, in some iteration,

the level we are traversing in F will be greater than the current upper bound plus one.

That is when we stop pushing 3-tuples to aux_queue and the while loop finishes after

we pop all remaining 3-tuples from aux_queue.

We proceed by proving that the Algorithm 4 outputs the set of all minimal ER-proofs

for SF . The condition in line 11, guarantees that all ER-tableaux in the set of minimal

proofs are closed ER-tableaux. By contradiction, assume that m is the size of the minimal

ER-proofs for SF and that there is an ER-proof P for SF having size n such that n < m

and P is not in the set of minimal proofs. We show that P is visited and, from this, a

contradiction is immediately derived due to the execution of the commands of lines 18,

19 and 20. Since the size of the minimal proofs is m, the BFS goes until the level m + 1

of the tree of successor tableaux F for SF . If P is a clean proof, in the worst case (one

in which every rule application is responsible for adding only one non-dispensable node

in P ), P is in the level n+ 1. We know that n+ 1 < m+ 1, thus P is visited. If P is not

a clean proof, by construction, there is a clean proof for P that is, at most, in the level

n+ 1 of F .

4.2.3 Search for proof-isomorphic sets of signed formulas

Given a minimal ER-proof M extracted for a set of signed formulas SF of a language

L, we provide a procedure that search for all sets of signed formulas of L that have a min-

imal proof that is deductively isomorphic to M . To exemplify a simple, but not efficient,

approach to this, consider the conjecture {+ p1 ∈ p2 ∩ (p3 ∪ p4),− p1 ∈ (p2 ∩ p3) ∪ p4} and

the minimal proof M for it is described in Figure 20. For every set {+ p1□1 p2 ◦1 (p3 ◦2 p4),
− p1□2 (p2 ◦1 p3) ◦2 p4} such that {□1,□2} ⊆ {∈,⊆, ⟩⟨} and {◦1, ◦2, ◦3, ◦4} ⊆ {∪,∩, \, △ ,

×}, we could try to construct a proof that is deductively isomorphic to M . However, it

would be 5625 cases to test. In this subsection, we show how we can restrict the search

space of proof-isomorphic candidate signed formulas.

Consider the case of the conjecture {+ p1 ∈ p2 ∩ (p3 ∪ p4),− p1 ∈ (p2 ∩ p3) ∪ p4} again.

It would not make sense to check if there is a minimal proof for {+ p1 ∈ p2△ (p3 ∪ p4),− p1
⊆ (p2 ∩ p3) ∪ p4} that is deductive isomorphic to M . First, after an application of the
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rule −⊆E having as premise − p1 ⊆ (p2 ∩ p3) ∪ p4, the skolemization symbol skl12 should

appear in the proof and there is no skolemization symbol in M . Second, all the rules

involving △ are 2-premise rules.

(1) + p1 ∈ p2 ∩ (p3 ∪ p4)
(2) − p1 ∈ (p2 ∩ p3) ∪ p4

(3) + p1 ∈ p2 (1)

(4) + p1 ∈ p3 ∪ p4 (1)

(5) − p1 ∈ p2 ∩ p3 (2)

(6) − p1 ∈ p4 (2)

(7) − p1 ∈ p3 (3), (5)

(8) + p1 ∈ p3 (4), (6)

⋇
(7) (8)

Figure 20: A minimal proof M for {+ p1 ∈ p2 ∩ (p3 ∪ p4),− p1 ∈ (p2 ∩ p3) ∪ p4}.

Informally, given a minimal ER-proof M extracted for a set of signed formulas SF of

a language L, what we do is to search for all the symbols that “make sense” to replace a

symbol of a formula in SF by a symbol of L considering the structure of M and the rules

of ER. We formalize such notion in what follows.

Definition 4.21 (Occurrence of a symbol in a formula). The occurrence n of a symbol s

on a formula φ is the n-th occurrence of s in φ considering its concrete (that is, sequential)

representation.

In a theory-specific formula φ, a predicate symbol p has at most one occurrence in φ.

However, the same cannot be claimed about function symbols. This is why we introduce

the following definition.

Definition 4.22 (Syntactic matching symbol). Let L be a language and φ1, φ2 ∈ L such

that φ1 and φ2 are syntactically isomorphic. Now, let p1 and p2 be two symbols of L

that appear, respectively, in φ1 and φ2. We say that p2 is a syntactic matching symbol

occurrence of the occurrence o1 of p1 with respect to φ1 and φ2 if p2 appears in the

same place of the abstract representation of φ2 that the occurrence o1 of p1 appear in the

abstract representation of φ1. When there is only one occurrence of s1 in φ1, we simply

say that s2 is a syntactic matching symbol of s1 with respect to φ1 and φ2.

For example, for the formulas φ1 := p1 ∈ (p2 \ p3) ∩ p4 and φ2 := p1 ∈ (p2△ p3) ∪ p4,
the symbol \ is a syntactic matching symbol of △ with respect to φ1 and φ2. By definition,

a predicate symbol p appears in a abstract representation R of a theory-specific formula
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if p is in the root of R. Hence, predicate symbols can only match predicate symbols and

function symbols can only match function symbols.

Definition 4.23 (Deductive matching symbol). Let s1 and s2 be two symbols of a lan-

guage L. A symbol s2 is a deductive matching symbol of the occurrence o1 of s1 in a

premise ◦φ1 of a rule r1 ∈ ER when there is a rule r2 in ER such that:

(i) The premises of r1 and the premises of r2 are syntactically isomorphic,

(ii) The conclusion of r1 is isomorphic to the conclusion of r2 and

(iii) The symbol s2 appears in a premise ◦φ2 of r2 such that φ1 and φ2 are isomorphic

and s2 is a syntactic matching symbol of the occurrence o1 of s1 with respect to φ1

and φ2.

Again, when there is only one occurrence of s1 in the premises of r1, we simply say that

s2 is a deductive matching symbol of s1 with respect to the rule r1.

In the set of rules of Example 4.16, the set of deductive matching symbols of ∩ with

respect to the rule +∩E is {∩,∪, \}. But, in the same set of rules, the set of deductive

matching symbols of ∩ with respect to the rule −∩E1 is {∩,∪, \, △}. In the set of rules

of Example 4.17, the only deductive matching symbols of | with respect to the rule −|E
is ≤.

Definition 4.24 (Justification nodes). Let r be an n-premise theory-specific rule, whose

premises are prem1, . . . , premn. The rule r is applied on a tableau T if there are nodes

m1, . . . ,mn in T and a substitution σ such that sign(prem1) = sign(m1), . . . , sign(premn)

= sign(mn) and σ unifies the formulas fmla(prem1), . . . , fmla(premn) with the formulas

fmla(m1), . . . , fmla(mn) respectively. In this case, we say that the nodes m1, . . . ,mn

justify the application of r in T and that mi is the justification node of the premise premi

for this application of r in T via σ, where 1 ≤ i ≤ n.

In the proof M , the nodes (2) and (4) justify the application of −∩E1, and the node

(1) justifies the application of +∩E in such proof. Besides, the node (1) is the justification

of the premise +x ∈ y ∩ z of +∩E via a substitution σ defined as σ(x) = p1, σ(y) = p2

and σ(z) = p3 ∪ p4.

Definition 4.25 (Justification matching symbol occurrence). Let ER be a set of theory-

specific rules and T be an ER-tableau. Now, let r be a rule of ER having one of its
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premises the signed formula prem, n be a node of T such that n is the justification of

prem for an application of r in T via a substitution σ and s be a symbol that occurs in

prem and in n. We say that the occurrence o2 of s in prem is the justification matching

symbol occurrence of the occurrence o1 of s in n if the occurrence o2 of s appears in the

same place of the abstract representation of σ(fmla(prem), ∅) that the occurrence o1 of

p1 appear in the abstract representation of fmla(n).

For example, in the proof M , the justification matching symbol of the only occurrence

of ∩ in the node (1) is its only occurrence in the premise +x ∈ y ∩ z. We could, then,

argue that it would make sense to try to replace, in the procedure we aim to present, ∩
in (1) by any of the symbols of the set {∩,∪, \}, since this set represents the deductive

matching symbols of the occurrence of ∩ in the premise of +∩E. However, the occurrence

of ∪ in the node (1) has no matching justification symbols, since ∪ does not even appear

in the premise of +∩E. For the case of such occurrences, we describe the next definitions.

Definition 4.26 (Direct descendant occurrences of a function symbol). Let m be a direct

descendant node of n in a proof P . Then, there is a substitution σ and a rule r having

as premises prem1, . . . , premn and conclusion conc such that σ(premi, ∅) = n for some

1 ≤ i ≤ n and σ(conc, ∅) = m. For every occurrence o of a function symbol f in n, if

x ∈ V ar(premi) and the occurrence o of f is the result of the substitution of x in premi

via σ, then the occurrences of f in m that resulted from the substitution of x in conc via

σ are called direct descendant occurrences of f in P .

In Figure 21, the occurrence 2 of ∩ in (3), highlighted in green, is a direct descendant

occurrence 3 of ∩ in (1), highlighted in blue. The occurrence 1 of ∩ in (1) has no direct

descendant occurrences and the same holds for the occurrence of ∩ in (4), highlighted in

red.

(1) + p1 ∈ p2 ∩ (p3 ∩ (p4 ∩ p5))
(2) − p1 ∈ p5

(3) + p1 ∈ p3 ∩ (p4 ∩ p5) (1)

(4) + p1 ∈ p4 ∩ p5 (3)

(5) + p1 ∈ p5 (4)

⋇
(2) (5)

Figure 21: A minimal proof for {+ p1 ∈ p2 ∩ (p3 ∩ (p4 ∩ p5)),− p1 ∈ p5}.

Definition 4.27 (Descendant occurrences of a function symbol). Let P be a proof and

n be a node of P . The set of descendant occurrences of the occurrence o of a function
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symbol f in n is the reflexive-transitive closure of the direct descendant occurrences of

the occurrence o of f in P .

Again in Figure 21, the descendant occurrences of the occurrences of ∩ highlighted in

blue, are the occurrences of it highlighted in blue, green and red. Now, we can define the

set of candidate signed formulas we restrict our search in this step of the generation.

Definition 4.28 (Proof-isomorphic predicate symbols). Let SF be a set of signed formu-

las of L, ER be a set of expansion rules, T be an ER-proof for SF and sf ∈ SF be such

that the node n that has sf as signed formula is a justification for an application of the

rule r of ER. If p is a predicate symbol that occurs in sf , then the set of proof-isomorphic

predicate symbols of the occurrence o of p in sf is either:

(i) The set of deductive matching symbols of p′ in ER with respect to r if p′ is the

matching justification of the occurrence o of p in T , or

(ii) The set of predicate symbols of L if p does not have a matching justification symbol

in T .

Definition 4.29 (Proof-isomorphic function symbols). Let SF be a set of signed formulas

of L, ER be a set of expansion rules, T be an ER-proof for SF and sf ∈ SF be such

that the node n that has sf as signed formula is a justification for an application of the

rule r of ER. For the occurrence o of a symbol f is a function symbol in sf , the set of

proof-isomorphic function symbols of the occurrence o of f in sf is:

(i) The set of deductive matching symbols of all matching justification symbols of

descendant occurrences of f in T .

(ii) The set of function symbols of L if none of the descendant occurrences of f in T

have matching justification symbols in T .

Definition 4.30 (Proof-isomorphic candidate set of signed formulas). Let SF be a set of

signed formulas, ER be a set of expansion rules and P be an ER-proof for SF . A set of

signed formulas SF ′ is a proof-isomorphic candidate set of signed formulas for SF with

respect to P in ER if SF ′ = SF or SF ′ is the result of replacing at least one occurrence

of predicate (or function) symbol s of a signed formula sf ∈ SF by a proof-isomorphic

predicate (or function) symbol of such s in sf .
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Consider set {+ p1 ∈ p2 ∩ (p3 ∪ p4),− p1 ∈ (p2 ∩ p3) ∪ p4} in the proof of Figure 20.

We calculate the size of the set of proof-isomorphic candidate signed formulas for them.

For this, we refer to + p1 ∈ p2 ∩ (p3 ∪ p4) as sf1, and to − p1 ∈ (p2 ∩ p3) ∪ p4 as sf2. The

occurrence of ∩ in sf1 and the occurrence of ∪ in sf2 may be replaced by either ∩, ∪ or

\. The occurrence of ∩ in sf1 and the occurrence of ∪ in sf2 may be replaced by either

∩, ∪, \ or △ . Then, the size of the set is 3× 3× 4× 4 = 144 and this reduces almost, for

this example, 40 times the amount of cases to be tested.

After all these definitions, we can describe our procedure for searching for proof-

isomorphic sets of signed formulas. The auxiliary functions for the search for proof-

isomorphic sets of signed formulas are listed below:

• get_sf_candidates: Given a set of signed formulas sf , a set of expansion rules er

and a minimal proof m, it returns the set of proof-isomorphic candidate set of signed

formulas for sf with respect to m in er.

• is_proof_isomorphic_sf_set: Given a set of expansion rules er, a set of signed

formulas sf and a proof p, it checks if it is possible to construct an er-proof for sf

that is deductively isomorphic to p.

In the Algorithm 5, we present the procedure for searching for proof-isomorphic sets of

signed formulas. Consider a definitional theory Th := ⟨L,Ax⟩, a set ER of theory-specific

rules for Th and an ER-provable set of signed formulas SF of L, and a set M of minimal

ER-proofs for SF . The inputs are a set of signed formulas sf representing SF , a set of

expansion rules er representing ER, and a set of ER-proofs min_proofs representing M .

The procedure consists of two finite nested loops in which we check if it is possible to

construct an isomorphic proof to m for a set of signed formulas sfcandidate such that

m ∈ min_proofs and sfcandidate is a candidate proof-isomorphic set of signed formulas

for sf with respect to m. When that is the case, sfcandidate is added to the output set

result.

The sets of signed formulas that result from running the procedure of Algorithm 5 giv-

ing as input the set of signed formulas SF := {+ p1 ∈ p2 ∩ (p3 ∪ p4),− p1 ∈ (p2 ∩ p3) ∪ p4},
the set of expansion rules ER of Example 4.16 and the minimal ER-proofs for SF are

listed below:

• {+ p1 ∈ p2 ∩ (p3 ∪ p4),− p1 ∈ (p2 ∩ p3) ∪ p4}

• {+ p1 ∈ p2 ∩ (p3△ p4),− p1 ∈ (p2 ∩ p3) ∪ p4}
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Algorithm 5 search_proof_isomorphic_sf(sf , er, min_proofs)
1: result← {}
2: for m in min_proofs do
3: sf_candidates← get_sf_candidates(sf, er,m)
4: for sf_candidate in sf_candidates do
5: if is_proof_isomorphic_sf_set(m, er, sf_candidate) == True then
6: result← result ∪ {sf_candidate}
7: end if
8: end for
9: end for

10: return result

• {+ p1 ∈ p2 \ (p3 \ p4),− p1 ∈ (p2 \ p3) ∪ p4}

• {+ p1 ∈ p2 \ (p3△ p4),− p1 ∈ (p2 \ p3) ∪ p4}

• {+ p1 ∈ p2 \ (p3 \ p4),− p1 ∈ (p2△ p3) ∪ p4}

• {+ p1 ∈ p2 \ (p3△ p4),− p1 ∈ (p2△ p3) ∪ p4}

A minimal proof for the fourth set of this list is illustrated in Figure 22. Do note that

this proof is deductively isomorphic to the proof M of Figure 20. In the end, what we

have in practical terms is that two proofs exercises such as “Prove that a ∈ b ∩ (c ∪ d)
implies a ∈ (b ∩ c) ∪ d ” and “Prove that a ∈ b \ (c△ d) implies a ∈ (b \ c) ∪ d ” have a

comparable level of complexity.

(1) + p1 ∈ p2 \ (p3△ p4)
(2) − p1 ∈ (p2 \ p3) ∪ p4

(3) + p1 ∈ p2 (1)

(4) − p1 ∈ p3△ p4 (1)

(5) − p1 ∈ p2 \ p3 (1)

(6) − p1 ∈ p4 (1)

(7) + p1 ∈ p3 (3), (5)

(8) − p1 ∈ p3 (4), (6)

⋇
(7) (8)

Figure 22: A minimal proof for {+ p1 ∈ p2 \ (p3△ p4),− p1 ∈ (p2 \ p3) ∪ p4}.

4.3 Tackling the challenges

We finished Chapter 2 summarizing three challenges currently faced in the develop-

ment of AQG tools: a priori metrics, subjectivity and lack of adaptability. In this Section,
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we comment on how a tool implemented using our method tackles these challenges. Start-

ing by the metric of complexity, the proving complexity of a proof exercise is calculated in

terms of a minimal solution for it. Then, our measurement of complexity is not a priori,

since the effort to solve the exercise provided as input is taken into account.

Considering subjectivity, it is evident that the classification of two proof exercises

as having a comparable level of complexity by our method is not affected by different

human judgements. As we remark on Section 5.2 about future works, this classification

may be empirically refined based on pedagogical experiments. It might be, for example,

that the fewer one-premise rules are present in a proof the more difficulty students have

to construct it. In this case, we could attribute a weight in terms of the breadth of the

justification tree when calculating its size.

Lastly, there is the problem of adaptability. The input exercise of our method is

assumed to be hand-curated by the tutor who is going to use it. So, if the user provides

an exercise they consider easy, the method generates also easy exercises according to our

classification. Again, this can be revealed different in practice and students may have

more difficulty in solving an exercise E1 in comparison to another exercise E2 even if E1

and E2 have a comparable proving complexity. But we are only capable of asserting this

after the method is tested with tutors and students.
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5 Conclusion

This work aimed at proposing a method for the generation of proof exercises with

comparable level of complexity. The effectiveness of our method was demonstrated through

two case studies: the definitional theories of sets and numbers, that are, respectively,

fragments of Set Theory and Number Theory. We started Chapter 2 by presenting an

overview of the current development of AQG tools. Chapter 2 finished with the summary

of three challenges observed in the literature that we intend the proposed method to

tackle.

In Chapter 3, we defined a notion of first-order cut-based tableau proofs whose for-

mulas do not contain logical symbols, the so-called theory-specific proofs, to be employed

in our method. The rules used in theory-specific proofs are extracted from a definitional

theory through a mechanical procedure, described in Theorem 3.74. Considering conse-

quence relations whose formulas in both the antecedent and succedent are atomic, the set

of rules this procedure extracts was proved to have the same deductive strength than the

definitional theory from which the rules are extracted.

The method for the generation of proof exercises of comparable complexity is presented

in Chapter 4. The first section of this chapter is dedicated to formalizing the notion of

comparable complexity between proof exercises. In the second Section, the method itself

is described. In the final third Section, we comment on how our proposed method tackles

the challenges posed in Chapter 2. A prototype implementation of the method is presented

in Appendix A.

In the remainder of this Conclusion, we describe, in Section 5.1, limitations that we

have identified specially regarding the definitional theory of numbers and, in Section 5.2,

we outline perspectives for future works.
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5.1 Limitations

Almost all examples we present from our case studies throughout this work are from

the definitional theory of sets. This is not by chance. For this theory, the definitional

axioms (recall Example 3.16), except for [ax∅], have the format (∀x1, . . . , xn)(φ1 ↔ φ2)

such that one of the symbols that appears in φ1 does not appear in φ2. For instance, in

the definitional axiom (∀x, y, z)(x ∈ y ∪ z ↔ (x ∈ y ∨ x ∈ z)), the symbol ∪ appears in

x ∈ y ∪ z, but not in x ∈ y ∨ x ∈ z. Therefore, it was easier to impose restrictions in

such a way that, in the end, we have a set of elimination rules with which it is possible

to construct tableau proofs with some sort of analyticity.

By the way the definitional axioms from the definitional theory of sets were designed,

we can search for proofs in such theory directed towards finding as the justifications for a

closure, signed formulas having one of the following four formats: ◦x ∈ pi, ◦x ∈ fst(pi),
◦x ∈ snd(pi) or +x ∈ ∅, where x is a term, pi is a parameter and ◦ ∈ {+ ,−}. What is

common between them is that they cannot be justification for a one-premise rule which

has at least one conclusion.

The limitation with the definitional theory of numbers is not to present theory-specific

proofs for sets of signed formulas that could be applied in practical educational experi-

ments (see the examples in Figures 14 and 15), but rather executing the search for minimal

proofs. Some rules from Example 4.17, such as ++com and +·com, have conclusions that

are isomorphic to their premises. Thus, it becomes harder to find a format for the signed

formulas that justify a closure as it is possible in the definitional theory of sets.

5.2 Future works

Our perspectives for future works consist of: (i) improvements in the method and in

its implementation and (ii) pedagogical applications for the method.

5.2.1 Improvements in the method and the prototype implemen-
tation

There are two immediate refinements in the prototype implementation we visualize:

1. Implementation of a parser that allows formulas in the input files to be written in

infix notation.
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2. Error handling for input not written according the desired format.

The other refinement is regarding the performance of the prototype. As we describe

in Algorithm 5, the search for proof-isomorphic sets of signed formulas is implemented

in a nested loop. The steps of each iteration are independent from one another, which

means that they may be executed in parallel. As a future work, we aim to implement a

parallelism mechanism for this search procedure.

After implementing these improvements, we aim to make the implementation available

in a web platform to run experiments in real pedagogical environments. In order to validate

our metric of proving complexity, one of the aspects that we aim to focus is in the analysis

of possible proof characteristics that might reveal to be more difficult to students. For

example, let E1 and E2 be two exercises with a comparable level of complexity. For E1,

there is a minimal proof with only one-premise rule and all minimal proofs for E2 contains

at least one rule that is not one-premise. It might be the case that students have more

difficult to solve exercise E2 than the solve exercise E1.

Initially, our method was designed to receive as input hand-curated exercises and

expansion rules. During the research, we have realized the necessity of restricting the

rules so as to avoid the introduction of new terms in a proof. With the aim of making the

method flexible in this respect, we plan to work on the adjustment of our method so that

this restriction is no longer necessary and, hence, the expansion rules can be hand-curated.

Considering the pedagogical applications of the method, the proving complexity of an

exercise should not be affected if we permute its parameters or swap terms that are the

input of some specific symbols. For example, if φ∗ is the result of replacing x∩ y by y ∩ x
in φ and {−φ} is provable, then it is possible to prove that {−φ∗} remains provable and

that a minimal proof for {−φ} is deductively isomorphic to a minimal proof for {−φ∗}.
Then, the exercises {− p1 ∩ p2 ⊆ p1 \ p2}, {− p2 ∩ p1 ⊆ p1 \ p2} and {− p2 ∩ p1 ⊆ p2 \ p1}
should all have a comparable level of proving complexity. In the future, we intend to

explore these features and incorporate them in our method, thus enhancing its generative

potential.

5.2.2 Integration with a teaching logic suite

The method we present in this work was intended to be integrated into a teaching

logic suite. In one side of this suite, tutors could assess their students with prove/refute

exercises controlling their level of complexity. On the other side, students could solve such
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exercises through a proof assistant and would be automatically graded by the system. We

intend also to work on the implementation of the modules of this suite.

The interaction with the proof assistant is intended to be mediated through a custom

language whose commands are similar to proof strategies employed in pen-and-paper in-

formal proofs, as in [19] and [27]. These commands should make explicit the formal rules

they are referring to in order to avoid that the same code is used to solve different proof

exercises with a comparable level of complexity. From a pedagogical perspective, the adop-

tion of proof assistants may benefit the learning process since they can instantaneously

give feedback to the students about the correctness of their proof steps.

The generation of proof exercises with controlled level of complexity still lacks re-

finements to be tested in a real educational environment, as discussed in Section 5.2.1.

Regarding the development of a similar method for refutable exercises, the matter is a bit

more complicated. While it is only necessary to provide a proof to solve a proof exercise,

to solve a refutable exercise, it is necessary to construct a model and verify that this model

is a countermodel for the exercise statement. Then, a fundamental question is posed: How

to define the complexity of a refutable exercise? Using the theory-specific tableaux as a

recipe to the construction of the countermodels, we aim to find an answer to this question

by working with examples from the two case studies of the theory of sets and theory of

numbers as a starting point.
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APPENDIX A -- Implementation of the
generation of proof exercises
with a comparable level of
complexity

In this Appendix, we present a prototype implementation for the generation of proof

exercises with a comparable level of complexity described in Section 4.2, whose big picture

is illustrated in Figure 17. The rules given as input are assumed to be preprocessed by

the procedure described in the Subsection 4.2.1. As we comment in Section A.2, besides

the two inputs described in Figure 17, it is required that a description of the symbols of

the language is also provided as input.

The project was implemented using C++ and the code is available at https://gith

ub.com/joaomendesln/GePECC. The inputs are provided as text files and the output is

displayed in the terminal in which the program is executed. Moreover, the program also

outputs the result of the intermediate step of searching for minimal proofs.

In this Appendix, we briefly present this implementation. In Section A.1, we give the

instructions on how to build and run the program. In Section A.2, we describe the format

of the input files. Some constraints were necessary to be employed in the implementation

of the search for minimal proofs. They are presented in Section A.3. Finally, in Section

A.4, we present examples from the case studies being executed by our implementation.

A.1 Building the project and running the program

This implementation was thought of to be executed in a UNIX-based operational

system. It was tested in a machine running a Ubuntu 24.04.

To build the project, it is required to have installed g++ with support to C++17, make

and git. The commands to run the program are listed below:

https://github.com/joaomendesln/GePECC
https://github.com/joaomendesln/GePECC
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1. Clone the git repository:

git clone https://github.com/joaomendesln/GePECC.git

2. Access the source folder:

cd GePECC/src

3. Build the project:

make

4. Copy the content of an example to the language symbols file:

cp path_to_symbols_file inputs/symbols

5. Run the program:

./main path_to_expansion_rules path_to_signed_fmlas

A.2 Input files format

Three input files are required for the procedure to work:

1. Language symbols (symbols): Function and predicate symbols of the signature uti-

lized in the working language and their respective arities.

2. Expansion rules (expansion_rules): Set of theory-specific rules,

3. Signed formulas (signed_fmlas): Set of signed formulas describing the input exer-

cise.

The language symbols file, placed at src/inputs/symbols, is not provided as an

argument of the program so it must be manually filled. One can find examples of these

three inputs files at examples folders placed at src/inputs/. The examples in the folders

inputs/sets and inputs/sets_ascii are the same, but, in the former, they are written

with unicode characters and, in the latter, with ascii characters. The same holds for the

folders inputs/numbers and inputs/numbers_ascii.

The format of the input files are described in the next subsections.



107

A.2.1 Language symbols

The language symbols are specified in the file via lines with the format:

⟨arity⟩‘:’ ⟨list_of_symbols⟩

where ⟨arity⟩ is a numeral representing an arity and ⟨list_of_symbols⟩ is a list of

symbols of that arity splitted by commas. Backslashes (“\”) are not accepted as symbols.

The file, then, is divided into three sections: function symbols, predicate symbols and

skolemization symbols. Before each section, there is a line indicating its starting point.

Despite not being described as an input of the procedure presented in Subsection 4.2,

the language symbols file is important in the parsing of the other two input files. Moreover,

binary skolemization function symbols are displayed in prefix notation in the output,

different from the other binary function symbols, that are displayed in infix notation.

That is why the user needs to make explicit what are the skolemization function symbols.

A.2.2 Expansion rules

The rules are specified in the file via lines with the format:

⟨premises⟩‘;’ ⟨conclusions⟩

where both ⟨premises⟩ and ⟨conclusions⟩ are lists of signed formulas splitted by

commas. Between these lines, we can add comment lines by starting them with an opening

square bracket, ‘[’. Moreover ⟨conclusions⟩ is an empty list when the line is representing

a closure rule.

A signed formula is specified as:

‘(’ ⟨◦⟩ ‘,’ ⟨formula⟩‘)’

where ⟨◦⟩ is either ‘+’ or ‘-’, and ⟨formula⟩ is an atomic formula written in prefix

notation.

A.2.3 Signed formulas

The signed formulas file is constituted by lines containing exactly one signed formula

with the format described in A.2.2.
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A.3 Constraints on the implementation of the search
for minimal proofs

After implementing of the search for minimal proofs following the method described

in Subsection 4.2.2, we have realized the necessity of adopting some constraints to improve

the performance of the prototype. In this section, we describe such constraints.

A.3.1 Empirical constraints

The restrictions we describe in the sequel were imposed after testing the implemen-

tation with examples from our case studies, the theory of sets and theory of numbers.

The first restriction is more related to theory of sets, while the other two to the theory of

numbers.

1. Cut applications: In the theory of sets, the cut rule poses a risk to increase the width

of a successor tableaux tree. Consider the rule +∪E1 of the Example 4.16. To apply

it in a tableau, it is necessary to have two signed formulas in the format −x ∈ y
and +x ∈ y ∪ z. However, to apply the cut, it is only necessary to have one signed

formula following the format +x ∈ y ∪ z. Because of this, a tableau can only have

one cut application in our implementation. One of the examples we provide, the

set of signed formulas {+ p1 ∈ p2 ∪ (p2 ∩ (p3 ∩ p4)),− p1 ∈ ((p2 ∪ p3) ∩ (p2 ∪ p4))∩
(p2 ∪ p5)}, described in the file src/inputs/sets/signed_fmlas/example12, is

provable using two application of cuts, but our implementation does not find a

proof for it.

2. Tableaux size: The bigger the tableau, the more verifications must be done to apply

a rule on it. Because of this, the tableaux in the tree of successor tableaux can have

at most 120 nodes.

3. Height of the formulas: By the height of a formula φ, we refer to the height of the

tree that abstractly represents φ. Let n be the maximum height of a formula in the

initial tableau for a set of signed formulas. During the search for minimal proofs, the

upper bound of the height of the formulas in the tableaux is n+5. Such restriction is

due to the rules ++cong and +·cong in Example 4.17, whose conclusions have greater

heights than their premises.
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A.3.2 Extraction of successor tableaux

In our implementation, the application of rules in the extraction of successor tableaux

follows a predefined order. We start by postponing the application of the cut rule and the

rules with more than one premise. After applying all one-premise rules, we extract the

successor tableaux obtained by the application of rules with more than one premise. If no

rules with premises can be applied in a tableau, then we resort to the cut rule. The reason

for postponing rules with more than one premise is reducing the amount of deductively

isomorphic solutions obtained in the search for minimal proofs. The postponement of the

application of the cut rule has the same motivation as the empirical restriction of two cut

applications we comment in Subsection A.3.1.

In Algorithm 6, we present the pseudocode of the implementation for the extraction

of successor tableaux given a tableau T and set of theory-specific rules TS_Th as inputs.

The auxiliary functions we employ are described in what follows:

• is_one_premise: Checks if an expansion rule is a one-premise rule.

• try_apply_rule: Given a tableau T and an expansion rule r, it checks if it is possible

to apply r in T .

• apply_rule: Given a tableau T and an expansion rule r, it returns the result of

applying r in T .

• apply_cut: Given a tableau T and a set of expansion rules, it returns a list of the

resulting tableaux of all possible cut rule applications in T .

A.4 Examples from case studies

In this subsection, we present some examples of the execution of our implementation

with the two case studies we approach in this work. In Figure 23, we illustrate the output

displayed in a terminal when the input set of signed formulas is {+ p1 ∈ (p2 ∩ p3),− p1 ∈ p2}
and the input set of expansion rules is the one presented in Example 4.16. To run this

example, execute the following commands in the src folder:

• cp inputs/sets/symbols inputs/symbols

• ./main inputs/sets/expansion_rules inputs/sets/signed_fmlas/example1
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Algorithm 6 get_successor_tableaux(T , TSTh)
1: successors_amt← 0
2: one_premise_rules← one_premise(TSTh)
3: n_premise_rules← n_premise(TSTh)
4: for rule in one_premise_rules do
5: if is_one_premise(rule) ==True then
6: if try_apply_rule(rule, T ) == True then
7: successors_amt← successors_amt+ 1
8: tbl← apply_rule(rule, T )
9: end if

10: end if
11: end for
12: if successors_amt > 0 then
13: return [tbl]
14: end if
15: successor_tbl← [ ]
16: if successors_amt == 0 then
17: for rule in n_premise_rules do
18: if is_one_premise(rule) ==False then
19: if try_apply_rule(rule, T ) == True then
20: successors_amt← successors_amt+ 1
21: successor_tbl.add(apply_rule(rule, T ))
22: end if
23: end if
24: end for
25: end if
26: if successors_amt == 0 then
27: cut_tbl← apply_cut(TSTh, T )
28: for tbl in cut_tbl do
29: successor_tbl.add(tbl)
30: end for
31: end if
32: return successor_tbl
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For the sake of simplicity, we employ the symbols f and g as the skolemization

symbols, instead of skl12 and skl22. The program finds one minimal proof and, from it,

two proof-isomorphic sets of signed formulas are found, {+ p1 ∈ (p2 \ p3),− p1 ∈ p2} and

{+ p1 ∈ (p2 ∩ p3), − p1 ∈ p2}.

Figure 23: Output of the prototype implementation for an example from the definitional
theory of sets.

Regarding the other examples from the sets folder, we mention two examples that our

implementation does not find proofs. The first is the set of signed formulas {+ p1 ∈ p2 ∪ p3,
− p1 ∈ p2}, described in the file sets/signed_fmlas/example3, and the second is {+ p1 ∈
p2 ∪ (p2 ∩ (p3 ∩ p4)),− p1 ∈ ((p2 ∪ p3) ∩ (p2 ∪ p4))∩ (p2 ∪ p5)}, described in the file sets/

signed_fmlas/example12. The first is, indeed, not provable. The second is provable, but

it demands two applications of the cut rule, which our implementation is constrained not

to do.
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To the theory of numbers, we have found several limitations, as detailed in Section

5.1. The only interesting examples of provable sets of signed formulas with the rules

from Example 4.17 we have manage to run were SF1 := {+ p1 ≤ p2,+ p2 ≤ p3,− p1 ≤ p3}
and SF2 := {+ p1 | p2,+ p2 | p3,− p1 | p3}. It is worth mentioning that, in this case, the

execution of the search for minimal proofs is much slower than in the examples from the

theory of sets. To run this example, execute the following commands in the src folder:

• cp inputs/numbers/symbols inputs/symbols

• ./main inputs/numbers/expansion_rules inputs/numbers/signed_fmlas/example1

Figure 24: Output of the prototype implementation for an example from the definitional
theory of numbers.
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