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In this work we carry out a theoretical analysis of the spectra of magnons in quasiperiodic magnonic

crystals arranged in accordance with generalized Fibonacci sequences in the exchange regime, by using

a model based on a transfer-matrix method together random-phase approximation (RPA). The

generalized Fibonacci sequences are characterized by an irrational parameter sðp,qÞ, which rules the

physical properties of the system. We discussed the magnonic fractal spectra for first three general-

izations, i.e., silver, bronze and nickel mean. By varying the generation number, we have found that the

fragmentation process of allowed bands makes possible the emergence of new allowed magnonic bulk

bands in spectra regions that were magnonic band gaps before, such as which occurs in doped

semiconductor devices. This interesting property arises in one-dimensional magnonic quasicrystals

fabricated in accordance to quasiperiodic sequences, without the need to introduce some deferent

atomic layer or defect in the system. We also make a qualitative and quantitative investigations on

these magnonic spectra by analyzing the distribution and magnitude of allowed bulk bands in function

of the generalized Fibonacci number Fn and as well as how they scale as a function of the number of

generations of the sequences, respectively.

& 2012 Elsevier B.V. Open access under the Elsevier OA license.
1. Introduction

In recent years, since the pioneering works of Yablonovitch [1]
and John [2], considerable efforts have been also made in
dielectric microstructures with modulated periodicity that
exhibit unique properties as photonic band gaps (PBGs), i.e., the
well-known photonic crystals (PCs). The concept of PBGs is quite
similar to the one corresponding to electrons in solid state
physics: the photon propagation is forbidden in band gap regions.
Moreover, it is possible to create similar crystals for which,
instead of electromagnetic waves, spin waves (SWs) are used as
carriers of information. Drawing an analogy from photonic and
phononic crystals (PhCs), such magnetic materials are called
magnonic crystals (MCs) (because magnons are the quasiparticles
associated to SWs).

On the other hand, magnetic structure has been few studied in
the context of MCs. For example, magnetic periodic layered
structures have been studied for more than two decades, where
we cite, as one of the most important properties of multilayered
1.

.br,

sevier OA license.
systems, the discovery of the giant magneto-resistance effect in
three-layer system containing magnetic and non-magnetic layers
by Baibich et al. [3]. But, only recently Kruglyak et al. [4] proposed
an experiment to investigate the physical properties of magnonic
structures. They have observed that, similar to PCs, the spectrum
of magnonic crystals is strongly affected by the presence of
magnonic band gaps (MBGs), in which magnon propagation is
forbidden (for review, see Ref. [5]). These results have been
probed recently by Sokolovskyy et al. [6]. On the other hand, a
natural extension of the concept of PCs to MCs is to consider a
periodic magnetic permeability function instead of a periodic
electric permissivity [7], i.e., one looks for the periodicity of the
index of refraction Z¼ ffiffiffiffimp , with E¼ 1, in MCs, instead of Z¼

ffiffiffi
E
p

,
with m¼ 1, such as occurs in PCs. This definition is compatible for
spin waves in the magnetostatic regime [8]. However, for mag-
nons in the exchange regime it is necessary to take into account
that the exchange terms of magnetic materials display the same
role obeyed by the permissivity function in PCs [9]. This paper is
addressed to understand the thickness and localization of these
MBGs, and, consequently, make us able to control the magnon
propagation in such structures. For example, MCs can be used to
process and transport information, being that magnon is the
quasiparticle responsible for do this, exactly as occur in electronic
and photonic devices.
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Moreover, no periodic but deterministic (quasiperiodic) struc-
tures constitute a separate field of research [10,11]. There are
various groups of those, namely, substitutional sequences
(Fibonacci, Thue–Morse, Rudin–Shapiro, and double-period) [12,13]
or fractal structures (Cantor sets or Koch fractals) [14,15]. Quasi-
periodic systems do not have translational symmetry and were
mainly considered as suitable theoretical models to describe the
conceptual transition from a perfect periodic structure to some
random version [16,17]. Specifically, MBGs were studied in
quasiperiodic magnonic crystals or magnonic quasicrystals (MQCs)
without [18] and with uniaxial anisotropy [19]. MQCs are defined
like MCs. The difference is in the spatial distribution of the
exchange terms where they are organized in quasiperiodic
fashion, obeying a mathematical rule, which, here, are the gen-

eralized Fibonacci sequences (GFSs).
In this work, we make use of transfer-matrix method to

investigate the spin waves propagation in MQCs. The calculations
are carried out for the exchange dominated regime within the
framework of the Heisenberg model and taking into account the
random-phase approximation (RPA). The purpose of this work is
to generalize previous results concerning MBGs, investigating
now the generalized Fibonacci structures considering silver (SM),
bronze (BM) and nickel mean (NM) characteristic irrational
parameter, and compare them with the results for the golden

mean (GM) case [18], which corresponds to ordinary Fibonacci
sequence. The main motivation to study these structures is that
they are realizable experimentally, so they are not mere academic
examples of a quasicrystal. Furthermore, the trace maps of the
golden, silver and bronze mean recursion relations are claimed to
belong to the same universality class of dynamical systems
because they possess a invariant trace map [20]. On the other
hand, the nickel mean arrangement has a different invariant
embedded within a two-dimensional plane and, thus, this
sequence belongs to other universality class [21,22]. NM
sequence is said to have a pseudo-invariant trace map. From
these results, we expect to obtain some differences in magnonic
spectra of silver and bronze mean in relation to nickel mean
one. The theoretical investigations of physically measurable
quantities, like MBGs, displaying these characteristics would be
useful to check these predictions, and, surely, they can be tested
experimentally.

Let us briefly review the GFSs considered in this work.
These quasiperiodic structures can be obtained by an inflation
rule or recursive relation, forming a binary string that can be
grown by juxtaposing two building blocks A and B. Therefore,
the n-th stage Sn of quasiperiodic magnonic multilayers is
generated by Sn ¼ Sp

n�1Sq
n�2, with S0 ¼ B and S1 ¼ A. The indexes p

and q are arbitrary positive integer numbers and nZ2. SpðqÞ
n

represents p(q) adjacent repetitions of the stack Sn. This type
of inheritance is normal in iterative processes and frequently
produces self-similar structures, which is the first indication
of a fractal distribution of energy spectrum. Equivalently,
they can also be generated by the recurrence relation B-A,
A-ApBq, where Ap

ðBq
Þ represents a string of p A’s(q B’s). When

p¼ q¼ 1 we recover the well-known Fibonacci sequence. The
total number of blocks A and B in Sn is equal to the generalized

Fibonacci number, denoted by Fn, and it is given by the recurrence
relation

Fn ¼ pFn�1þqFn�2, ð1Þ

with initial values F0 ¼ F1 ¼ 1. The characteristic irrational value

sðp,qÞ, namely, the ratio Fn to Fn�1 in the limit of n-1, is given by
the positive solution of the quadratic equation

s2�ps�q¼ 0,
or explicitly by

sðp,qÞ ¼ lim
n-1

Fn

Fn�1
¼

pþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þ4q

p
2

:

The labels of the different types of quasiperiodic structures
depend on the values of p and q. For instance, for the case
p¼ q¼ 1, we have sð1;1Þ ¼ sg ¼ ð1þ

ffiffiffi
5
p
Þ=2, the well-known gold

or golden mean (GM) number. Similarly, sð2;1Þ ¼ ss ¼ 1þ
ffiffiffi
2
p

is the
silver mean (SM) number; sð3;1Þ ¼ sb ¼ ð3þ

ffiffiffiffiffiffi
13
p
Þ=2 is the bronze

mean (BM) number, whereas sð1;3Þ ¼ sn ¼ ð1þ
ffiffiffiffiffiffi
13
p
Þ=2 is the

nickel mean (NM) number. These values of s are the most
commonly known and they are called ‘‘metallic means’’ [21].
Observe that s is completely equivalent to the determination of
the eigenvalues of the substitution matrix Rr considered by
Grimm and Baake [23]. Therefore, we can classify the substitu-
tional sequences considered in this paper based on the irration-
ality of s�ðp,qÞ (where the minus signal means the negative
root of sðp,qÞ defined above), i.e., if 9s�ðp,qÞ9o1, it is a
Pisot–Vijayraghavan (PV) irrational number, and the fluctuation
of the physical properties of substitution sequence is more
accentuated. On the other hand, if 9s�ðp,qÞ941, it is not a
PV-type number, and, consequently, the fluctuation of its physical
properties is minor. In our case, only the NM sequence is not
PV-type and therefore we expect a more pronounced fluctuation
of its physical properties. In actual, the SM and BM sequences are
quasiperiodic, while NM case is just an aperiodic sequence [21]!
In this paper we shall consider the generalized Fibonacci quasi-
crystals defined by pZ1, qZ1.

This paper is organized as follows. In Section 2 we present the
method of calculation employed here, which is based on the
transfer-matrix approach. The SW dispersion relation is then
determined, and its expression follows the pattern already shown
in previous works (for a review see [13]). In Section 3 we use our
model to calculate the SW spectra for any generalized Fibonacci
quasicrystals defined by pZ1, qZ1 (namely, silver, bronze and
nickel mean). The numerical results are given in Section 4, while
the some conclusions are presented in Section 5.
2. General theory

As indicated in Fig. 1a, we consider, initially, MCs in which
nA layers of material A alternate with nB layers of material B.
Initially, we analyze the periodic case, i.e., the slabs A and B

alternate periodically, so that the unit cell is ½A9B�. Later, in Section
3, we extend the results obtained here to quasiperiodic case. Both
materials are taken to be simple cubic spin-S Heisenberg
ferromagnetic materials, having bulk exchange constants JA, in
A, and JB, in B, and lattice constant a for both materials, conform
is schematized in Fig. 1b. The exchange terms at the interfaces are
I (in A9B interface), IA (in A9A interface) and IB (in B9B interface).

The Heisenberg hamiltonian for each component is (we choose
units in which _¼ 1Þ

H¼ ð�1=2Þ
X

i,j
i a j

Ja S
!

i � S
!

j�gmBH0

X
i

Sz
i , ð2Þ

where the sum in the first term is over sites i and nearest
neighbors j, H0 is a static external magnetic field pointing in the
z-direction, and a is equal to A(B), in the bulk of material A(B), or
I(IA or IB), in the interface A9B (A9A or B9B, respectively). The unit
cell size is D¼na, with n¼

P
inAiþ

P
jnBj (number of A-layers and

B-layers in each unit cell). The l-th unit cell is defined to run from
ðl�1Þnaþa to ln a. At non-zero temperature the equilibrium
configuration must exhibit the analogue of surface reconstruction.
This implies that the mean spin S in both materials is a function of
its distance from the nearest interface (in the A9B interface, for



Fig. 1. Schematic representation of the MC studied here. In (a) we have the slabs A

and B alternating periodically in z-direction as well as the external static magnetic

field applied in the structure. The internal structure of interface A9B is presented in

(b), showing the spin configuration and the exchange terms in bulk and interface.

C.H.O. Costa et al. / Journal of Magnetism and Magnetic Materials 324 (2012) 2315–2323 2317
example). Although this effect is of interest, it is not our concern
here, and we circumvent it by restricting our attention to the low
temperature regime, T5TC (where TC is Curie’s temperature), at
which the spins are fully ordered, i.e., we can make /SzS¼ S [24].

The dispersion equation for bulk SWs in ferromagnetic medium
(A or B) is found within the random-phase approximation (RPA) from
the equation of motion for the spin operator Sþi ¼ Sx

i þ iSy
i

i
@

@t
Sþi ¼ gmBH0Sþi þ/SzS

X
n:n:

JaðS
þ

i �Sþj Þ, ð3Þ

where i is a given site in the bulk of ferromagnetic material. For bulk

modes, Sþi is proportional to e½ið k
!
� r
!
�otÞ�. Substituting this solution
in Eq. (3), the dispersion relation of SWs in bulk of a ferromagnet is
determined (for more details, see Refs. [13,24]), and it has the form

o¼ gmBH0þ JaSa½6�gð k
!
Þ�, ð4Þ

with gð k
!
Þ¼ 2½cos ðkxaÞþcos ðkyaÞþcosðkzaÞ�.

The SW dispersion relation in a periodic superlattice can be
found by solving the RPA equations of motion for the operators
Sþi and using appropriate boundary conditions at the interfaces. If
a given spin is not at some interface, it has the same nearest-
neighbor environment, and so, has the same equation of motion
as a spin in corresponding bulk medium, i.e., its relation disper-
sion is given by Eq. (4). On the other hand, when the spin i is
located in some interface, we propose that SW amplitudes are
given, within each material, by a linear combination of the
positive- and negative-going solutions for the bulk medium (see
Fig. 1a, for more details), i.e.,

Sþi ¼ fAle
½i k
!

A �ð r
!
� r
!

lAÞ� þA0le
½�i k
!

A �ð r
!
� r
!

lAÞ�geð�iotÞ ð5Þ

for a spin that belongs to interface from the medium A. For a
spin situated at the interface of the material B, one must change
the amplitudes and indexes from A to B. Here r

!
lA and r

!
lB are the

positions of the left-hand layers of the corresponding component
in cell l, i.e., r

!
lA ¼ l�1ð Þnaþa

� �
ẑ and r

!
lB ¼ ½ðl�1Þnaþðn1þ1Þa�ẑ,

and we use them in other to the transfer-matrices have the
same form.

To the magnonic crystal shown in Fig. 1a, Eq. (3) at interface
A9B relates the amplitudes ðBl,B

0
lÞ with ðAl,A

0
lÞ, while the same

equation when applied at interface B9A relates the amplitudes
ðAlþ1,A0lþ1Þ with ðBl,B

0
lÞ, and these equations can be written as

follows:

MA

Al

A0l

 !
¼NB

Bl

B0l

 !
ð6Þ

and

MB

Bl

B0l

 !
¼NA

Alþ1

A0lþ1

 !
: ð7Þ

By means in a simple algebraic manipulation, we can associate
the amplitudes ðAl,A

0
lÞ to ðAlþ1,A0lþ1Þ, which give

Alþ1

A0lþ1

 !
¼N�1

A MBN�1
B MA

Al

A0l

 !
: ð8Þ

Now, using Bloch’s theorem, we have that

Alþ1

A0lþ1

 !
¼ ei Q
!
�D
! Al

A0l

 !
, ð9Þ

where Q
!
¼ Qẑ is Bloch’s wave-vector and D

!
¼Dẑ. In addition, we

can relate the SW amplitudes in l-th unit cell with the ðl�1Þ-th
one. Applying Bloch’s theorem for this case, we obtain the
following expression:

Al�1

A0l�1

 !
¼ e�i Q
!
�D
! Al

A0l

 !
: ð10Þ

From Eqs. (9) and (10), one can show that

cosðQDÞ ¼ ð1=2ÞTr½T�, ð11Þ

with T ¼N�1
A MBN�1

B MA. The form of the matrices M’s and N’s can
be found in Ref. [13]. Of course, T is a transfer-matrix since it
relates the coefficients of the ðlþ1Þ-th unity cell to the coefficients
of the l-th unity cell. The last line follows from the fact that T is an
unimodular 2�2 matrix. Eq. (11) describes the SWs bulk modes
in a periodic arrangement of the magnetic multilayers.
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Although, in this work, we are concerned in study the
distribution of magnonic bulk bands, for completeness we remark
that a similar expression can be obtained for surface SWs. These
surface magnons are modes that decay exponentially from inter-
face, but they have an oscillatory behavior in-plane component of
wave-vector, and this allows that the mode propagate only in
surface. By considering the truncation of the MC, considered in
Fig. 1, at the plane z¼0, we can replace Q by ib in Eq. (11) (with
ReðbÞ40), in such way that Bloch’s theorem holds provided
[13,18]). Besides of this, in MCs, we also can find the so-called
interfacial SWs, which are modes that can propagate between the
interfaces, since that some conditions be obeyed, like the SWS
wave-vector direction in plane of multilayer. For a review about
interfacial magnons, see Refs. [25–27].

Once we know the form of the transfer-matrix T, the bulk SW
spectra are determined. If we have an A9AðB9BÞ interface, we only
need to change the interface exchange constant from I to IA(IB).
This not modifies the functional form of the matrices. This
Fig. 2. Magnon spectrum as function of the reduced frequency O versus the

dimensionless wave-vector kxa: (a) in a MC (which correspond to second

generation of Fibonacci GM sequence, i.e., n¼2) and which unit cell is ½A9B�; and

(b) in a MQC (third generation of Fibonacci GM, i.e., n¼3), with unit cell being

½A9B9A�. The shadow areas represent the magnonic bulk bands and they are limited

by QD¼0 and QD¼ p. Between these bulk bands there are gap regions, that are the

magnonic band gaps. In these regions, the magnonic surface modes can propagate

in the surface of the structure.
expression also holds for any other arrangement of the magnetic
multilayers, and therefore will be employed in the determination
of the spectra for the quasiperiodic structures.
3. Transfer-matrix approach for the quasiperiodic structures

We now intend to investigate the bulk SWs in generalized
Fibonacci one-dimensional MQCs by using the calculations of the
previous section. A generalized Fibonacci structure, as discussed
previously, can be grown by juxtaposing two building blocks
A and B (corresponding to layers A and B), in such a way that the
n-th stage of the sequence Sn is given iteratively by the rule
Sn ¼ Sp

n�1Sq
n�2, for nZ2, with S0 ¼ B and S1 ¼ A. It is also invariant

under the transformations A-ApBq and B-A. We recall the
transfer-matrix for any generation of an Fibonacci golden mean

MQC is [18]

TSn
¼ TSn�2

TSn�1
, nZ3, ð12Þ

where TS1
¼N�1

AA MAA and TS2
¼N�1

A MBN�1
B MA.
Fig. 3. Same as Fig. 2, but for (a) second (n¼2) and (b) third (n¼3) generations of

Fibonacci silver mean MQC. The number of allowed and gap bands raise because of

growing of unit cell. On the other hand, the allowed band widths are narrower.



C.H.O. Costa et al. / Journal of Magnetism and Magnetic Materials 324 (2012) 2315–2323 2319
However, to Fibonacci silver mean structures, the transfer-
matrix for any generation can be obtained by following equation:

TSn
¼ TSn�2

TSn�1
TSn�1

¼ TSn�2
ðTSn�1

Þ
2, nZ3, ð13Þ

where, now, TS2
¼N�1

A MBN�1
B MAN�1

AA MAA. Similarly, to Fibonacci

bronze mean MQCs, the transfer-matrix obeys the following
recurrence relation:

TSn
¼ TSn�2

TSn�1
TSn�1

TSn�1
¼ TSn�2

ðTSn�1
Þ
3, nZ3, ð14Þ

with TS2
¼N�1

A MBN�1
B MAN�1

AA MAAN�1
AA MAA.

For completeness, we want to investigate also the Fibonacci

nickel mean MQCs. The transfer-matrix for the n-th generation is
given by

TSn
¼ TSn�2

TSn�2
TSn�2

TSn�1
¼ ðTSn�2

Þ
3TSn�1

, nZ3, ð15Þ

and TS2
¼N�1

A MBN�1
BB MBBN�1

BB MBBN�1
B MA.

We can extend the transfer-matrix method for a generalized
Fibonacci sequence for any values of p and qZ1. It is easy to show
that the transfer-matrix for the n-th generation of the sequence
sðp,qÞ is given by

TSn
¼ ðTSn�2

Þ
q
ðTSn�1

Þ
p, nZ3, ð16Þ
Fig. 4. Similar to Fig. 2, we plot the Fibonacci BM case for second (a) and third

(b) generations of MQC.
where ðTSn
Þ
pðqÞ means that matrix TSn

is multiplied p(q) times.
Therefore, from the knowledge of the transfer matrices TS1

and TS2

we can determine the transfer-matrix of any generation, and
they are given by TS1

¼N�1
AA MAA and TS2

¼N�1
A MBðN

�1
BB MBBÞ

ðq�1Þ

N�1
B MAðN

�1
AA MAAÞ

ðp�1Þ.
With the knowledge of all those transfer matrices, together

with Eq. (11), we can now calculate the SW spectra (bulk modes)
for these artificial structures and this is the topic of the next
section.
4. Numerical results

In this section we present some numerical illustrations of
magnonic band structures for MQCs, as a function of the reduced
frequency O¼o=JASA versus the dimensionless wave-vector kxa,
kx being the in-plane wave-vector (throughout our study, we
choose kya¼ 0), a is the lattice constant, and versus n, the
generation number of GFSs. In addition, we show the power law
plots for SM, BM, and NM sequences. In what follows, the physical
parameters used are the number of layers in each material
Fig. 5. The Fibonacci NM case is shown for your second (a) and third

(b) generations of MQC, in similar way to Fig. 2. In this case, we can note the

more pronounced fluctuation on the magnon spectrum, as we expected for NM

sequence (9s�ð1;3Þ9 is not PV-type).
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nA ¼ nB ¼ 3, respectively; the average spins SA ¼ 1:0 and SB ¼ 1:5,
respectively; the ratio between the exchange terms JAB ¼

JA=JB ¼ 2:0, IAA ¼ IA=JA ¼ IBB ¼ IB=JB ¼ 0:8, IA ¼ I=JA ¼ 1:2, IB ¼ I=JB ¼

2:4, H0A ¼ gmBH0=JA ¼ 1:0 and H0B ¼ gmBH0=JB ¼ 2:0.
In Figs. 2–5, the bulk bands for magnons in MQCs are

represented by shaded areas, and they are limited by QD¼0 and
QD¼ p (see Fig. 2a). Between these bulk bands there are gap
regions, which are the magnonic band gaps. However, we can
have also the propagation of surface modes or surface SWs in
these gap regions [18].

In Fig. 2a, we present the well-known periodic case, whose
structure is shown in Fig. 1, and which corresponds to second

generation (n¼2) of Fibonacci GM sequence. This band structure
is the ‘‘basic signature’’ of a MC, showing various band gaps (the
white regions between the shaded ones), and so, characterizing a
band pass structures, as is found in electronic and photonic
crystals. This is the operating mechanism of multiplex devices,
in which many narrow bulk bands exist in a short frequency
range. Such devices make possible the data transmission in very
Fig. 6. Distribution of the magnonic allowed bandwidths for the Fibonacci silver mean

characterize the self-similar behavior of spectrum, we present a zoom of the regions su
well-defined frequencies. The SW spectrum for third generation

(n¼3) is presented in Fig. 2b, where we can see that more bulk
bands emerge and they are narrower than Fig. 2a. The number of
bulk bands increases because of the growing of the layers in the
unit cell. In Fig. 2a, the unit cell is ½A9B�, with six layers total, while
in Fig. 2b, the unit cell is formed by ½A9B9A�, with nine layers total.
Thus, the bulk bands are narrower and, consequently, more MBGs
arise up.

In Fig. 3, we have the same as Fig. 2, but for the second (Fig. 3a)
and third (Fig. 3b) generations of Fibonacci SM sequence, while in
Fig. 4, we plot the Fibonacci BM case: second (Fig. 4a) and third

(Fig. 4b) generations. The Fibonacci NM case is shown in Fig. 5 for
your second (Fig. 5a) and third (Fig. 5b) generations too. Comparing
the magnon spectra for the second generation of each sequence
presented, we observe that the spectra display allowed bands
more narrowed (see Figs. 2a, 3a, 4a and 5a). The same behavior is
observed to the third generation. Here, what happens is that the
sequences grow up more rapidly when values of p and q increase.
In this point, we call attention to localization phenomena, which
MQC as a function of the Fibonacci SM generation number n, for kxa¼ 0:5. Here, to

rrounded by a line box in (a), (b) and (c) are the amplification of the regions in (a).
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is linked with the narrowing of allowed bands. This narrowing of
the bulk bands is due to the growing of the unity cell, and this
behavior appears in other quasiperiodic systems [13,14].

Another very important property observed in Figs. 2–5 is that,
by varying the generation number n, the fragmentation process of
allowed bands make possible the emergence of new allowed
magnonic bulk bands in regions of the spectra that were magnonic
band gaps before. This is observed more clearly in Figs. 6–8.
Physical properties like that frequently occur in semiconductor
crystals when we dope it with impurities or defects. This inter-
esting property arises in one-dimensional magnonic quasicrystals
fabricated in accordance to quasiperiodic sequences, without the
need to introduce some deferent atomic layer or defect in the
system. In other words, we can create propagation modes in band
gap regions using a multilayer system formed by homogenous
material arranged in accordance with some quasiperiodic
sequence just modifying the number of the generations of the
sequence used! This can be verified comparing the second and
third generation’s spectra presented.

As follows, in Fig. 6, we make a qualitative investigation about
the self-similarity and fractal behavior of the magnonic spectra
Fig. 7. Similar to Fig. 6, but for the Fibonacci BM sequence. The line box in this figure is to
showed previously by plotting the forbidden and allowed ener-
gies of the bandwidths of the magnonic spectra in the Fibonacci
silver mean sequence against the Fibonacci SM generation
number n, up to the 12th generation of this sequence (we fixed
kxa¼ 0:5). The number of magnonic band pass is equal to three
times the generalized Fibonacci number of the correspondent
generation. Note that, as expected, for large n the magnonic
allowed band regions get narrower and narrower, as an indication
of more localized modes, as discoursed above, and they have a
typical self-similar Cantor set structure. In Fig. 6b and c, in order
to show the self-similar behavior of spectrum, we present a zoom
of the regions surrounded by a line box in Fig. 6a. We can observe
that Fig. 6b and c is similar, except by scale, stressing the self-
similar feature, and, in themselves, we can identify other self-
similar regions. In Figs. 7 and 8, we make the same procedure as
in Fig. 6, but for Fibonacci BM and NM, respectively, showing the
self-similarity only for BM case (see Fig. 7b and c). For NM case,
we do not find self-similarity as in the other cases. As we have
commented at Section 1, this behavior was expected once the NM
sequence belongs to another universality class characterized by
PV irrational number. In SM and BM cases, we found that one
characterize the self-similar behavior of spectrum, in the same way presented in Fig. 6.



Fig. 8. Same as Fig. 6, but for the Fibonacci NM sequence. In similar way to Fig. 5

case, we can note the more pronounced fluctuation on the power law, as we

expected for NM sequence (9s�ð1;3Þ9 is not PV-type).

Fig. 9. The log–log plot for the full magnonic spectrum in the Fibonacci SM case.

The inset shows the dependence of exponent d in function of kxa, together the

error bar, that is approximately 10�4. In the legend we have the kxa values

used here.

Fig. 10. Same as Fig. 9, but for the Fibonacci BM sequence.

Fig. 11. Same as Fig. 9, but for the Fibonacci NM sequence. Here we can observe

the pronounced fluctuation on the dependence of exponent d in function of kxa, as

we expected for NM sequence.
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allowed band is ‘‘broken’’ giving origin to three ones, characteriz-
ing a trifurcation of bulk band, exactly as occurs in PCs [28].

Now, we also make a quantitative study about the spectra of
the sequences studied here. So, we investigate the power laws
behavior, which are typically found in this kind of system. We
find here that the narrowing phenomena of the band pass is
governed by the power law D� F�dðkxaÞ

n , where D is the total width
of the allowed bands, Fn is the generalized Fibonacci number, and
the exponent dðkxaÞ can be identified as being a diffusion constant

of the spectra [14] (which, in principle, can be related to the
dimensionless wave vector kxa) and one can relate it with the
fractal dimension of the spectrum. In Fig. 9 we show a log–log
plot of these power laws for the full spectrum and for different
values of kxa, starting on kxa¼ 0:01 up to kxa¼ 3:0, for Fibonacci
SM. One can see that, for the full magnonic spectrum, there is a
dependence of the d exponent with the common in-plane wave
vector kxa, which is not linear. The inset in Fig. 9 shows us that d
increases in the interval 0rkxar1:75. For kxaZ1:75, d decreases
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up to your minimum value, that is approximately equal to your
initial value dðkxa¼ 0:01Þ ¼ 0:165. In this figure, we can observe
that magnonic spectrum has a fractal behavior, confirmed by the
power law! Also, we can compare this result with the case
studied by Anselmo et al. [30], where they have investigated this
scale exponent for magnetostatic spin waves in Fibonacci GM,
Thue–Morse and double-period quasiperiodic systems. They have
showed that, for the kx values starting in the begin of Brillouin
zone (kxa¼ 0) until the center of the Brillouin zone ðkxa¼ p=2Þ,
the d exponent increases monotonically, as found in the inset of
Fig. 9. Therefore, this fact indicates that this feature could be
independent of the system.

In Figs. 10 and 11, we have same as in Fig. 9, however, for
Fibonacci BM and NM sequences. To the former, we found
that the spectrum present a fractal behavior too! The inset in
Fig. 10 shows us that d increases until your maximum value,
dðkxa¼ 1:0Þ ¼ 0:137. When kxaZ1:0, d decreases up to your
minimum value that is, approximately, dðkxa¼ 2:75Þ ¼ 0:082.
5. Conclusions

In this work we presented a general theory for the propagation of
magnons in one-dimensional MQCs fabricated in a quasiperiodic
fashion in accordance with the generalized Fibonacci recurrence
relation. We present the magnonic relation dispersion spectra for
SM, BM and NM cases, and compare them with ones of the GM case.
We could observe that MQCs are systems that have spectra contain-
ing a very rich band pass structure, and, therefore, it is suitable be
used as multiplex logical gates systems [29].

Another interesting property found in magnonic GFSs spectra
is the self-similar behavior of magnonic bulk bands in function of
the generalized Fibonacci generation number n, where, in the
limit n-0, these spectra become a Cantor fractal. Moreover, for a
given generation, we found that one bulk band is split into three
other bulk bands, at each generation, revealing a trifurcation
property of spectra. This self-similar behavior is found just for SM
and BM sequences, due to the reason s�ðp,qÞ to be classified
as PV irrational number. As discussed before, for NM, s�ðp,qÞ is
not a PV number; so, it belongs to different class universality, and
this fact is evidenced in this qualitative analysis of magnonic
allowed bands.

A quantitative analysis is made for Fibonacci silver and bronze
mean cases, where we show that a sum of allowed band width D
scales with the generalized Fibonacci number Fn by mean the d
exponent, giving a power law D� ðFnÞ

d which has a strong
dependence on dimensionless wave-vector kxa. The NM sequence
does not obey a power law, once that its spectra are not self-
similar. For the Fibonacci SM, we found that d increases mono-
tonically with kxa, this being between 0 and p=2, in according
with the result in [30]; while that, for BM, we found a non-linear
dependence of d with kxa.

Recent developments in the experimental techniques applic-
able to magnetic systems allow the experimentalists to consider
and investigate the possibility of magnons be used either to
transmit or process information [31–34]. For example, standing
spin waves have been observed in micron sized thin-films
metallic elements by mean time-resolved scanning Keer micro-
scopy (TRSKM) and Brillouin light scattering [31,32]. More
recently, Kruglyak and Hicken have proposed an experiment that
can facilitate the investigations of magnons propagation with
wavelengths below of several nanometers and frequencies in
excess of hundreds of Gigahertz [34]. These experiments could
be used to probe the spectra studied here. We hope that this work
could be inspiring the experimentalists to study further research
in this area.
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