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We investigate the long wavelength soft mode of antiferromagnetic(AF) multilayers near the field induced
instability of the AF order. We show that in the vicinity of the surface spin flop fieldsHSSFd the frequency of
the lowest mode isV2/g2=asHSSF−Hd+bsHSSF−Hd2, wherea andb are functions of the magnetic parameters
of the multilayer andH is the external field strength. For antiferromagnetic films the first order term is zero
(due to the absence of demagnetizing effects) andb=1.
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The isomorphism between the magnetic structures of ar-
tificial transition metal multilayers (TMM ) and two-
sublattices antiferromagnetic(AF) materials has been often
explored in the study of new magnetic phases induced by an
external field.1,2 From the technological applications stand-
point, this is an issue of considerable relevance. For instance,
the value of the external field strength which turns the AF
phase unstable is the onset of the giant magnetoresistance.3

This is a key parameter for the development of high quality
sensors.

The surfaces break the translational symmetry in mag-
netic multilayers allowing new phases not found in bulk sys-
tems. In this regard the use of externally applied fields to
induce phase transitions is particularly interesting because
the impact of the modifications in the magnetic energy of
spins near the surface can be examined. A possible way to
investigate surface phase transitions is to look for a surface
spin wave whose frequency is driven to zero, as reported for
semi-infinite Fe/Gd multilayers.4 This association of a soft
surface spin wave with a surface nucleated phase transition
was originally proposed by Saslow and Mills5 in a study of
MnF2-type antiferromagnets with a(100) surface at low tem-
peratures. They predicted a long wavelength surface spin
wave in the frequency gap below the bulk spin wave spec-
trum, which becomes soft at an external field strength
smaller than the bulk spin flop field.5 This issue was further
examined later by Mills,6 Keffer and Chow,7 and more re-
cently by Mills.1 The early studies5–7 focused on the surface
spin wave in an AF film with a single surface(semi-infinite
geometry) and were extended to the finite film case using
numerical techniques.1 There is not many experimental re-
ports of surface spin flop(SSF) in AF films, but measure-
ments of the magnetization curves of Fe/Cr superlattices
have produced unambiguous evidence of the SSF transition.2

In this paper we investigate the long wavelength lowest
mode of an AF multilayer, including both cases of AF films,
such as a MnF2s100d film, with noncompensated surfaces,
and transition metal AF multilayers. The multilayer consists
in the stacking of atomic planes(or thin ferromagnetic lay-
ers) with the uniaxial anisotropy easy axis along theẑ direc-
tion, and the normal to the surface is along theŷ direction.

The exchange energy within the ferromagnetic(F) layers,

in TMM of current interest, is much larger than that coupling
adjacent layers. As a result the spins within the thin F layers
respond coherently to the external magnetic field. Thus the
magnetic structure of the transition metal AF multilayer is
isomorphic to that of the AF thin film. The detailed discus-
sion of this isomorphism is found in the work by Wang and
Mills.1 A MnF2s100d film, for instance, consists in the stack-
ing of atomic planes, each containing spins from one sublat-
tice, and there is a twofold anisotropy axis in the plane. Be-
low the Nèel temperature, and in zero external magnetic
field, neighboring planes contain spins pointing in opposite
directions(ẑ and −ẑ). Neighboring planes are held in the AF
order by the strong exchange energy of nearest neighbor
spins. TMM of current interest, such as Fe/Cr AF
multilayers,1 consist of thin sheets of ferromagnetically
coupled spins, composing the Fe layers, with antiferromag-
netic coupling between the sheets, mediated by the Cr layers.
The layers are parallel to the surface and there is a twofold
anisotropy axis in the plane. In both systems, the application
of a magnetic field parallel toẑ can induce a transition to a
SSF phase, where the spins of adjacent layers are canted with
respect toẑ. The field induced magnetic phases are described
using either the spatial arrangement of the magnetic mo-
ments per unit cell of each atomic plane of the AF film, or
the magnetization of each layer of the TMM.1,2,8–10Through-
out the paper we use layer to mean either an atomic plane of
an AF film or a thin ferromagnetic layer of a TMM.

We use spin variablesSW i to represent either the magnetic
moment, per unit cell, of theith-atomic plane of AF films, or
the magnetization of theith-thin ferromagnetic layer of AF
transition metal multilayers. The magnetic energy is

E = o
i=1

N

Jfcossui − ui±1dsSi
x̃Si±1

x̃ + Si
z̃Si±1

z̃ d + Si
ySi±1

y g

− Kfcos2 uisSi
z̃d2 + sin2 uisSi

x̃d2g

− gmBH cosuiSi
z̃ + 2psgmBd2sSi

yd2, s1d

whereui is the equilibrium value of the in-plane angle be-

tweenSW i and the easy axis(ẑ direction). Each term in Eq.(1)
represents either the energy per spin for AF films or the
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energy per unit volume of F layers for TMM. The first term
is the exchange energy coupling adjacent layers, the second
term is the uniaxial anisotropy energy, and the third term is
the Zeeman energy, for an external fieldH applied along the
easy axis. The last term is the demagnetizing energy, for the
case of thin film transition metal AF multilayers.1 If the mag-
netization is tilted out of the plane of the layers, the perpen-
dicular component,My, produces a demagnetizing field
−4pMyŷ, confined to each layer, leading to the energy per
unit volume of 2pMy

2, represented in Eq.(1) by the last
term.11

In the equilibrium configuration all the spins are con-
tained in the layers and local axes are defined from the equi-

librium pattern shunj ,n=1, . . . ,Nd as x̂=cosui x̂̃+sinui ẑ̃, ŷ̃

= ŷ, and ẑ=−sinui x̂̃+cosui ẑ̃. The excitation spectrum is ob-
tained from the solutions of the Landau-Lifshitz equations
without damping, using the above system of coordinates with

the ẑ̃-axis along the equilibrium direction of the spin repre-
senting each layer. In the long wavelength limit we assume
the fluctuations out of equilibrium to be of the formSi

x̃std
=Si

x̃eivt andSi
ystd=Si

yeivt, whereSi
x̃ andSi

y are layer dependent
amplitudes, and solve the system of 2N coupled equations

dSW i

dt
= gSW i 3 HW ef fsid, s2d

for i =1, . . . ,N, where the effective field on layeri is given

by gmBHW ef fsid=−]E/]SW i. Then, for the ith layer we may
write:

VSi
x̃ + S−

1

2
cossui − ui±1d + hA cos2 ui + h cosu1 + hDDiSi

y

+
1

2
Si±1

y = 0,

iVSi
y + S−

1

2
cossui − ui±1d + hAscos2 ui − sin2 uid

+ h cosuiDSi
x̃ +

1

2
Si±1

y = 0, s3d

where we have definedV=v / sgHEd, whereHE=2JS/gmB is
the interlayer exchange field, andg is the giromagnetic ratio.
In Eqs. (3) we have used the fields in units ofHE, and hA
=K /J, h=H /HE, andhD=2psgmBd2/J.

For antiferromagnetic films, we takehD=0 and write Eqs.
(3) in terms of the variablesSi

±=Si
x± iSi

y. The equations of
motion are separable by this transformation, and the resulting
system of N coupled equations has the form:

cosuiVSi
+ +

1

2
sSi+1

+ s1 − di,Nd + Si−1
+ s1 − di,1dd

+ S−
1

2
scosui+1 + cosui−1d + hA cosui + hDcosuiSi

+ = 0,

s4d

where i =1, . . . ,N, and only one of the exchange terms(ei-

ther Si+1
+ or Si−1

+ ) is considered for the surface layers. IfN is
even the AF order is stable if the external field strength is
smaller than the surface spin flop fieldfh, shA

2 +hAd1/2g.9,10

In this case, as seen from Eqs.(4), the equations for all layers
i =1, . . . ,N have the same form, except for the fact that the
contribution of the Zeeman energy alternate signs±hd and
the surface layers have half of the exchange contributions.
Choosingui =0 for i =oddandui =p for i =even, the frequen-
cies of the excitations are obtained from an implicit disper-

sion relation that has the formM̄ ·vW =0. For a film with four
atomic planes this eigenvalue equation is written as

1
a b 0 0

b c + b b 0

0 b a + b b

0 0 b c
21

S1
+

S2
+

S3
+

S4
+
2 = 0, s5d

wherea= 1
2 +hA+sV+hd, b= 1

2, andc= 1
2 +hA−sV+hd. For i

Þ1 or N the matrix elements of the principal diagonal,mii ,
are given bya+b for i =odd and byc+b for i =even. The
matrix elements of the secondary diagonals,mii±1=b, are due
to the exchange coupling between neighboring planes. For a
film with N atomic planes, the excitation spectrum is ob-
tained as an eigenvalue problem involving aN3N tridiago-

nal matrixM̄N whose nonzero elements are at the principal
diagonal and the two secondary diagonals. From the struc-

ture ofM̄4, in Eq. (5), it is clear how to obtainM̄2 and also
how to proceed in order to obtain matrices for larger values
of N. As in the N=4 case in Eq.(5), the elements of the
principal diagonal alternate between those corresponding to
positive and negative values of the Zeeman energy, andm11
andmNN have only half of the exchange contribution.

The matrixM̄N can be transformed into an upper trian-
gular form using straightforward algebraic
manipulations.10,12 This procedure allows the calculation of
the frequency of the lowest excitation for any finite value of
N. For a film with two atomic planes we write the determi-

nant sD2d of the matrixM̄2 as

FIG. 1. The spectrum for an AF film withN=10 planes and an
anisotropy field ofhA=0.015 as appropriate to MnF2. The open
symbol curve is the prediction of Eq.(10) and the straight line
curves are obtained from the roots ofd10.
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D2 = *a b

0 c −
b2

a
* s6d

The determinantsD4d of the matrixM̄4 is given by

D4 = *
a b 0 0

0 c + b −
b2

a
b 0

0 0
a + b −

b2

c + b −
b2

a

b

0 0 0

c −
b2

a + b −
b2

c + b −
b2

a

* . s7d

In the upper triangular form, the elements of the diagonal

of the matricesM̄N display a continued fraction structure, as

shown in Eqs.(6) and(7). The determinant of the matrixM̄N
is given by

DN = p
i=1

N

di , s8d

wheredi is the ith diagonal element of the matrixM̄N. We
have found that the spectrum is obtained from the roots of
the last diagonal elementdN, as shown in Fig. 1 for a MnF2
film with N=10 atomic planes. We use9 HE=465 kG and
HA=6.97 kG, leading to a surface spin flop field ofHSSF
=57.4 kG. Notice that the lowest mode becomes soft at the
surface spin flop field. This is the surface mode associated
with the instability of the AF order, as proposed by Saslow
and Mills.5 We explore the factorization of the secular equa-
tion, as expressed by Eq.(8), and the mathematical technique
of induction onN, to show analytically the existence of a
surface spin wave that softens at the surface spin flop field.
We show that the field dependence of the surface soft mode
VSsHd is the same for any even value ofN.

For an AF film withN+2 atomic planes the last element

of the diagonal ofM̄N+2, dN+2, is related to the correspond-
ing element of a film withN atomic planes according to

dN+2 = c −
b2

a + b −
b2

b + dN

. s9d

By inspection of Eqs.(6) and (7) we find that Eq.(9) is
satisfied forN=2. If dN=0 for a value ofV for which ac
=b2, then from Eq.(9) dN+2=0 at the same value ofV. From
Eq. (6) we find thatd2=0 for ac=b2. It follows by induction
that the result is valid for any even value ofN. The roots of
ac−b2=0 are

VS= uhSSF− hu, s10d

wherehSSF=shA
2 +hAd1/2. Thus AF films with an even number

of atomic planes has a mode that becomes soft at the surface
spin flop field. In the limit of large values ofN we have
dN+2=dN. Using Eq.(9) we find that Eq.(10) describes one
of the modes, showing that surface effects are present even
for large values ofN. In Fig. 1 we show a typical spectrum.
The open symbol curve corresponds to the prediction of Eq.
(10) and the full lines represent the spectrum for a film with
ten atomic planes.

For hDÞ0 it is not possible to find a simple analytical
result valid for any value ofN and for any value of the
external field strength. We have calculated the spectrum by
solving the Eqs.(3) numerically. In Fig. 2 we showvSsHd
=gHEVSsHd, for Fe/Cr multilayers withN=2, 10, 20, and
40 ferromagnetic layers. We use1 HE=2 kG, HA=0.5 kG,
and 4pMs=21 kG, leading to a surface spin flop field of
HSSF=1.11 kG. Notice that in the neighborhood of the sur-
face spin flop field all curves merge together in a single
function VSsHd. Thus it is possible to find an expression for
VSsHd in terms of the magnetic parameters(anisotropy, ex-
change, and saturation magnetization of the magnetic layers).
We have solved the secular equation for a bilayer and have
reproduced the numerical results for arbitrary values ofN if
the external field is close to the critical fieldsh<hSSFd. Using
Eqs.(3) for a bilayer we have found that the frequency of the
lowest mode is given by

V−
2 = h2 + hSSF

2 + hDS1

2
+ hAD

−Îh2fhD
2 + 2hD + 4shAhD + hSSF

2 dg +
hD

2

4
. s11d

In order to find an expression valid in the neighborhood of
the critical field, we have expanded Eq.(11) keeping the
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lowest order terms. Usinge=hSSF−h we have found:

V−
2 = ae + be2, s12d

where

a = hSSF12 +
hD

2 − 4hSSF
2

2hSSF
2 + hAhD +

hD

2
2 s13d

and

b = 1 −
Q

2ÎhSSF
2 Q +

hD
2

4
11 −

QhSSF
2

QhSSF
2 +

hD
2

4
2 s14d

with Q=hD
2 +2hD+4hAhD+4hSSF

2 . For AF films a=0 andb
=1, and we recover the expression given in Eq.(10). For
hDÞ0 the dominant term is the first order term. In this case
we get

V− = ÎashSSF− hd. s15d

As seen in Eq.(15), for hDÞ0 the slope of theVshd curve
is infinite sdV /dh=−`d in the close neighborhood of the
critical field. Notice, from the inset of Fig. 2, that Eq.(15)
reproducesVSsHd for the chosen multilayers(N=2, 10, 20,
and 40) in a large interval of external field strength
0.6HSSF,H,HSSF. We have found that forh=0 the lowest
mode covers all the layers with a modest enhancement of the
fluctuation amplitude near both surfaces. As the external field

strength is increased the soft mode gets progressively more
localized at the surface where the spins are opposite to the
external field. In Fig. 3 we show the absolute values ofSi

y

and Si
x when the external field strength ish=0.9hSSF. We

show the results for a Fe/Cr bilayer and for two Fe/Cr mul-
tilayers, withN=10 andN=20. The penetration depth of the
excitation is around four layers. Thus ifN=6 or larger there
is no relevant change in the energy cost to excite the soft
mode. The fluctuations in the equilibrium arrangement of the
spins are predominantly in the plane of the layerssSi

xd be-
cause the out of plane fluctuationssSi

yd involve an extra cost
of demagnetizing energy. We show in Fig. 3 that the fluctua-
tions are predominantly at the first two layers, there is almost
no difference between the amplitudes of the fluctuations for
N=10 andN=20, and there is not a relevant difference be-
tween the results for the bilayer and the two chosen multi-
layers. This is the reason why near the critical fieldVSsHd
does not depend on the number of layers. Due to the high
degree of localization of the soft mode at the near surface
layers, we suggest that measuringVSsHd may be a promising
means of accessing the near surface magnetic parameters of
the multilayer. The instability of the AF order is nucleated at
the surface where the soft mode is localized. Thus the sur-
face magnetic parameters may be of some technical rel-
evance for development of GMR based devices.
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