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a b s t r a c t

We address the spinwavemodes propagating in Fibonacci, Thue–Morse, and double period quasiperiodic
magnonic superlattices. These structures are made of layers of a metamagnetic material alternating with
layers of a nonmagnetic material, presenting mirror symmetry. Our calculations are carried out in the
magnetostatic regime for the antiferromagnetic phase. Our model takes into account the presence of an
external applied magnetic field, which is perpendicular to the interfaces of the superlattice, as well as
the crystalline anisotropic contribution to the inner magnetic field. The magnetostatic bulk and surface
modes are obtained by using the transfermatrix technique. Themetamagneticmaterial considered here is
FeBr2, however, our results can be extended to othermaterials. Our numerical results show the behavior of
these modes, for small frequencies of the energy spectra. The results reported here can be experimentally
observed by light scattering techniques.

© 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The importance of quasiperiodic structures can be estimated
by the large bibliography published about this subject in the
past decades [1,2]. A quite interesting characteristic of these
quasiperiodic crystals is the fact that they display collective
properties, due to the presence of long-range correlations, that
are not shared by their constituents. On the one hand, from a
theoretical perspective, quasiperiodic systems present a variety
of interesting features such as, fractal spectra, scaling laws,
localization of states, oscillatory specific heat [3], etc. Besides, apart
from their theoretical relevance, they have technological potential
in several areas.
On the other hand, from a experimental perspective, the

advances in experimental growth techniques made it possible to
synthesize multilayers and superlattices of impressive quality, for
instance by means of ‘‘sputtering’’ and molecular beam epitaxy. In
particular, layered magnetic systems have been attractive objects
of research in the past years because of the discovery of physical
properties such as giant magnetoresistance [4], large out-of-plane
magnetic anisotropy [5], resonant absorption of microwaves [6],
and magnetic field controlled photonic band gaps [7], etc. As a
consequence, layered magnetic systems have became promising
for technological applications, particularly asmagnetic sensors and
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memories of random access [8]. As a matter of fact, very recently,
Fibonacci quasiperiodic Fe/Cr multilayers were grown on MgO
(100) using dc magnetron sputtering [9].
A very interesting example of magnetic system is the so-

called metamagnetic material. It is a system presenting a
hexagonal structure whose spins, within a specific layer, are
ferromagnetically coupled, while the spins in adjacent layers are
antiferromagnetically coupled. It should be remarked that the
ferromagnetic intralayer exchange interaction is much stronger
than the weak antiferromagnetic interlayer exchange interaction
between adjacent layers [10]. In the regime of low temperatures,
for small values of the external magnetic field H0, the adjacent
layers of the metamagnetic material are antiparallel to each other,
giving rise to the antiferromagnetic phase (AFM). Moreover, for
H0 large enough to overcome the interlayer antiferromagnetic
coupling, the overall ordering is ferromagnetic, characterizing the
ferromagnetic phase (FM).
In recent years, since the pioneering work of Yablonovitch [11]

and John [12], considerable effort has been also made in dielectric
microstructures with modulated periodicity that exhibit unique
properties as photonic band gaps, i.e., photonic crystals. The concept
of photonic band gaps is quite similar to the one corresponding
to electrons in solid state physics: the propagation of photons
is forbidden in photonic band gaps. Moreover, it is possible
to create similar crystals for which, instead of electromagnetic
waves, spin waves (SW) are used as the carriers of information.
Drawing an analogy from photonic and phononic crystals, they
may be called magnonic crystals (MC) (because magnons are the
quasiparticles of SW). Therefore, it is also possible to manipulate
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magnons inmicrostructures in a similarway inwhich electrons are
manipulated in semiconductor crystals [13–15]. As a consequence,
many potential applications may emerge from the physical
properties of MC. For example, recently it has been shown that the
spectrum ofMC is strongly influenced by the presence ofmagnonic
band gaps in which magnon propagation is forbidden [15]. In
this work we calculate the forbidden and allowed magnonic band
gaps for quasiperiodic metamagnetic magnonic superlattices with
mirror symmetry. This work is organized as follows. In Section 2
we present the general theory to describe the magnetostatic
modes. Section 3 is devoted to describing the stacking pattern of
the system, as well as the transfer matrix technique. Finally, in
Section 4 our numerical results and conclusions are presented.

2. General theory

We present the general model to describe the magnon
dispersion relation in the magnetostatic regime, which can
propagate in a semi-infinite metamagnetic magnonic superlattice
with mirror symmetry. Although the model is already described
elsewhere, we prefer to describe it again, for the reader’s
convenience, following the lines of Ref. [16].
In the magnetostatic limit, Maxwell’s equations can be ex-

pressed as

E∇.EB = 0, E∇ × Eh = 0, (1)

and with the constitutive tensorial relation EB = µEh, where µ
is the permeability tensor. The geometry used here is shown in
Fig. 1, where we consider that EM (the saturation magnetization)
and EH0 (the external magnetic field) are perpendicular to the
superlattice interfaces. Considering that the external field presents
a time dependence of the form exp(−iωt), the permeability tensor
can be evaluated and it is given by [16]

µ =

[
µ1 iµ2 0
−iµ2 µ1 0
0 0 1

]
, (2)

with

µ1 = 1+
4π(A1ω2 + B1)

(ω2 − ω1)(ω2 − ω2)
, (3)

and

µ2 =
4π(A2ω3 + B2ω)

(ω2 − ω1)(ω2 − ω2)
. (4)

Here

A1 = (ωMii + ωMjj)(ω1 + ω2)+ b, (5)

A2 = ωMii + ωMjj, (6)

B1 = bω1ω2, (7)
B2 = (ωMii + ωMjj)ω1ω2 + b(ω1 + ω2), (8)

and

b = ωMii(ωji − ωjj)+ ωMjj(ωij − ωii). (9)

Finally, the relations

ω1,2 = −(1/2)(ωij + ωji)± (1/2)[(ωij − ωji)2 + 4ωiiωjj]1/2 (10)

define two resonance frequencies of the metamagnetic material.
The upper (lower) sign refers to ω1 (ω2). The first resonance
frequency ω1 is related to the precession of the magnetization,
EM = EMi + EMj, around the effective static field, which defines the
ferromagnetic phase. The second resonance frequencyω2 is related
to the precession of the magnetization around the exchange field
HE , which defines the antiferromagnetic phase. More specifically,
n = 0

n = 1

n = 2

n = 3

dA

dB

H0

x

z

y

Fig. 1. The geometry of themagnonic superlattice used in this paper. The thickness
of the magnetic layer is dA and the thickness of the nonmagnetic layer is dB . The
length of the unit cell is L = dA + dB and unit cells are indexed by n.

the frequencies in the above equations are given by [16]

γ−1ωij = −HE − HA − H0 + (1/3)Mzj , (11)

γ−1ωji = HE + HA − H0 − (1/3)Mzi , (12)

γ−1ωηη = ∓HE ± (1/3)Mzη, (13)
and

γ−1ωMηη = ∓Mzη. (14)
Here ηmeans i or j, with the upper (lower) sign related to i (j).
It is known that we can define the magnetic scalar potential ψ

from Eq. (1) (since Eh = −∇ψ). We use the constitutive tensorial
relation EB = µEh to obtain

µ1

(
∂2ψ

∂x2
+
∂2ψ

∂y2

)
+
∂2ψ

∂z2
= 0. (15)

In order to find the bulk magnetostatic modes, we apply the
solution of Eq. (15) at the interfaces of the magnonic superlattice,
taking into account the following boundary conditions: ψ and
∂ψ/∂z have to be continuous across the interfaces.We can assume
plane wave solutions,

ψ = ψ(z) exp(iEk‖ · Eρ‖ − ωt). (16)

Here Ek‖ and Eρ‖ are the in-plane wavevector and position vector,
respectively. Applying (16) in Eq. (15), and considering |Ek‖| = k,
one gets(
−µ1k2 +

d2

dz2

)
ψ = 0, (17)

whose solutions are of the type ψ(z) = Aeαz + Be−αz , where
α = (µ1)

1/2k. Note that for frequencies andwavevectors such that
µ1 < 0, we have oscillatory solutions for ψ(z). It can be shown
thatµ1 < 0 is a sufficient condition in order to obtain the bulk and
surface modes [17].

3. Magnonic superlattice structure

We consider the quasiperiodic magnonic superlattice com-
posed of layers of a metamagnetic material A alternating with lay-
ers of a nonmagnetic material B, as is depicted in Fig. 1. They are
stacked in a quasiperiodic array of Fibonacci, Thue–Morse and dou-
ble period type withmirror symmetry (see description later in this
section). The thickness of each material is dA and dB, respectively.
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Fig. 2. (a) Spin wave dispersion relation for the fifth generation of the Fibonacci sequence with H0 = 0. The shaded regions and thin lines correspond to bulk and surface
modes, respectively; (b) the same as (a), but for H0 = 22 kG; (c) the distribution of bandwidths as a function of the Fibonacci generation index N; (d) log–log plot of the
total allowed bandwidth∆ versus the Fibonacci number FN .
We assume that within the bulk of each material the magnetic
scalar potential has the form

ψ(z) = A+eαz + A−e−αz (18)

for the magnetic layer, and

ψ(z) = B+ekz + B−e−kz (19)

for the nonmagnetic layer. We apply the boundary conditions at
the interfaces z = nL + dA and z = (n + 1)L, where n is the unit
cell index (see Fig. 1). After a long but straightforward calculation,
we obtain

|An+1〉 = T |An〉. (20)

Here T is the transfer matrix of the system. It connects the
amplitudes of themagnetic scalar potential of two consecutive unit
cells. Therefore, |An〉 and |An+1〉 are column vectors corresponding
to the amplitudes of the magnetic scalar potential of the nth and
(n + 1)th unit cells, respectively. The explicit form of the transfer
matrix T can be found elsewhere (see Ref. [18]). Using Eq. (20)
together with Bloch’s theorem it is easy to show that the implicit
dispersion relation for themagnetostatic bulkmodes is of the form
cos(QL) = 1

2Tr[T ], where Q is the Bloch wavevector.
To analyze the surface modes, we consider the truncation of

the superlattice at the plane z = 0, so that we now have a semi-
infinite magnonic superlattice occupying the region z < 0. For
this case Bloch’s theorem still holds provided we replace the Bloch
wavevectorQ by iβ , with Re(β) > 0 to guarantee a localizedmode.
The implicit dispersion relation for the surface modes is given by
T11+λT12 = T22+λ−1T21, where Tij are the elements of the transfer
matrix and λ = (α + k)/(α − k).
Once we know the implicit expression for the magnetostatic

modes, let us now describe the construction of the quasiperiodic
sequences. A Fibonacci sequence with mirror symmetry can be
expressed as SN = LNRN , where LN is generated by the inflation
rule A → AB and B → A, while RN is generated by the inflation
rule A → BA and B → A. Using the inductive method described
in Ref. [19], the transfer matrix TN for a given generation N of the
Fibonacci sequence can be written as

TN =
{
SLNSN for N odd,
NABSLNNBASN for N even,

(21)

where
SN = SN−2SN−1 (N ≥ 2) (22)
and

SLN =
{
NABSLN−1NBAS

L
N−2 for N odd,

NBASLN−1NABS
L
N−2 for N even,

(N ≥ 2) (23)

with initial conditions S0 = SL0 = N
−1
B MB, S1 = S

L
1 = N

−1
A MA,

NAB = N−1A NB and NBA = N−1B NA. Therefore, we can find the
transfer matrix for any generation N (see Ref. [18]).
The Thue–Morse sequence with mirror symmetry can be

expressed as SN = LNRN , where LN is generated by the inflation
rule A → AB and B → BA, while RN is generated by A → BA and
B→ AB. For this sequence the transfer matrix TN is given by

TN =
{
N−1A SαN SβN SβN SαNNA for N odd,
N−1A SβN SαN SβN SαNNA for N even,

(24)
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Fig. 3. (a) Spin wave dispersion relation for the fourth generation of the Thue–Morse sequence with H0 = 0. The shaded regions and thin lines correspond to bulk and
surface modes, respectively; (b) the same as (a), but for H0 = 22 kG; (c) the distribution of bandwidths as a function of the Thue–Morse generation number N; (d) log–log
plot of the total allowed bandwidth∆ versus the Thue–Morse generation number N .
where
SαN+1 = SβN SαN , (25)

SβN+1 = SαN SβN , (26)

with initial conditions Sα1 = MAN−1A and Sβ1 = MBN−1B (see
Ref. [18]).
In a similar way, the double period sequence with mirror

symmetry can be represented as SN = LNRN , where LN is generated
by an equivalent inflation rule A → AB and B → AA, while RN is
generated by A → BA and B → AA. The transfer matrix for the
double period case is given by

TN =
{
NABSLNNBASN for N odd,
SLNSN for N even,

(27)

where
SN = SN−2SN−2SN−1 (N ≥ 2) (28)
and

SLN =
{
N−1B S

L
N−1MAN

−1
A S

L
N−1MB for N odd,

N−1A S
L
N−1MBN

−1
B S

L
N−1MA for N even

(N ≥ 1) (29)

where the initial conditions are S0 = SL0 = N
−1
A MA, S1 = S

L
1 =

N−1A MBN
−1
B MA (see Ref. [18]).

4. Numerical results

Let us now present some numerical results of the spin wave
dispersion relation, for the quasiperiodic metamagnetic magnonic
superlattices, as a function of the frequencyω versus kdA. Along this
section we will compare our present results with previous results
for the periodic metamagnetic magnonic superlattice reported in
Ref. [16]. In what follows, the values of the physical parameters
used (exchange and anisotropy fields) are known by Raman
scattering experiments [20]: J = 5.07 cm−1, γHA = 7.34 kG,
γMzi = 1.2 kG, γMzj = 1.45 kG, and dA = dB = 100 nm.
We considered FeBr2 in its AFM phase, spin S = 1 and critical
temperature Tc = 14.2 K. In all figures, the bulk bands are shown
shaded and they are limited by the curves QL = 0 and QL = π .
In between these curves there are gap regions where the surface
modes can propagate.
Fig. 2(a) shows the magnon spectra for the fifth generation of

the Fibonacci sequencewithmirror symmetry. In contrastwith the
periodic case forwhich there exists a large band gap between high-
and low-frequencymodes forH0 = 0 [16], the inset shows that the
modes are closing into two regions, as expected due to the antifer-
romagnetic phase at H0 = 0. The modes are concentrated in the
high-frequency region. The high-frequency branch is in the range
194.8 GHz < ω < 290.9 GHz, while the low-frequency branch
is in the range 193.3 GHz < ω < 193.9 GHz (for zero external
applied field and kdA = 0). The behavior found in both regions is
already expected (see for example Camley and Cottam [17]). The
spectra with an external applied field of H0 = 22 kG is illustrated
in Fig. 2(b). One can observe (i) a narrowing of the allowed fre-
quency regions and (ii) the modes are now concentrated in the
low-frequency region. A quite similar behavior occurs for the pe-
riodic case; however the forbidden regions are larger than for the
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Fig. 4. (a) Spin wave dispersion relation for the fourth generation of the double period sequence with H0 = 0. The shaded regions and thin lines correspond to bulk and
surface modes, respectively; (b) the same as (a), but for H0 = 22 kG; (c) the distribution of bandwidths as a function of the double period generation number N; (d) log–log
plot of the total allowed bandwidth∆ versus the double period generation number N .
Fibonacci case presented here. Alsowe can observe that the deriva-
tive dω/dk is negative, and consequently the group velocity is neg-
ative in this region. This result has been observed previously for
the periodic magnonic superlattice [16] and it is a consequence
of the geometry of the system, i.e., both the applied field and the
in-plane kx wavevector are perpendicular to each other. The band-
width distribution is shown in Fig. 2(c) for a fixed value of the di-
mensionless wavevector (kdA = 0.15). We can observe that, for
large N , the allowed band regions get narrower and narrower, as
an indication of more localized modes, as expected. We can also
note that the bandwidth distribution presents a typical self-similar
Cantor set structure. In fact, this is a usual behavior of quasiperi-
odic systems [1–3]. More interesting, however, is the plot of the
total allowed bandwidth ∆ versus the Fibonacci number FN . This
is illustrated in Fig. 2(d) for three different values of kdA, namely
0.15, 0.25, and 0.35. One can observe that ∆ obeys a power law
of the form ∆ ∼ F−δN , and we can conclude from our numerical
results that the exponent δ is a function of the common in-plane
wavevector kdA.
The magnon spectra for the fourth generation of the Thue–

Morse quasiperiodic sequence is shown in Fig. 3. In Fig. 3(a)
it is possible to see that the band gaps are larger for the
Thue–Morse case when compared to the Fibonacci one. In fact,
the Thue–Morse sequence is considered more disordered than
the Fibonacci sequence. Therefore, the higher the disorder of the
structure, the narrower the bulk bands [1–3]. The inset shows
that, as in the Fibonacci case, the spin wave modes are in two
regions. The low-frequency region is in the range 193.3 GHz <
ω < 193.9 GHz, while the high-frequency region is in the range
194.8 GHz < ω < 273.9 GHz (for zero external applied field and
kdA = 0). We can see that the low-frequency region limits are
the same for both Fibonacci and Thue–Morse cases. However, for
the high-frequency region only the lower band limit is the same.
This is because the Thue–Morse bulk band is narrower than the
Fibonacci one. We can also observe a narrowing of the regions as
the appliedmagnetic field is increased (see Fig. 3(b)). These results
are different from the results for the periodic case for H0 = 0. In
fact, they are closer to the double period case described in the next
paragraph. The results for H0 = 22 kG, compared to the periodic
case, are qualitatively the same, i.e., a narrowing of the allowed
frequency regions and the spinwavemodes are concentrated in the
low-frequency region (see Ref. [16]). Fig. 3(c) shows the forbidden
and allowed regions of propagation of the spin waves for the
Thue–Morse superlattice. We have again considered the in-plane
wavevector kdA = 0.15 and have plotted the regions as a function
of the Thue–Morse generation number N . The localization of the
bulk bands is clear as N increases. The total allowed bandwidth∆
scales as the power law ∆ ∼ (2N)−δ . This is shown in Fig. 3(d) for
kdA = 0.15, 0.25, and 0.35. Our numerical results again show that
δ is a function of the common in-plane wavevector kdA.
Finally, the magnon spectra for the fourth generation of the

double period quasiperiodic structure with mirror symmetry is
shown in Fig. 4. In Fig. 4(a) it is the dispersion relation for
the applied field H0 = 0. The results are similar to those of
Fibonacci and Thue–Morse cases: there is a low-frequency region
(193.3 GHz < ω < 193.9 GHz) and there is a high-frequency
region (194.8 GHz < ω < 295.7 GHz). The limits of the allowed
regions for the double period case are also the same as that of
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Fibonacci and Thue–Morse cases, but the upper limit of the high-
frequency region. For the situation in which the applied field is
H0 = 22 kG, the spectra present a similar behavior, i.e., the bulk
bands get narrower. On the other hand, if we compare these results
to the periodic case [16], we can note, as in the Thue–Morse case, a
distinct behavior when the applied field goes to zero, and a very
similar qualitative result when the applied field corresponds to
22 kG. The forbidden and allowed regions, as a function of the
double period generation number N , are shown in Fig. 4(c). One
can see that the bandwidth distribution of the Thue–Morse and
double period cases are more similar, compared to the Fibonacci
case. This is because Thue–Morse and double period sequences are
in the same universality class [1–3]. The log–log plot of the scaling
behavior of the allowed bandwidth, which is ∆ ∼ (2N)−δ (as in
the Thue–Morse case), is shown in Fig. 4(d) for kdA = 0.15, 0.25,
and 0.35. Although the number of allowed bands and their scaling
behavior are similar to the Thue–Morse case, our numerical results
show that the behavior of the exponent δ for the double period
sequence is closer to the Fibonacci case. A similar behavior has
been reported for ferromagnetic quasiperiodic superlattices [21].
In summary, we have discussed the spectra, localization and

scaling laws of spin waves which can propagate in quasiperiodic
magnonic structures following the Fibonacci, Thue–Morse and
double period sequences. Once the defining rules of these
sequences impose long-range correlations, it is plausible to
search for global (universal) consequences of these correlations.
The global aspects of these sequences were found in their
bandwidth structures, which are fractal objects presenting self-
similar properties, as exemplified in Fig. 2 for the Fibonacci
case and verified also for the other two sequences. Much more
interesting, however, are the power laws which govern the
scale of the spectra for each sequence (Figs. 2(d), 3(d) and
4(d) for Fibonacci, Thue–Morse and double period sequences,
respectively).We found that the scaling index δ depends only upon
the particular sequence being tested, and in this way, we can say
that they can promptly identity each kind of sequence. The most
appropriate experimental technique for studying the spin wave
spectra is light scattering spectroscopy of Raman and Brillouin
type [13,22]. Surely our model can be realized experimentally and
we hope that experimentalists are encouraged to investigate it.
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