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ARTICLE INFO ABSTRACT
MSC: The analysis of complex networks has traditionally relied on descriptive measures, such as centrality and cluster-
05C80 ing coefficients, as well as algorithms for detecting partitions and components. Additionally, a range of software
05C50 ackages has been designed for visualization and structural analysis. Although these approaches provide valuable
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62H30 information, they primarily focus on observable network features rather than their underlying generative mech-
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anisms. We introduce statGraph, a nonparametric statistical framework for inferring properties of unobserved
Keywords: network generation mechanisms. At its core, statGraph leverages graph spectra, which intrinsically capture struc-
Graph tural information and provide a robust basis for nonparametric inference. The package implements a range of
Complex network methods, including graph entropy estimation, random graph parameter estimation, model selection procedures,
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statistical tests for comparing graphs, correlation analysis between sets of graphs, and graph clustering algo-
rithms. By bridging graph theory and statistics via spectral analysis, statGraph provides a comprehensive toolkit
for advancing the statistical analysis of complex networks.
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1. Motivation and significance

Traditionally, we have modeled complex systems as random graphs
(graphs that are generated by some random process) and analyzed them
using approaches based on descriptive measures, such as vertex cen-
trality and clustering coefficient [1], algorithms to find bipartitions,
components, and matchings [2,3], and analysis software focused on
graph visualization (igraph [4] and Graphviz [5]), descriptive measures
of graph structure (Tulip [6], Pajek [7], Cytoscape [8]), and clustering
of vertices (Gephi [9]).

However, all analyses focus on network features, rather than on our
actual objects of interest. For example, consider two cities. Even if both
cities exhibit the same number of roads and comparable measures of
traffic flow, this does not imply that the cities are identical. The true cri-
terion for equivalence lies in whether they were constructed according
to the same underlying design or planning principles. Analogously, in
the study of networks, it is not the observable structural features alone
that define similarity, but rather the generative mechanisms from which
these networks arise. In network terms, this is analogous to determin-
ing if two networks, despite having similar global statistics, originated
from the same underlying stochastic process. Currently, few tools ad-
dress this question. To our knowledge, statnet [10] is the only one that
makes inferences from the generation mechanisms of networks. statnet
includes tools for model estimation, evaluation, model-based network
simulation, and visualization. However, statnet is restricted to para-
metric exponential-family random graph models. The problem is that the
generation mechanism is rarely known. Thus, a nonparametric statistical
framework becomes necessary to make inferences from the unobserved
generation mechanisms.

Here, we introduce statGraph, a nonparametric statistical frame-
work for making inferences from unobserved generation mechanisms.
The core of statGraph is the analysis of graph spectra, which are in-
herent to all graphs, enabling the nonparametric analysis of complex
networks. The rationale for this idea is that there is a close relation-
ship between the graph’s structure and its spectrum [11]. statGraph
includes methods for calculating the entropy of the graph, estimating
the parameters of a random graph model, a model selection approach,
statistical tests to compare two or more (sets of) graphs, a method
to identify a correlation between two vectors of graphs, and graph
clustering algorithms.

In this work, “nonparametric” means that the data representation
and many comparisons do not assume a generative graph model: proce-
dures can operate directly on empirical spectral densities (ESDs) (e.g.,
distances, clustering, correlations). statGraph also provides optional
model-based modules that fit or compare parametric random-graph
families (e.g., ER, WS, BA) by matching model-implied spectra to the ob-
served ESD. This dual design allows users to remain distribution-agnostic
and obtain interpretable model parameters when appropriate.

This article provides an overview of data analysis using the stat-
Graph package. This paper is organized as follows. Section 2 describes
the notation and background used throughout the paper. Section 3 de-
tails the functions. Section 4 illustrates the application of statGraph to
actual data. Finally, we describe the impact in Section 5 and make some
final remarks in Section 6.

2. Software description

At the core of statGraph lies the concept of the graph spectrum. For
an undirected graph G = (V, E), where V is a set of n vertices and E is
a set of edges, its adjacency matrix A(G) is an n X n matrix where A;; =
A;; = L if vertices i and j are connected, and 0 otherwise. The spectrum
of G is defined as the set of n real eigenvalues (4, > 4, > ... > 4,) of its
adjacency matrix A(G). For a random graph g, these eigenvalues are also
random vectors, which allow for the computation of their expectation
with respect to the graph’s probability law [12]. The graph spectrum is
a powerful representation for several reasons:

« Nonparametric analysis: Graph spectra are intrinsic to all graphs,
making them suitable for nonparametric analysis of complex net-
works.

Dimensionality reduction: The dimension of the spectrum is
equivalent to the number of vertices (n), whereas fully describing a
graph by its edges can require up to n> dimensions.

Structural insights [13]: Analysis of the graph spectrum can
reveal several structural properties, such as:

1. The largest eigenvalue indicates the largest degree.

2. Bipartiteness can be determined by checking if for every eigen-
value 4, its negative counterpart -4 also exists.

3. Connectedness is evident if the largest eigenvalue is strictly
greater than the second largest.

4. The diameter of the graph corresponds to the number of distinct
eigenvalues.

5. The size of the largest clique is bounded by the largest eigen-
value.

Random graph model representation: Different spectral distri-
butions imply that the underlying random graph models or their
parameters that generated the graphs are different. This makes the
spectrum a good representation for random graph models [14-22].
Nonparametric likelihood substitute: The empirical graph spec-
tral density (ESD) serves as a nonparametric alternative to the
likelihood function, which is often unknown for many random
graph models. This characteristic enables statGraph to construct
a general statistical framework for graphs, differentiating it from
parametric methods tied to specific random graph models.

For arandom graph g, the spectral density p,(4) is formally defined as
the limit of the expectation of a normalized sum of Dirac delta functions
centered on the eigenvalues. This concept is crucial, as the spectral den-
sity of graphs generated by the same random process converges to a fixed
function as the graph size n approaches infinity, given proper normaliza-
tion. Notable examples include Wigner’s semicircle law for Erdos-Rényi
and k-regular graphs [23]. Furthermore, empirical studies have shown
that empirical spectral density (ESD) characterizes various graph ensem-
bles, including geometric, Barabasi-Albert, and Watts-Strogatz graphs
[12,23-26]. While the graph spectrum is invariant under vertex re-
labeling, it is an incomplete invariant for graph isomorphism (i.e.,
non-isomorphic graphs can be isospectral). However, in practical appli-
cations, the probability of encountering isospectral graphs diminishes
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significantly as the number of vertices increases, making the spectrum a
highly effective characterization tool for sufficiently large graphs [13].

Let (.) be the expectation with respect to the probability law of the
random graph, and § be the Dirac delta function. Then, the spectral den-
sity (of a random graph) with a normalizing sequence (d,),y is defined
as follows:

i LS A
pg<a>—JLn;<;Z{5(a-d_n>>, W

when the limit exists.

3. Software functionalities

statGraph provides a range of functions for the statistical analysis of
complex networks, all of which use the graph spectrum.

3.1. Empirical spectral density (ESD)

The ESD is the empirical distribution of the graph’s eigenvalues. It
serves as a natural estimator for the spectral density of random graphs.
statGraph approximates the ESD by obtaining the graph’s spectrum,
applying a Gaussian kernel regression, and then normalizing the density
to ensure an integral of one. The function graph.spectral.density is used
for this purpose. Users can choose between two methods:

« diag (default): Computes all eigenvalues through diagonalization. It
allows specifying the support of the density function, the number
of discretization points, and the bandwidth calculation criteria (e.g.,
Silverman, Sturges, and biased/unbiased cross-validation).

« fast: Utilizes a degree-based approximation, particularly efficient for
large graphs (ten thousand vertices or more).

The function returns a statGraph object containing details on the
method, the data name, and the vectors for the x-axis (eigenvalues) and
y-axis (density) of the spectral distribution.

3.2. Graph spectral entropy

Graph spectral entropy is an analogous concept to Shannon entropy,
measuring the uncertainty of a random graph [12]. Defined as the in-
tegral of p,(4)log p,(4), it is based on differential entropy, which means
that it can take negative values, indicating that the network is informa-
tive. The function graph.entropy estimates this value using a Gaussian
kernel with bandwidth options similar to graph.spectral.density. It
returns a statGraph object including the calculated entropy.

3.3. Parameter estimation

This functionality addresses the problem of estimating the param-
eter () of a random graph model (M) that generated a given graph
(g) [12]. statGraph solves this by minimizing the Kullback-Leibler di-
vergence (KLD) between the empirical spectral density of the observed
graph (5(4)) and the parametric spectral density of the model (p,). This
approach is similar to the maximum likelihood estimation method. The
function graph.param.estimator performs this task. Its output is a stat-
Graph object that contains the estimated parameter (param) and the
minimum divergence (dist). For large graphs (e.g., n > 10000), users can
significantly improve computational efficiency by setting method = ‘fast’,
dist=‘L1’, and search =‘ternary’. This configuration employs a linear-
time algorithm for the spectral density approximation, uses the L,
distance instead of the KLD, and a ternary search instead of a grid search
[27,28], thereby avoiding the O(n?) complexity of diagonalization.

3.4. Model selection

When faced with multiple candidate random graph models, select-
ing the one that best fits the data is crucial [12,29]. statGraph achieves
this by minimizing the Graph Information Criterion (GIC), an analo-
gous measure to the Akaike Information Criterion (AIC). The GIC is
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Fig. 1. Decision tree to select the comparative test that best fits the dataset. The
order of the methods presented within each leaf is arbitrary.

calculated as 2K LD(j|p ) + 2|9[ |, where KLD is the Kullback-Leibler di-
vergence between the ei‘npirical spectral distribution and the model’s
spectral distribution, and |4;| is the number of parameters. The function
graph.model.selection returns a statGraph object indicating the selected
model(s) (that minimize GIC) and a matrix of parameter estimates and
GIC values for all considered models.

3.5. Comparison tests

statGraph offers several statistical tests to determine whether two
or more graphs or sets of graphs were generated by the same random
graph model. A decision tree guides the selection of the appropriate test
based on the presence of replicates and the number of graph sets (see
Fig. 1).

« Takahashi et al.’s test (graph.takahashi.test) [12]: This test com-
pares two graph populations (G, and G,). It uses the Jensen-Shannon
divergence (JSD) between their estimated spectral distributions to
test the null hypothesis that JSD is zero. Both sets of graphs must
have the same number of vertices.

Analysis of Graph Variability (ANOGVA) (anogva) [30]: Similar
to classical ANOVA, ANOGVA compares the spectral distributions of
two or more sets of graphs to a combined average. A large sum of
dissimilarities (KLD) indicates that at least one set was generated by
a different model or parameters. All graphs in all sets must have the
same number of vertices.

Semi-parametric ANOGVA (SP-ANOGVA) (sp.anogva) [31]: This
ANOVA-like procedure is designed for comparing two or more single
graphs (i.e., without replicates). It is “semi-parametric” because it as-
sumes a specific random graph model and tests its parameters. The
parameters are estimated using graph.param.estimator; their vari-
ances are estimated via a bootstrap method, and then the parameters
are compared using an F-statistic. Crucially, sp.anogva is suitable for
graphs of different sizes, unlike graph.takahashi.test and anogva.

3.6. Correlation

statGraph provides a method to identify correlations between vec-
tors of graphs [32]. This involves considering the graph model param-
eters as random variables and testing their independence. The package
utilizes the largest eigenvalue of the graph adjacency matrix as a proxy
for association, given its proportionality to the parameters in several
random graph models. The function graph.cor.test implements this test.
It can handle cases where the graphs in the two vectors (G, and G,)
have different numbers of vertices, as long as all graphs within G, have
the same number of vertices and similarly for G,.

3.7. Clustering

Instead of clustering vertices of a graph [33,34], statGraph provides
methods to cluster the whole graphs. The clustering functionalities in
the statGraph group graphs based on their similarity, measured by the
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distances between their spectral densities. These distances can be based
on Kullback-Leibler or Jensen-Shannon divergences, or on L, and L,
norms.

Distance matrix (graph.dist): This function calculates the pairwise
distance or dissimilarity matrix among a list of graphs. For KLD,
the resulting matrix is asymmetric because the j-th graph acts as a
reference.

Hierarchical clustering (graph.hclust): Adapts the standard hi-
erarchical clustering algorithm by using the Jensen-Shannon di-
vergence between graph spectra instead of Euclidean distance. It
requires that all graphs have the same number of vertices. The
function returns cluster labels and the hclust object.

K-means (graph.kmeans): Similarly, graph.kmeans adapts the k-
means algorithm using Jensen-Shannon divergence among graph
spectra. It also requires graphs to have the same number of vertices.
The function returns cluster labels and cluster centroids.

Random graph mixture models (graph.cem) [35] : This advanced
clustering method is inspired by Gaussian mixture models (GMMs).
Here, each cluster is defined by a specific random graph model
and its estimated parameters. It integrates KLD, the model selec-
tion approach, and the parameter estimator into its Expectation-
Maximization (EM) algorithm. A key advantage is its suitability
for graphs of different sizes, distinguishing it from graph.hclust
and graph.kmeans. The function returns the cluster labels and the
estimated parameters for each group.

3.8. Handling graphs with different numbers of vertices

Many of the statistical procedures implemented in statGraph operate
directly on empirical spectral densities (ESDs). Because an ESD is defined
on a support tied to the graph size, some methods require all graphs to
have the same number of vertices, while others are designed to relax
this constraint by working at the level of model parameters or mixture
models. This distinction is operationally important when users analyze
networks coming from heterogeneous sources (e.g., PPI networks of
different species, brain networks with different parcellations) and was
already implicit in the decision tree for comparison tests (Fig. 1), but it
deserves to be made explicit. Concretely:

1. Methods that compare ESDs graph-by-graph (e.g., graph.
takahashi.test, anogva) assume that spectra are comparable on the
same dimensional support. For that reason, all input graphs must
have the same number of vertices. Violating this assumption can
lead to meaningless divergences or inflated dissimilarities.

2. Methods that work through parameter estimation or model-based
clustering (e.g., sp.anogva, graph.cem) can accommodate graphs
of different sizes because the comparison is carried out in the
parameter space (estimated from the spectrum) or at the mixture-
model level, not by aligning ESDs directly. These are the recom-
mended options when users have only a single, large graph of
varying sizes.

3. For very large graphs (~ 10* vertices or more), users should prefer
the method = “fast” option in the spectral-density and parameter-
estimation functions, which avoids the ©(»n?) diagonalization and
makes it feasible to keep the “same-size” requirement without pro-
hibitive running times. This is especially relevant when several
large graphs with the same number of vertices must be com-
pared. For illustration, the computational times (in seconds) to
estimate the spectral densities of WS graphs with » = 1000 and
n = 10000 vertices and setting method =‘diag’ are (mean and
95 % confidence interval between brackets) 0.327 [0.199, 1.0266]
and 50.861 [49.601,52.742]. In contrast, by setting method = ‘fast’
we obtain 1.999 [1.931,2.066] and 2.186 [2.112,2.299]. Notice
that for “small” graphs (~ 1000 vertices), the diagonalization
method (method =‘diag’) is faster than the degree-based method
(method =‘fast’). This is because we used the diagonalization
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method from LAPACK (Linear Algebra PACKage), which is opti-
mized and written in C/C++. The computational advantage of the
degree-based method becomes prominent only when r is large.
The degree-based method is implemented in R. For both cases, we
estimated the spectral density on an Intel Xeon Silver 4116 CPU
(2.10 GHz) with 160 GB of memory and 64 cores.

4. Finally, some clustering routines (graph.hclust, graph.kmeans)
also inherit the “same number of vertices” restriction because
they measure distances between ESDs; when datasets are hetero-
geneous in size, the user should instead rely on graph.cem.

By making these constraints explicit, users can select a pipeline
that matches their input data (homogeneous vs. heterogeneous sizes)
and still benefit from the fast spectral approximations available in the
package.

4. Illustrative example: enteric pathogen PPI networks

To demonstrate its practical utility, statGraph was applied to an-
alyze six protein-protein interaction (PPI) networks of representative
enteric pathogens obtained from string-db.org. After preprocessing (fil-
tering edges, unweighting, and selecting the largest connected compo-
nent), descriptive details of these networks, including the number of
vertices and edges, were summarized (see Table 1).

Observing Table 2, we derive the following conclusions:

1. Graph spectral entropy: The calculated spectral entropies were
negative for all six PPI networks, indicating that these networks
are highly informative.

2. Graph model selection: Using graph.model.selection, the
Barabési-Albert (BA) model consistently showed the lowest GIC
value among ER, WS, and BA models for all species. This find-
ing aligns with established literature suggesting that PPI networks
often exhibit a scale-free structure [36-41].

3. Parameter estimation: Subsequently, graph.param.estimator
was used to estimate the parameters for the selected BA model
for each pathogen. A higher BA parameter might indicate a more
pronounced hub-and-spoke structure [19].

4. Comparison tests: Given that the PPI networks were unitary and
of different sizes, sp.anogva was employed for pairwise compar-
isons. After Bonferroni correction for multiple tests, the results
indicated that most pairs of PPI networks were statistically dif-
ferent (p < 0.05). However, no statistical evidence was found to
discriminate the network structures between Escherichia coli and
Yersinia enterocolitica (p = 1.0), nor between Listeria monocytogenes
and Yersinia enterocolitica (p = 1.0). The high power of this test
was attributed to the substantial sizes of the networks.

5. Clustering: For clustering graphs of different sizes, graph.cem was
chosen. It grouped Campylobacter jejuni and Listeria monocytogenes
into cluster 1, and Escherichia coli, Salmonella enterica and Shigella
flexneri into cluster 2. The estimated parameters for these clusters
were 1.471335 and 1.231282, respectively.

Table 1
Summary of the number of vertices (proteins) and edges (interactions) before
and after filtering edges with weight < 900.

Enteric pathogens (strain) After filtering

Original (weight > 900)

Vertices  Edges Vertices  Edges

Campylobacter jejuni (NCTC11168) 1624 299944 886 11832
Escherichia coli (0157:H7) 5313 1235364 2173 19958
Listeria monocytogenes (EGDe) 2846 658052 1500 17166
Salmonella enterica (LT2) 4448 982270 2960 28616
Shigella flexneri (2 a str. 301) 4164 862170 1616 14432
Yersinia enterocolitica (8081) 5251 1079200 1487 13554
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Table 2

Graph spectral entropy, graph model selection, and graph parameter estima-
tor (GPE) for six representative enteric pathogens. The graph model with the
smallest GIC is the Barabasi-Albert (BA) model (in bold). The GPE shows the
estimated parameter considering the graph model with the smallest GIC.

Graph spectral Graph model selection GPE
entropy model GIC parameter
C. jejuni —-0.4501 ER 2.4321 1.4646
WS 2.4649
BA 1.5847
E. coli —0.9332 ER 1.5981 1.3084
WS 1.6656
BA 0.8806
L. monocytogenes —0.6952 ER 2.0552 1.2181
ws 2.0816
BA 1.2507
S. enterica —-1.0403 ER 1.5667 1.1019
ws 1.5745
BA 0.8893
S. flexneri —-0.8022 ER 1.7762 1.2859
Wws 1.7772
BA 0.9586
Y. enterocolitica —-0.7579 ER 1.8706 1.3204
ws 1.9531
BA 1.1237

5. Impact

statGraph represents a significant contribution to the field of com-
plex systems research. By facilitating efficient computation of spectral
densities, inferring generative mechanisms, and enabling statistically
rigorous comparisons of networks, the package allows researchers to
move beyond mere descriptive measures. This shift allows for a deeper,
more mechanistic understanding of how networks form, evolve, and
which structural patterns predict system behavior. Such insights are
pivotal for developing new theoretical frameworks and discovering
universal principles that govern complex systems.

Moreover, as an open-source R package, statGraph democratizes ac-
cess to advanced statistical tools, making sophisticated network analyses
available to a broader global research community rather than confin-
ing them to highly specialized groups. In essence, statGraph transforms
network science from a predominantly descriptive discipline into one ca-
pable of robust mechanistic inference at scale, effectively bridging the
gap between theoretical innovation and real-world application across
diverse domains such as neuroscience, molecular biology, biochemistry,
and the social sciences.

6. Conclusions

In conclusion, the statGraph package provides a comprehensive
toolkit for empirical network analysis, offering a spectrum-based sta-
tistical approach. Its functionalities, including parameter estimation,
model selection, various statistical tests, correlation measures, and a
suite of clustering algorithms, address critical needs in the study of
complex networks, paving the way for novel discoveries and a deeper
understanding.
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