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We have performed a theoretical investigation of thermal hysteresis in the magnetization of Fem /Dyn /Fem

and Gdm /Dyn /Gdm trilayers, where the interface coupling is antiferromagnetic and ferromagnetic, respectively.
Our results show a large number of stable states can exist in these structures. The thermal hysteresis occurs
because the transitions between these states occur at different temperatures for the heating and cooling pro-
cesses. The thermal hysteresis can be quite large, spanning about 90 K. Furthermore the temperature span of
the thermal hysteresis can be substantially reduced by applying a modest external magnetic field.
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I. INTRODUCTION

Despite the fact that thermal hysteresis is an old subject,
there have been a number of recent studies showing thermal
hysteresis in magnetic systems. This work has been stimu-
lated by the fact that the thermal hysteresis in these new
systems can be quite large �200 K� and can be tuned with
modest external magnetic fields. The materials and systems
have included experimental and theoretical studies of rare-
earth and/or transition metal multilayers,1,2 experimental
work on ferromagnetic-antiferromagnetic exchange bias
structures,3 and experimental and theoretical work on alloys
and compounds.4–6 Thermal hysteresis has been seen in neu-
tron scattering measurements and in magnetization measure-
ments.

Recently, we performed a theoretical study of thermal
hysteresis in thin Dy films in the 80–179 K temperature
interval.7 The results show that the thermal hysteresis origi-
nates in the combined effect of the strong temperature depen-
dence of the magnetization of Dy and its hexagonal aniso-
tropy and in surface effects. The thermal hysteresis could be
quite large, covering the whole temperature interval between
the Curie and the Néel temperatures, and could be strongly
tuned by the external field.

In this paper, we theoretically investigate trilayers com-
posed of a Dy film sandwiched between two films of Fe or
Gd. The point of creating these trilayer structures is that by
adding ferromagnetic films on the outside, one can further
modify the effects of an external field on a Dy film. We note
that the Fe is antiferromagnetically coupled to Dy at the
interfaces, while Gd is ferromagnetically coupled to the Dy
at the interfaces. This difference again allows substantial
changes in how the external field interacts with the structure
as a whole.

Magnetic configurations in Dy films and in other struc-
tures where Dy8 or other rare-earth helical magnets have
been coupled to ferromagnets and other materials have been
studied earlier by a variety of methods.9–13 However these
works have concentrated primarily on magnetic structures
and the phase transitions induced by magnetic fields and
have not extensively looked at thermal hysteresis. We note

that recently there has also been an experimental report of
thermal hysteresis in Cr/Cr97.5Mn2.5 superlattices where the
period of the spin density wave in the Cr showed a signifi-
cant dependence on whether the sample was heated or
cooled.14

One of the key factors in the recent studies of thermal
hysteresis is that the thermal behavior of the different mag-
netic materials should be quite different. This is well satisfied
by the combinations of Dy with Fe or Gd. At low tempera-
tures the magnetic moment in Dy is 10�B and goes to zero at
179 K while the magnetic moments of Fe and Gd, 2�B and
7�B at low temperature, respectively, are almost constant
over the same temperature range.

We show in this paper that the thermal hysteresis in
Fe/Dy/Fe or Gd/Dy/Gd is basically due to the helimagnetic
nature of the Dy, combined with thickness, interface, and
surface effects. For example, in Fe/Dy/Fe trilayers, where
the Fe/Dy coupling is antiferromagnetic, we show that sev-
eral states may participate in thermal hysteresis. At low tem-
peratures there is an alternating-helix �AH� state where the
Dy moments have one helicity in the first half of the Dy film
and the opposite helicity in the second half of the film. At
higher temperatures the stable state is an antiferromagnetic-
like �AF� phase, where the magnetic moments of the Fe lay-
ers and of the middle planes of Dy are aligned with the
magnetic field and the moment on the outer planes of the Dy
film are antiparallel to the external field. When the system is
heated or cooled there is a transition from one state to the
other, but the transition temperature depends on the external
field and whether one is heating or cooling. This difference
in transition temperatures gives us the thermal hysteresis.
The width of the thermal hysteresis can be quite large in this
structure, typically around 90 K for low magnetic fields. As
the thickness of the Fe is reduced, additional states such as a
fan state or a ferrimagneticlike state also are involved in the
thermal hysteresis.

We also study thermal hysteresis in Gd/Dy/Gd trilayers.
In this case the Gd/Dy coupling is ferromagnetic and the
states involved in the thermal hysteresis can be different
from those described in the Fe/Dy/Fe trilayer structures.
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II. THEORY

We investigate the thermal hysteresis in Fem /Dyn /Fem
and Gdm /Dyn /Gdm trilayers, where m is the number of fer-
romagnetic atomic planes �Fe or Gd� and n is the number of
atomic planes of Dy. The xz plane is taken to coincide with
the plane of each layer. The magnetic energy per unit area is
proportional to

H = J1�g − 1�2�
i=1

N−1

J��i� · J��i + 1� + J2�g − 1�2�
Dy

J��i� · J��i + 2�

+ �
Dy

K6
6 cos�6�i� + �

i=1

N

�2��g�BJi
y�2 − g�BJ��i� · H� � , �1�

where the magnetic moment per atom in the ith atomic layer
is represented by a spin S�i�= �g−1�J�i�, where J�i� is the
total angular momentum per atom. The spins are kept in the
basal plane and �i is the angle with the easy axis. Each layer
is exchange coupled with the first neighbor layers and second
neighbor layers in the Dy. In Eq. �1� the first two terms
represent the exchange energy, J1 and J2 are the exchange
constant between first and second neighbors, respectively.

The third term is the hexagonal anisotropy energy in the Dy.
The temperature dependence is included by using the experi-
mental value of the anisotropy constant K6

6. The anisotropy
vanishes above T=120 K.8 The fourth and last term contains
the demagnetizing and Zeeman energies. The external field is
applied in the basal plane and along one of the easy direc-
tions in Dy, making an angle of 30° with the x axis.

For Dy we use S=2.5, g=4/3, corresponding to a total
angular momentum J=15/2, and the nearest neighbor ex-
change is J1�Dy�=44kB. The temperature dependence of the
second neighbor exchange, J2�Dy�=−J1�Dy� /4 cos ��T�,
where the turn angle, ��T�, is a function of the tem-
perature.15 For Fe, g=2, S=J=1, and the nearest neighbor
exchange is J1�Fe�=782kB. For Gd, g=2, S=J=3.5, and the
nearest neighbor exchange is J1�Gd�=156kB. We consider
the interface coupling JInt�Gd/Dy�=J1�Dy� and JInt�Fe/Dy�
=−J1�Dy�. We note that bulk Dy undergoes a phase transi-
tion around 80 K and below this Dy is ferromagnetic. How-
ever Dy in a multilayer structure apparently is helimagnetic
down to much lower temperatures10–12 and we use this as-
sumption over the 15 K–180 K temperature interval studied
here.

FIG. 1. �a� shows a ferrimagnetic-like �FM� configuration where the Dy moments are all aligned with the external field and the Fe are
antiparallel. �b� shows a ferromagnetic �F� structure with all magnetic moments parallel to the applied field. �c� a structure where the Dy
moments display a helical �H� structure as they do in a bulk material. �d� shows an alternating-helix �AH� structure where the direction of
the helix reverses around the middle of the film. �e� shows a fan state which also has reversals of the helicity direction within the film, but
allows the ends of the film to point along the external field. This state is particularly advantageous when Gd is on the outermost layers
because then the Gd moments can also point along the external field, lowering the Zeeman energy. �f� shows an antiferromagneticlike �AF�
state.

FIG. 2. Magnetization of trilayers of Fe20/Dy12/Fe20 for both
heating and cooling processes. Note the transitions and the thermal
hysteresis are both tunable by a small external magnetic field.

FIG. 3. �Color online� The left-hand panels show the absolute
value of the thermally averaged total angular moment by plane, for
a trilayer Fe20/Dy12/Fe20 in �a� heating and �b� cooling process in
the presence of H=2.5 kOe. On the right-hand side we show the
angular profiles for heating �a� and cooling �b�. The filled circles
represent the Fe layers, in the ferromagnetic phase, and the open
circles represent the Dy layers.
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The magnetic stability is calculated by the Landau-
Lifshitz-Gilbert equation. This equation is the analogue of
the classical equation dL /dt=torque and is given by

dM� i

dt
= �iM� i � H� eff

i −
�i�i

Mi
M� i � �M� i � H� eff

i � , �2�

where the first term on the right-hand side represents the
torque on a magnetic moment due to an effective field Heff

i

and the second term is a phenomenological damping term
which allows relaxation of the magnetization toward the
equilibrium direction �Heff

i � and keeps the length of the mag-
netization vector a constant in time. In Eq. �2� the magneti-
zation, Mi in layer i is coupled to the other layers through the
effective field. The effective field can be found from the
energy density using the usual relation

H� eff
i = −

�U

�M� i

. �3�

This process produces a demagnetizing field −4�My �in ad-
dition to the exchange field and applied field� which keeps
the magnetization in the plane of the sample.

To obtain the spin configuration at a given temperature
and field, one picks an initial spin configuration and inte-
grates the coupled set of equations forward in time using a
differential equation solver such as a fourth order Runge-
Kutta method. To find the equilibrium position, a large value
of the damping constant is used and one integrates forward
in time until the Mi values do not change significantly. There
is no guarantee that the final state is the ground state rather
than some metastable state. One can then make small
changes in temperature to trace out the behavior of the sys-
tem during heating or cooling.

To take temperature into account we employ a local
mean-field approximation. The thermal averaged magnetiza-
tion in each layer is calculated using the Brillouin function

�Mi� = MiBJ�x� , �4�

where BJ�x� is the Brillouin function and

x =
M� i · H� eff

i

kT
. �5�

Typically one may update the thermal magnitudes every few
thousand time steps.

III. RESULTS

Before we investigate the thermal behavior of the magne-
tization, it is important to review some of the typical struc-
tures that occur in this system. Figure 1 illustrates some of
the magnetic configurations that occur. Figure 1�a� shows a
ferrimagneticlike �FM� configuration where the Dy moments
are all aligned with the external field and the Fe are antipar-
allel to the field due to the antiferromagnetic exchange cou-
pling at the interface. Figure 1�b� shows a ferromagnetic �F�
configuration with all the magnetic moments parallel to the
applied field. Figure 1�c� shows a structure where the Dy
moments display a helical �H� structure as they do in a bulk
material. Figure 1�d� shows an alternating-helix �AH� struc-
ture where the direction of the helix reverses around the
middle of the film. In Fig. 1�e� a fan state also has a reversal
of helicity direction within the film, but allows the ends of
the film to point along the external field. This state is par-
ticularly advantageous when Gd is on the outermost layers
because then the Gd moments can also point along the ex-

FIG. 4. Magnetization of trilayers of Fe10/Dy12/Fe10, in thermal
processes of heating and cooling in the presence of a magnetic field.
The thermal hysteresis decreases as the field is increased.

FIG. 5. Magnetization of trilayers Fe5 /Dy12/Fe5 for heating
�filled symbols� and cooling �open symbols�, in the presence of a
magnetic field 2.5 kOe �circles�, 3.5 kOe �squares�, and 4.5 kOe
�triangles�.

FIG. 6. Magnetization of trilayers Fe20/Dy10/Fe20 for heating
and cooling, in the presence of an applied field H=2.5 kOe. The
low temperature state for the heating process is an AH state; the low
temperature state for the cooling process is an H state.
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ternal field, lowering the Zeeman energy. The final state, an
antiferromagneticlike state �AF�, is shown in Fig. 1�f�.

We now examine some of the results for the thermal be-
havior of the trilayer structures. In Fig. 2 we plot the mag-
netization as a function of temperature and for different mag-
netic fields for a Fe20/Dy12/Fe20 structure. We see a clear
thermal hysteresis in that the heating and cooling cycles give
different results. To better understand the thermal hysteresis
in this composition, we examine the evolution of magnetic
structure in both heating and cooling in Fig. 3. On the left-
hand side, we show the absolute value of the thermal average
of the total magnetic moment, by plane, for both the heating
and cooling processes. On the right-hand side we show the
angular profile. We examine results at three temperatures T
=15, 122, and 181 K. The ferromagnetic Fe layers are shown
schematically as filled circles with the first and the last
planes. The Dy layers are represented by open circles, in the
center of the structure. We can see in the heating process that
the magnetic phase of the Dy is in an alternating-helicity
�AH� state where the helicity of the Dy film reverses at the
center. �See Fig. 3�a�, T=15 and 122 K.� At T=163 K there
is a phase magnetic transition from AH to an AF-like state. In
the cooling process the transition from the AF-like state to
the AH state occurs at a different temperature. We can see
that the thermal cycling involves hysteresis for both the ther-
mally averaged magnetic moments �see left-hand side of Fig.
3�, and for the angular orientation �see right-hand side of Fig.
3�.

The width of the thermal hysteresis is tunable with ap-
plied magnetic field; it is about 90 K for a field of 2.5 kOe
and decreases to 50 K at a field of 4.5 kOe. For weak exter-
nal fields, H=1.5 kOe, the initial configuration at low tem-
peratures is not recovered after both heating and cooling. For
a strong external magnetic field, H=5.5 kOe, there is no hys-
teresis.

We now explore the phases and thermal behavior in the
Fe10/Dy12/Fe10 structure where the number of Fe layers has
been reduced by a factor of 2 from the previous case. The
magnetization as a function of temperature is shown in Fig.
4. The main difference from the earlier case is that a new FM
state now occurs at low temperatures. In this state the Dy are
all aligned parallel to the external field and the Fe are all
antiparallel. Such a state is energetically unfavorable in the
Fe20/Dy12/Fe20 structure because the large number of Fe
spins opposite to the external field is costly in terms of Zee-
man energy; however when the number of Fe spins is re-
duced, this state becomes stable.

A further reduction in the thickness of the Fe layer, to
Fe5 /Dy12/Fe5, again reduces the importance of the Zeeman

energy of the Fe. The magnetization curves for this structure
are shown in Fig. 5. As a result of making the Fe thinner,
another new state occurs, the fan state. We will see that this
state occurs in a Dy12 film by itself, so what has happened is
that the Fe film thickness has now been reduced sufficiently
so that the magnetic structure is primarily determined by the
Dy film alone. Despite these changes, many of the features of
the thermal hysteresis seen in the earlier examples remain
unchanged.

The magnetic phases of the trilayer structure are ex-
tremely sensitive to the Dy thickness because the turn angle
from one Dy plane to the next can be quite large, typically
30° to 50°. Because of the large Fe films at the ends of the
Dy, changes in turn angle can make substantial changes in
the magnetization and resulting structure. This is illustrated
in Fig. 6, which shows the magnetization versus temperature
for the Fe20/Dy10/Fe20 trilayer, for H=2.5 kOe. The results
are completely different from the Fe20/Dy12/Fe20 case �see
Fig. 2�. The reason for this is that for thin Dy layers the
average magnetic moment in each plane is almost constant,
stabilized by contact with the Fe. �See Fig. 7.� This is in
sharp contrast with the Fe20/Dy12/Fe20 case, where the mag-
netic moment oscillates in magnitude from plane to plane.
This large and constant magnetic moment in the Dy favors a
helimagnetic state, and the AF-like phase, prominent in the
Fe20/Dy12/Fe20 structure, now vanishes below 160 K. The
details of the structure are shown in Fig. 7.

Trilayers of Gd/Dy/Gd, where the interface coupling is
ferromagnetic, emphasize the role of the Zeeman interaction.
As a result, the Gd layers tend to be aligned or only slightly
canted with respect to the direction of the external magnetic
field. We examine the temperature dependence of the mag-
netization for a Gd10/Dy12/Gd10 structure in Fig. 8. In the

FIG. 7. �Color online� The left-hand panel
shows the absolute value of the thermally aver-
aged total angular moment by plane, for a trilayer
Fe20/Dy10/Fe20 in �a� heating and �b� cooling in
the presence of H=2.5 kOe. The right-hand side
shows the angular profiles for T=15, 122, and
181 K. The filled circles represent the Fe layers,
in a ferromagnetic state, and the open circles rep-
resent the Dy layers.

FIG. 8. Magnetization of trilayers Gd10/Dy12/Gd10 for heating
and cooling, in the presence of H=2.5 kOe. The initial state is a low
temperature ferromagnetic state and the system is heated and then
cooled.
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heating process the states go from ferromagnetic to fan to AF
as the temperature is increased. In the cooling process the
states progress from the AF state to the full helix state. The
heating process favors a structure at low temperature where
the magnetic moment of the Gd and Dy layers are along the
direction of the external magnetic field �see Fig. 9�a��. After
the cooling thermal process, the magnetic moments of Gd
layers are in the direction of the external field, but the mo-
ments in the center of the Dy are nearly antiparallel to the
external magnetic field. This loss in Zeeman energy is com-
pensated by the helical structure which has the lowest ex-
change energy. We can see in Fig. 8 that the initial low tem-
perature state is not recovered after both heating and cooling.
The structure Gd20/Dy12/Gd20 has a qualitatively similar set
of magnetization curves as those seen in Fig. 8 for
Gd10/Dy12/Gd10.

It is interesting to compare the magnetization curves of a
thin Dy film to those seen for the multilayer structures. Fig-
ure 10 shows the results for a single Dy12 film at an external
field of 2.5 kOe. There are three states which occur—
ferromagnetic, fan, and AF. Although there are small thermal
hysteresis loops at each of the phase transitions, the major
results are quite different from what is seen in Fig. 8, for
example.

At first glance, it is surprising that the helical phase oc-
curs when Gd films are on the outside of the Dy film, but the
helical phase does not occur for the pure Dy film for external
fields of 2.5 kOe or above. The explanation for this starts
with the fact that the system is in an AF state at high tem-
peratures. Such a state has a built-in twist which can evolve
naturally into the helical state as the temperature is lowered.
If there are no Gd films on the outside of the Dy, however,
the helical state can unwind and have all the spins pointing
along the field. This unwinding involves a full rotation of the

outermost layers. In contrast, when the Gd spins are present,
it is difficult for the outer layers and the Gd layers to unwind
because the full rotation is too costly in Zeeman energy. As a
result, the Gd10/Dy12/Gd10 system goes from the AF phase
to the helical phase, but the pure Dy12 film can go into a low
temperature ferromagneticlike phase.

As a final example, we present the magnetization as a
function of temperature for a Gd5/Dy6/Gd5 trilayer in Fig.
11. At low temperatures, the system is ferromagnetic. Upon
heating, the system jumps into a canted phase which eventu-
ally resembles the AF phase at the highest temperatures.
When cooled from high temperatures, the system has a con-
tinuous transformation from the canted phase which eventu-
ally merges into the ferromagnetic phase. We note that the
naming of the canted phase is somewhat arbitrary. In these
thin film systems there are no phases with infinite transla-
tional periodicity. So, the canted phase could equally well be
called a modified helical phase in a very thin film.

In summary, we have performed theoretical calculations
for structures composed of ferromagnets and helical rare-
earth magnets. Our results show that Fe/Dy/Fe and
Gd/Dy/Gd structures have a number of magnetic phases and
that transitions from one phase to another can be easily ac-
complished by moderate changes in an external magnetic
field. Furthermore, changes in temperature may also result in
phase changes, but these changes are not directly reversible,
leading to thermal hysteresis. We find that the thermal hys-
teresis can span about 90 K at low magnetic fields and can
be reduced as the external field is increased.

We comment on some of the limitations of the model.
First, the model is essentially a one-dimensional chain and

FIG. 9. �Color online� The left-hand panel
shows the absolute value of the thermally
averaged total angular moment for the
Gd10/Dy12/Gd10 trilayer with �a� heating and �b�
cooling in the presence of H=2.5 kOe. The right-
hand side shows the angular profile again with �a�
heating and �b� cooling. The filled circles repre-
sent the Fe layers, in the ferromagnetic phase,
and the open circles represent the Dy layers.

FIG. 10. Magnetization curves for a 12 layer Dy film showing
three phases and small thermal hysteresis between the different
phases.

FIG. 11. �Color online� Magnetization of trilayers of
Gd5/Dy6/Gd5 for both heating and cooling processes. Heating
�filled circles� and cooling �opened circles� are done in the presence
of H=1.5 kOe. The inset shows the angular profile for �a� heating
and �b� cooling.
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because of this phase changes from one state to another do
not include mechanisms which might involve lateral in inho-
mogeneities, i.e., nucleation and domain reversal. Nonethe-
less, similar one-dimensional models have given a good
account of phase changes measured in other
helical-ferromagnetic10 and ferromagnetic-ferromagnetic
multilayer structures.9 Similarly we note that the system can
be quite sensitive to slight variations in thickness as evi-
denced by the results when the Dy is 10 or 12 layers thick.
However, layer-by-layer growth is possible using molecular
beam epitaxy and structures which are very sensitive to
thickness variations have been grown and studied. One very

successful experimental method has been to produce samples
with a film in the form of a wedge. For example, in the
Fe/Cr multilayers one can see alternations in the exchange
coupling which arise from adding a single Cr layer.16
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