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Abstract

In probability theory and statistics, the generalized axie value (GEV) distribution is a family
of continuous probability distributions developed witlgrtreme value theory, which has wide
applicability in several areas including hydrology, ergiring, science, ecology and finance. In
this paper, we propose three extensions of the GEV disimibuhat incorporate an additional
parameter. These extensions are more flexible than the G&bv¥ibdtion, i.e., the additional
parameter introduces skewness and to vary tail weight.dsetlthree cases, the GEV distribution
is a particular case. The parameter estimation of these m&whbdtions is done under the
Bayesian paradigm, considering vague priors for the paensie Simulation studies show
the efficiency of the proposed models. Applications to rigaotas and rainfall show that the
generalizations can produce more efficient results thdreistandard case with GEV distribution.

Keywords Extreme value theory; Generalized extreme value distdbutGeneralized classes
of distributions, Environmental and Economic data.

1 Introduction

In many areas of knowledge, the study of the behavior of aabéiis related to the tail of the dis-
tribution. These observations, although they can occur leiver frequency than the central part of
the distribution, can be of the greatest interest to theareber; in some situations, an occurrence in
the tail can cause a great impact on society, such as an irfidexyohigh rainfall or a high level of
river flow, among other variables such as temperature. Ttiemeges cause more impact than in the
mean of the index, according to Parmesan (2000) and Sang elfeh® (2009). One of the major
challenges of analyzing extremes is proposing a model andadsg its parameters with little infor-
mation due to the scant data available. Often the tail oftssital distribution is commonly seen as
normal, or exponential tails may not be the most suitableHisrtype of data. Another challenge in
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analyzing this type of data is estimating with a high levepogcision the probability of the occur-
rence of events that not have been observed. Coles (20043 sindetail the difficulties in estimating
extreme events. To answer these questions, the extreme thaary has been developed to analyze
these types of occurrences, proposing specific distribsfior this type of observation. One approach
is to analyze this type of data and group data in maxima evetyservations, and then to model the
block maxima. A pioneering work in this area was done by Hisimel Tippett (1928), who presented
an asymptotic result for distribution of maximum bloek There was not much progress in the area
until the 1950s, when works such as those by von Mises (19%d)Jankinson (1955) showed that
the only non-trivial limiting distribution of affinely noralised maximum is the generalized extreme
value (GEV) distribution.

A random variableX follows the GEV distribution if its cumulative distributicfunction (cdf) is
given by

exp {~[1+&(x — )0V}, €40,
Cloipo.6) = &)
exp{~exp[~(z —p)/ol}, €0,

and is defined in the sdtr : 1 + {(z — u)/o > 0}, wherep € R is a location parametes;, > 0

is a scale parameter agde R is a shape parameter. Thus, for> 0, the expression just given
for the cumulative distribution function is valid far > p — o /¢, while for ¢ < 0 it is valid for

r < p+o/(=£). Inthe first case, at the lower end-point it equals 0; in tle®sd case, at the upper
end-point, it equals 1. Fagr= 0 the expression in (1) is interpreted by taking the limi€as 0. The
probability density function (pdf) corresponding to (1pisen by

o 1+ &(x—p) /o) WO Pexp {—[1 + &(z — p) /o] VE}, €0,
g(x;p,0,8) =

o expl—(z — 1) /o] exp {— exp[—(z — 1) o]} €0,

Estimates of extreme quantiles of the annual maximum distribution are then obtained byrnve
ting Equation (1)

p+ g {llog()f 1}, €#0,

p — olog [~ log(u)], §—0,

whereu € [0, 1].
In GEV distribution, ifz* is the upper limit of distribution G, according to Embrecétsl. (1997)
and Ferreira and de Haan (2006) the shape parathstdrsfies

1 1 —G(w;p,0,8)
ez xg(T;p, 0,§)

=& (2)



if £ > 0andx* = oo, and

T—x* (ZL‘ — l’*) 9(1'7 u, g, 5)

if £ <0andz* < oo.

There has been an increased interest in defining new clasgewariate continuous distributions
introducing additional shape parameters to the baselirdemtn many applied areas such as lifetime
analysis (Gupta and Kundu, 2001), environmental (Rigti¢ Balakrishnan, 2012), medical (Ortega
et al., 2012), economy (McDonald and Xu, 1993), there is araleed for extended forms of the
classical distributions, that is, new distributions whate more flexible to model real data in these
areas since the data can present a high degree of skewnekartrgis. In the context of extreme
values, Papastathopoulos and Tawn (2013) studied threeseahs of the generalised Pareto distribu-
tion. The extended distributions have attracted seveatittitians to develop new models because the
computational and analytical facilities available in stard softwares can easily tackle the problems
involved in computing special functions in these extendsttidutions.

In recent years, several common distributions have beeergkred via exponentiation. Lét(z)
be the cdf of any continuous baseline distribution. The ddhe exponentiatedr distribution is
defined by elevating(z) to the powery, say F'(z) = G(x)®, wherea > 0 denotes an extra shape
parameter. The baseline distribution is obtained as aajpsse whe = 1. The pdf corresponding
can be written as

fla) = ag(x)G(z)*™", v € R (4)

whereg(x) is the pdf of baseline distribution. Following this idea,gBaiet al. (1998) introduced the
exponentiated exponential distribution as a generatinaif the exponential distribution. In the same
way, Nadarajah and Kotz (2006) proposed four more expaatetidistributions which generalize
the gamma, Weibull, Gumbel and Fréchet distributions anogdided some mathematical properties
for each distribution. Several other authors have consalexponentiated distributions, for example,
Mudholkar and Hutson (1996), Gupta and Kundu (2001), Suate Padgett (2001), Kundu and
Gupta (2007) and Kundu and Gupta (2008). Recently, RisticBalakrishnan (2012) studied a broad
family of univariate distributions through a particulaseaof Stacy’s generalized gamma distribution.
This new family stems from the general classiifr) denotes the baseline cdf of a random variable,
then a generalized class of distributions can be defined by

F(z) =1—~{6,—1og|G(x)]}, ze€R, >0, (5)

where
1

~v(6, z :—/ o tetdt,
0= 16) )y

denotes the incomplete gamma function &xid is the gamma function. This family of distributions

has pdf given by X
flz) = W{_ log[G(2)]}° ™" g(2).

Shaw and Buckley (2007) proposed a class of generalizegbdisbns based on the transmutation
map approach. Lek; and F; be the cdf’s of two distributions with a common sample spaliee
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general rank transmutation as given in Shaw and Buckleyqpi8@lefined ag'z,, (u) = Fo(F, ' (u))
andG,, (u) = Fy(Fy'(u)). Notice that the inverse cdf also known as quantile funcisatefined as
F~Yy) = infyer{F(x) > y}, fory € [0,1]. The functionsGr,,(u) andGr,, (u) are both mapped
in the unit intervall = [0, 1] into itself, and under suitable assumptions are mutualgaseand they
satisfyGg,,(0) = 0 andGg, (1) = 1, fori = 1,2. A quadratic rank transmutation map is defined as
Gpgy,(u) =u+ Au(l —u), |A <1fromwhich follows that the cdf satisfies the relationship

Fy(x) = (1+ N Fi(z) = A[Fi(2)], (6)

which on differentiation yieldsfz(x) = fi(z)[1 + A — 2\ Fi(x)], where f,(z) and f»(x) are the
corresponding pdfs associated with ¢dfz) and F»(x) respectively.

The aim of this paper is to propose new modifications to GEVeisithat incorporate an additional
parameter, with the hope that it will yield better resultscartain practical situations. We create
three new modifications for the GEV distribution: dual gant&taV distribution, exponentiated GEV
distribution and transmuted GEV distribution. The majondfe of these models is their ability to fit
the skewed data better than GEV distribution.

The article is organized as follows. In Section 2, we defireedbal gamma generalized extreme
value (GGEV), exponentiated generalized extreme valueEl®Gand transmuted generalized ex-
treme value (TGEV) distributions, derive the quantile fiimas of models and provide plots of such
functions for selected parameter values. In Section 3renfee procedure is carried out under the
Bayesian paradigm, with prior information playing an imjaoit role in the estimation procedures.
Section 4 illustrates the method with a few simulated exaspSection 5 presents two applications
to extreme data analysis. Concluding remarks are addre@sSattion 6.

2 Construction of extreme value models

In this section, we present three new probability densitgfions that are generalizations of the GEV
density. We illustrate the flexibility of these distribut®and provide plots of the density function for
selected parameter values.

2.1 The dual gamma generalized extreme value distributionGGEV)
Taking the GEV distribution as the baseline model in Eque), we have

F('r; ILI/7 07 57 6) =

1=7(0, [1+&(@ —p)/o]71%), €40,
(7)

1 —v(é,exp[—(z —p)/o]),  £—=0,

whered > 0. The corresponding pdf has a very simple form

Csll+&(x — ) /o]~ exp {—[L +&(x — p) fo] Ve, € A0,
flzyp,0,6,0) = 3
Ty exp {—0[(z — ) /o]} exp {— exp[—(z — p)/0]}, §— 0.
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The quantile function of GGEYV distribution is given by

p+2{lQ0.a - 1], g0,

N0, (1 =u))], {—0,

wherew € [0,1] and Q~'(4,u) is the inverse function of)(d,z) = ~(4,z). Some plots of the

GGEV density functions are displayed in Figure 1. The caserad = 1 is the particular case of
standard GEV distribution. As this distribution has not tbem of a GEV distribution, it not has

some properties as max-stability. However, applicatiessilts shown that the flexibility of this class
of distribution allow some predictive advantages compavitd standard GEV.
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Figure 1: Plot for the GGEV density for some parameter values 0 ando = 1.




In the Proposition 1, we provide some useful properties @GIGEV distribution.
Proposition 1 Let X ~ (u,0,&,d). Then, first moment, variance, skewness and kurtosis aee tiy

(a) E(X) = Hel(o) +U[g;<(55)_ §) = F(é)],f # 0and¢é < 6. Whené = 0, we haveE(X) =

w—o(6), wherey(-) is derivative of the logarithm of the gamma function.

o?[L(O)I(d — 26) —T%(6 — &)
§212(0)

(b) Var(X) =
a?(1,9).

¢ FQ(5)F(5*3§)73F(5)F(57§)F(572§)+2F3 (6—¢€) .
[C(ST(3—28)—T2(5-E)/2 , if £ >0ands < 4/3,

, & # 0and¢ < §/2. When¢ = 0, Var(X) =

_ I2(5)1(§—36)—3T(§)T(6—&)I(§—2€)+2T2 (6—€) ;
©mn=9 - PO (6-26) T2 (08 2 e <0,

¢(275) 1 _
X ~waepz 16=0.

[ I9(5)0(5-4€)—AT2 (51 (5361 (5—&)+ 6T (H)I'(5—26)I2 (5—€) 31 (5-€) , 5
[TO)(0—2¢)—T2(6—€)2 =3, if£#£0and§ < 4,

= 3[w(175)]2+¢(375) . 1 _
(@ 7 SAPISH g if ¢ = g,

oo, if&>d/4.

\

These results (a), (b), (c) and (d) are directly obtaineohftioe definition of each measure.

Remark 2.1 The density function oX (GGEYV distribution) can be expressed as

—(-1)
o :0) = LT o 0)

—(5-1)
3

where g(z; 11, 0,€) is the pdf of the GEV distribution. The multiplying quantﬂ‘}%(””_l’%;’}
works as a corrected factor for the pdf of the GEV distribatio

2.2 The exponentiated generalized extreme value distribign (EGEV)

Now inserting (1) into (4) we obtain the pdf of exponentiateheralized extreme value (EGEV)
distribution

ao 1+ &z —p) /o] VO exp {—all + &(z — p) /o] 7V}, €40,
flzyp, 0,8, a) = (8)
oot exp[—(z — p)/o]exp {—aexp[—(z — p)/0l}, £ —0.



The EGEV cdf can be expressed as

exp {—all + (o — /e V), €40,
F(zyp,0,&,a) = 9
exp{—aexp[—(z—p)/o]}t, {0,

wherea > 0. The quantile function corresponding to Equation (9) is
pt g {[~Liog(w)] -1}, €0,

p = olog [~ log(u)] , €0,
whereu € [0, 1].

Proposition 2 The EGEYV distribution is a particular case of GEV distrilmuti The Proof is shown
in appendix.

The result of this proposition hold important properties EGEV distribution as for example the
max-stability, and the shape parameter form obtained frqoekons (2) and (11) is.

Figure 2 displays some plots of the density function (8) tone parameter values. The case where
«a = 1is the particular case of standard GEV distribution.
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Figure 2: Plot for the EGEV density for some parameter values 0 ando = 1.



In the Proposition 3, we provide some useful properties eBGEV distribution.

Proposition 3 Let X ~ (u,0,&, «). Then, first moment and variance are given by

€t olafT( -9~ 1]

(@) E(X) , £ #0and¢ < 1. Whent = 0, we haveE(X) = u+o[¢ +
In o], where¢ = 0.577215 is the Euler’s constant.
o [[(1 —2¢) —I*(1 — ¢

(b) Var(X) = e

€ £ 0and¢ < 1/2. When¢ = 0, the variance is

nlo?

Var(X) =

These results (a) and (b) are directly obtained from the itieimof each measure.

2.3 The transmuted generalized extreme value distributiofTGEV)

If G(z) is the GEV cumulative distribution in (1), then, applyingnitthe function (6), the transmuted
generalized extreme value (TGEV) cumulative distributggiven by

(T4 N exp{—[1+2& "} — Nexp {—2[1 + 2 V¢} £ #0,
F(z;p,0,6,N) = (10)
(14 A)exp{—exp[—2]} — Aexp{—2exp[—2]}, £ = 0.

The corresponding pdf is

exp {—[1+2& Y} [1+ A —2Xexp {—[1 + 2&]7V/¢}]
o[+ 2 €070 £ 70,

f('r;l’b’U?g?A) -
exp|—z]exp {—exp[—z|} [1 + A — 2X exp {— exp[—z]}]

7§ % 07
where\ € [—1,1], z = (z — p)/o. The quantile function of TGEV distribution, say, is given by

(

2_ANu —¢
,u+%{[—log [(1+A)\/;1;A) 4N ” _1}’ 5#07

Zuy =

i~ olog {_ log |:(1+>\)—\/;1>-\1->\)2_4>\u:| } | €50,

\

for A\ # 0 andu € [0,1]. In Figure 3, we plot the density of the TGEV distribution f&elected
parameter values. The case whare 0 is the particular case of standard GEV distribution.

In the Proposition 4, we provide some useful properties @ fBEV distribution.
Proposition 4 Let X ~ (u,0,&, «). Then, first moment and variance are given by
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, £ 0and€é < 1. When¢ = 0 we have

(b) Var(X) = ,E#0andg < 1/2.

When¢ = 0 we have VafX) = o2 {%2 - A1+ A)[an]Q}.

These results (a) and (b) are directly obtained from the tiefmnof each measure.

Proposition 5 The density function oX (TGEV) can be expressed as an finite linear combination of
densities of GEY., 0, ) and EGE\(y, 0, &, 2) density functions, i.e.,

flasp, 0,6 0) =B g(xip,0,8) + (1= B) - z(z3 41,0, €, 2),
where = 1+ A andz(z) is pdf of EGEV distribution.
Corollary 2.1 If A = —1, thenX ~ EGEMy, 0,¢, 2).
Proposition 6 If f is the density function of TGEV distribution, with cusive function F, then

1 — F(z;p,0,8,N)

A wme N
if ¢ > 0andz* = oo, and
lim 1 - F('r;,u70-7€7)\> _ é"’ (11)

T—T* (3;‘ — l’*) f(l'7 w, 0, &, )‘)
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if £ <0andx* < oo.

The proof is shown in Appendix.

2.4 Return levels

In extreme values studies, is important to know with whicblyability a rare event can occur in the
next periods of time, or every how many years is expected antdvigher than. For this, we can
calculate the return level for evetyperiods of time. Specifically, the return levelis related to the
quantilel — 1/t of the distribution of extreme values. Thus, for each of tire¢ generalizations the
return levels are given by = z,_; ;. In Bayesian estimation, as sampled points of the parasifter
the respective posteriors, they sampled points with theméévels, obtaining a posterior distribution
for ;. We can verify some relationship between the standard GEtlolition and its generalizations.

Proposition 7 Letrzq gy, the return level for EGEV distribution with parameteéys o, £, «) and let
raev,e the return level for the GEV distribution with parametérs o, ). Then

1. Ifa>1, theanEV,t < TEGEVt-

2. Ifa <1, theanEV’t > YEGEVt-
The proof is shown in the appendix

Proposition 8 Letrqq gy the return level for GGEV distribution with parametéys o, £, §) and let
raev,e the return level for the GEV distribution with parametérs o, ). Then

1. 1f6 > 1, theanEV’t > TGGEVt-

2. 1f6 <1, theanEV,t < TGGEV,t-
The proof is shown in the appendix

Proposition 9 Letr;¢ gy, the return level for TGEV distribution with parametéys o, £, A) and let
raev: the return level for the GEV distribution with parametérs o, ). Then

1. If A >0, theanEV’t > T'TGEV,t-

2. 1fA <0, theanEV’t < TTGEV,t-

The proof is shown in the appendix
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3 Estimation and inference

3.1 Maximum likelihood estimation

In this section, we discuss maximum likelihood estimationthe new models. We present the log-
likelihood function for all models considering the caseZ 0. Thus, the log-likelihood are given
by

n

(CCEY(6,1) = —n log(a T(6)) — (/€ +1) Z log[1 + &(w; — p) /o] = D [1+ & — p) /o] V%,

E52V(02) = n log(a/o) — (1/¢ +1) Y loglL + (a — /o] = a D (1 +Elai — ) /o],

n

(T°%(05) = —nlog(o) — (1/€+1) Z log[1 + &(w; — p) /o] = Y [1+ & — ) /o] /¢

i=1

4 Zlog (1 +A—2Xexp {—[1 +&(ws — N)/U]_l/g}) )

=1
wheref, = (pu,0,£,0), 0 = (n,0,&, ) and@s = (p, 0,&, A), provided that
1+&(x;—p)/o>0,fori=1,...,n.

At parameter combinations for which the above result isated, corresponding to a configuration
for which at least one of the observed data falls beyond arpeintt of the distribution, the likelihood
is zero and the log-likelihood equalsx.

3.2 Bayesian analysis

In this work, we use the Bayesian paradigm to estimate thieeposparameters of these new class of
distributions. We proposed vague prior distributions fug parameters, and perform the estimation
combining the information of prior and the likelihood fuimst to provide the posterior points. We
have the posterior points by Markov chain Monte Carlo (MCMGpamerman and Lopes, 2006).
Base on the parametric space of the parameters, we proguséalowing priors:

e 1~ N(uo,0?), o ande? known;
e 0~ I'(ay,by), a; andb; known;
o &~ N(ue,0f), pe andog known;

e )~ F(CLQ, b2), as andbg knOWﬂ;

o~ F((lg, bg), as andbg known;

11



e A\~ U(-1,1).

Considering a case with a non-informative prior to the patans, we considet, = pe = 0,
og = 1000, 6¢, a; = 0.001, b; = 0.001, 7 = 1,2, 3. Posterior points can be performed using MCMC
algorithms. As we not have a closed form for the full conatitibdistributions for all the three cases,
we use the Metropolis-Hastings algorithm technique of damgp

4  Simulation study

Simulations was performed in different configuration of pla@gameters, from the three extensions and
the standard GEV distribution. The aim of this section ififyethe ability of the estimation fits cor-
rectly the value of the parameters, in differents pointhefdeneralization parameter. We performed
all simulations with fixed 1, 0, {) parameters at poin{d 00, 50, 0.2). For thed of GGEV anda of
EGEV, we used the valugs.5, 2.0). For the\ of TGEV, we simulated points witb—0.9,0.9).

Table 1 shows the Bayes estimator with respect to quadcssc(posterior mean), and credibility
intervals of 95%. In all simulations, the posterior mean eamto the true value, and only for the
parametes for the EGEV model, withv = 2.0, the true value have been out of the credibility interval.
The length of the intervals are similar between models catitig that they have the same accuracy.
For the GEV standard model, the credibility intervals W@%92; 101.97) for y, (49.78,51.41) for o
and(0.190, 0.218) for &. Figures 4-6 shows trace plots of the parameters for threelations. In all
cases, we observe that a stationary distribution whoseateneasure coincides with the true value.

Table 1: Posterior means and 95% posterior credibilityrviatis for simulated data in the parameters
models.

EGEV,a = 0.5 GGEV,0 = 0.5 TGEV, A = -0.9
Mean 95% C.I.| Mean 95% C.I.| Mean 95% C.I.
| 99.4| (98.1;100.7) 99.0| (97.6;100.5) 100.4| (99.2;101.4)

49.7 (48.7;50.7)] 49.5 (48.4;50.6)| 50.6 (49.6; 51.7)
0.197| (0.182; 0.213) 0.203| (0.191; 0.214) 0.205| (0.189; 0.220)

EGEV,a = 2.0 GGEV,6 = 2.0 TGEV, A =0.9
Mean 95% C.I.| Mean 95% C.I. | Mean 95% C.I.
1| 100.9| (99.9;101.8) 100.3| (99.3;101.3)] 99.8| (99.0; 100.7)

48.8 (47.8;49.8)] 50.1 (49.0;51.2)|] 49.6 (48.8; 50.6)
0.202| (0.187; 0.218) 0.198| (0.176; 0.223) 0.181]| (0.159; 0.203)

mQ

mQ
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Figure 7 show the return level plot for standard GEV estioratiAltouthg this plot is common in
literature of extremes, the objective of draw it in this wasko compare the GEV returns against it’s
generalizations.
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1

0 20 40 60 80 100

Figure 7: Posterior mean and 95% posterior credibilityrivdits of the return level plot for simulatated
GEV model.

The Figures 8-10 show the posterior mean of the expectedhridvels, fromt = 2 to 100, for
each model simulated. From these figures, it is observeddhaitl simulations the true values of
the returns are within the credibility interval, and themsttion is more accurate for GGEV model,
where the line of the posterior mean returns is the nearesoli the true returns. The TGEV model
is the less accurate model about the returns, which prekegey distance between the line of the
mean and the true return, even so it is within the credibiitgrval. Comparing the three extensions
proposed in this work with the returns of standard GEV, ithserved that increasing the parameter
a in EGEV implies increasing values of returns, although ewmeneasingy = 2.0 we have similar
results compared with standard GEV. About the GGEV retwhgns decrease, we have a tail much
more heavy than the standard GEV model. For TGEV model isedeanply in lower returns values.
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Figure 8: Posterior mean and 95% posterior credibilityrivits of the return level plot for simulatated
EGEV model witha = 0.5 (a) anda = 2.0 (b). The grey line is the true return of the model.
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Figure 9: Posterior mean and 95% posterior credibilityrivats of the return level plot for simulatated
GGEV model withy = 0.5 (a) andy = 2.0 (b). The grey line is the true return of the model.
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Figure 10: Posterior mean and 95% posterior credibilitgnveils of the return level plot for simu-
latated TGEV model withh = —0.9 (a) and\ = 0.9 (b). The grey line is the true return of the
model.

5 Applications to real data

We conduct two applications with maxima are analyzed of lined extensions to real data for illus-
trative purpose. The first example is a data set that cor@fisteonthly maxima quota of Gurgueia
River, located in the State of Piaui, Brazil. A river quatdhe height of the water in the section rela-
tive to a given reference. Conventionally the quotas aresorea in centimeters (cm). Large quota
values can cause floods in the regions close to the river$y @eatia was collected from 1975 to 2012.
We analyse the maximum for each every 30 days. The secondaih consist to analyse rainfall
data in Barcelos Station, located in the North of Portugdde @aily data was collected daily from
1931 to 2008, and we analysed the maxima of each 30 days.

In both the modeling was done using the GEV and its three génations proposed in this work.
About the additional parameter, identifiability problemsresdetected in the estimation of the parame-
ters. In this case, we created a grid of possible values éoadlitional parameter to estimate the other
parameters using the Bayesian approach for each point gritheand choose the one grid point that
has the lowest-2/(0), that is the primitive measure to calculate BIC and DIC. Aftkoosing the
best point for each of the three generalizations, they amgeaoed with the standard GEV, to decide
what the best model that fits each of the applications. In bBpfilication, the dual gamma extension
showed be the best model. Figure 11 shows the measure fait afgyoints for the applications. In
the Gurgueia river quota, the best fit was when- 0.06, while for the Barcelos rainfall data, the
best fit measure was wheén= 0.26. For the exponentiated and transmuted generalizatioa$dht
additional parameter in the grid of points was points nearstandard GEV case.
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Figure 11:—-2¢(0) for a grid of points to thé of GGEV distribution. (a) Gurgueia river quota and
(b) Barcelos rainfall.

Table 2 provides the BIC and DIC for the GEV and it's three gealigations proposed in this work.
In general, the smaller the values of these statistics, ¢ltterthe fit. We can note an advantage of
the Dual-Gamma Generalization, followed by the standary @istribution. Table 3 shows de 95%
credible interval for the parameters. We can verify a high&an location and scale parameter, and
a negative value of the shape, indicating that the data hightad tail.

Figure 12 shows the return level plot for the applicationsonfthis figure we can verify that,
for gurgueia river quota, the returns of the model GGEV growrerslowly than the returns of the
GEV, being more similar to the behavior of empirical returBased on the GGEV model, a return
higher than 500cm once evety= 20 periods is expected. Ea¢h= 100 periods of time, is waiting
at least once a maximum higher than 604cm. For the Barcelufsltalata, the return levels from the
GGEV model is more similar than the return levels of the GEWeloEacht = 20 periods of time,
is expected a return level higher than 76mm, while that fer 100 periods of time, is expected that
once the level would be equal or higher than 101mm. Figuréhd@ss the predictive distribution for
the applications based in GGEV model. We can verify a gooafitHis model.

Table 2: BIC and DIC measures for applications
River Quota at Gurgueia, Brazil Rainfall at Barcelos, Portugal
Model | GEV | EGEV | GGEV | TGEV | GEV | EGEV | GGEV | TGEV
DIC |5217| 5215 | 5137 | 5218 | 8123| 8122 | 8110 | 8123
BIC | 5233| 5239 | 5160 | 5241 | 8141| 8148 | 8136 | 8149

17



400 500 600 700 800

300
|

200
|

(@)

(b)

Figure 12: Return level plot for the applications. (a) Guiguriver and (b) Barcelos Station, for the
GGEV (full line), GEV (dotted Line: ) and Empirical (grey k).

Like the previous application, the best model pointed was@GEV model, according to the
Table 2. As the river data, in rainfall data, the model présarighted tail behavior, by the negative
behavior of¢ (see Table 3).

Table 3: Mean ane 95% credibility intervals for parameterdtie applications.

River Quota at Gurgueia, Brazil

Parametel 1 o ¢
M (Cl) | 44.74(38.35;50.33) 14.37 (12.99; 16.08) —0.020 (0.023;—0.016)
Rainfall at Barcelos, Portugal
Parametel 1 o 13
M (CI) 5.21 (4.15; 6.20) 7.60 (7.13;8.19) | —0.042 (-0.053;—0.031)
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Figure 13: Predictive density for Barcelos station and @Qeigriver, respectively.

6 Concluding remarks

In this paper, we proposed three extensions to the GEV loigioin, with an additional parameter
which modifies the behavior of the distribution, composiagalternative models for single maxima
events. In each generalization, the GEV distribution appaa a particular case. We performed the
modelling under a Bayesian approach and the estimationegpainameters was proposed using the
MCMC algorithm. The results of simulations show that thegmeed method is efficient in recovering
the true values of the parameters of generalizations, wtriedlibility intervals were obtained with
great accuracy in relation to the true parameter estimatioffiact, the three generalizations can be
used to fit real data, where in both applications, the bestetrextording to the fit measure was the
generalization of GGEV model. These generalizations caaplpéed to any kinds of environmental
data that involves the analysis of maxima.
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Appendix

MCMC Algorithm

For the additional parameters {or the exponentiated for the dual Gamma, ana for the trans-
muted, we propose a Grid of points, and perform the Bayesamation via MCMC for each point
of the Grid. The point of the grid with best Goodness of fit is tihoosen point, denoted, /* and
A* for o andd, the Grid is from0.01 to 2, with intervals 0f0.05 (the casd .00 is the standard GEV).
For )\, the Grid is from—0.9 to 0.9, with intervals of0.1 (the casé) is the standard GEV).

After choose the best point in grid for each case, the paemsigt, o, ) are sampled using the
Metropolis-Hastings algorithm. Details of the MCMC samplischeme are given below. At iteration
s, parameters are updated as follows:

Sampling® = (u, 0, &): Propose new values for these parameters where N (u(¥),V,), & ~
N(E®, Vo) 500(€) ando* ~ Gammao®®) /V,, o) /V,). Accept the new value’*+Y = ©* with
probability g, where

a@:min{l (O ) [ (i) | 1 Vi) I (€ € Vo) Jol0® | 07V, 0* V) }

Cm(OEX) fi (e | ), Vi) v (€7 1 €90, Ve) fa(o® | 002 [V, 00 /V5)

wheren(0*|x) is the posterior density given by the combination with thelihood and the prior
distribution given in Section 3.

Proof of the propsition 2
Let X ~ EGEV (u,0,&,0). Then, foré # 0
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Fap,0,60) = exp{—a[l +&(x—p)/o] /) =exp {~[a " +a *¢(a— p) /o] V}

- —1/¢
afg[x;t+”%;g”}]

g

- oo (e o))

which is the cumulative distribution function 6tEV (1/, o', &), wherey' = (u + %(af — 1)) and

= exp{ — |:1+

o =o/at.
The proof for the casé = 0 is similar, whereEGEV (u,0) isaGEV (i, o), wherey' = p +
o log(a).

Proof of the proposition 6

If f andF are respectively the density and cumulative distributib@@EV distribution, they can
be written in function of a standard GEV distribution withnd&y ¢ and cumulative functiorz,
weighted by a\ parameter, as written in (6). Then, the shape parameter BMIdstribution, for the
case wheré > 0 is given by

et xf (s p, 0,8, M) et xg(wsp,0,8) (L+ A =2AG(; p,0,8))

o= vg(x; 1, 0,8) [L+ X —2XG(x; 1, 0,8)]

1= Gaipo,8) [1 - AG(z;p,0,8)]
i im
eozt xg(T;p,0,8) oz [L+ X —2ANG(x; p,0,8)]

xhjg:l*[l - /\G(:Ea H, o, 5)] (1 — /\)
T A mad] 0N "

The proof for the casg < 0 is similar using (11).

Proof of the proposition 7

-1/¢
By simplicity of notation, considet — [1 + M] for & # 0andA = exp{—“=} for ¢ = 0.
The cdf function of GEV distribution in (1) can be written @$z; 1, 0, &) = exp{—A} and the cdf
of EGEV in (9) can be written by’ (x; i1, 0, &, ) = exp{—aA}.
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Then’ forar > 1’ G(.Z’,/L,O',f) > F(x;u707§7&) andv T, TGEV,t < TEGEVt- Fora < 1;
G(x;p,0,8) < F(x;p, 0,8, ) andy @, rapvye > TecEv-

Proof of the proposition 8

The cdf of GGEV distribution in (7) can be rewritten B$x; 11, 0,£,6) = 1 — F(A; 6, 1), whereFg
is the cdf of a Gamma distribution. Similarly, the GEV cdf i) can be rewritten a§'(z; i, 0,&) =
1 — Fg(A;1,1).

Ford > 1, Fs(.;6,1) < Fg(.;1,1) and thenF'(z; u, 0,€,0) > G(z; p, 0,€), which implies that
reeve > raceve. Wheno < 1, Fp(.;6,1) > Fg(.;1,1) and thenF (z; i, 0,€,9) < G(x;p, 0,8),
which implies thatcgyv,: < reeev,.

Proof of the proposition 9

Given the cdiG(z; i, 0, &) of the GEV distribution in (1), the cdf of TGEV in (10) can bewrdten
as

F(z;p,0,6,A) = G(a;p,0,8) + AG (25 1,0, §)[1 — Gl p, 0, )]

Then, forA < 0, F(z;p,0,&,\) < G(x;p,0,§) and thenrggy: < rraeve. Wheni > 0,
F(x;p,0,8,A) > G(x; p,0,6) and thenrgpy,: > rrapy
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